Math 142, Fall 2000, Exam 2, Solution to Problems 3, 4, 7, and 8
3. Find | sin4z sinbx dx .

Recall that
cos(A — B) = cos Acos B + sin Asin B

cos(A + B) = cos Acos B — sin Asin B

The top equation minus the bottom equation gives us

% (cos(A — B) — cos(A + B)) = sin Asin B.

Take A = 4z and B = 5z. (Keep in mind that cos(—z) = cosz.) The
original integral is equal to

1 1 in9
—/cosx—cos(gx)dx: = (sinz — 227 1 o)
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4. Find cscd xdr .

Use integration by parts with

U = CSCI v = —cotx

du = —cscx cot zdx dv = csc? ¢ dx
to see that

cscd rdr = —cscx cot  — / cscx cot? z dz.
Of course,

sin® x + cos®z = 1.
Divide both sides by sin’z to get
1+ cot? z = csc? .
It follows that
/csc3 xdxr = —cscxcotx — /csca;(csc2 z—1)dz

:—cscxcotx—/csc3xdm+/cscxdx.

Add f csc® xdz to both sides to see that

cscx(cscx + cotx
2/csc3xdx:—cscxcotx+/ ( )d:c
cscx + cotx

= —cscxcotx — In|cscz + cot z|.



Conclude that

/0503 rdr =

We check our answer:

N | =

(—cscxcotx —In|cscx + cotx|) + C.

d 1( t In | + cot z|)
4z \ 5 (—csczcotz —ln|cscz + cotx

(—cscx( csc? x) + cot z(csc x cot ) — oot
cscx + cot x

—cscx(cot z + csc x))

_1 (csc3 z + cscx(esc? z — 1) —
2 cscx +cotw
1
2

—

csc3 x + csc3 T — cscx + csc :1:) v

1
7. Find ——dx.
m /$2+4JJ+5 v

We see that

1 1
/:c2-|-4:1:+5 v /1+(:1g+2)2 v =|arctan(e +2) +

Of course, the derivative of arctan(xz + 2) is equal to

1
Ir(z+2)2 °

24
8 Find | XX "% 4r.
X

We will make a trig substitution. Let =z = 2secf. It follows that

dxr = 2sectan 6db
Va2 —4 =+/4sec?2 — 4 = 2tan¥.

We have

do

/\/ac2—4dx_/4tanﬁsec0tan9
x

2sect
:/2tan20d0:2/(secZH—l)d9:2(tan0—0)+C’

= (V22 -4 —2sec”! (g)-i-C’.

The derivative of our proposed answer is

—cscxcotx — csc2x>
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