Math 142, Exam 2, Spring 2012
Write everything on the blank paper provided. You should KEEP this piece of
paper. If possible: return the problems in order (use as much paper as necessary),
use only one side of each piece of paper, and leave 1 square inch in the upper left
hand corner for the stapie. If you forget some of these requests, don’t worry about
it — T will still grade your exam. .
The exam is worth 50 points. SHOW your work. @;@_CLE} VOUr ANSwer.
CHECK your answer whenever possible.
No Calculators or Cell phones.

1. (6 points) Define the definite integral. Give a complete definition. Be
sure to explain all of your notation. Write in complete sentences.

Let f{x) be a function defined on the closed interval a < z < b. For each
partition P of the closed interval {a,b] (so, P is a=xg <ap <--- <z, = b),
let Ay = 2y — 241, and pick zf € [z, ¢, 2;]. The deﬁnite integral fab flz)da is

. k&3
the limit over all partitions P as all A; go to zero of > flzl)A;.
3=1

2. (6 points) Considerrthe region bounded by y — 2z and y = 2?. Revolve
this region about the line y = 5. Find the volume of the resulting

solid. You must draw a meaningful picture. What rectangle are you
revolving? What does it become? Why are the dimensions what you
say they are?
The intersection points occur when 2z = 2%, so, 0 = z{r — 2) and = = 0 or
x = 2. T The intersection points are (0,0} and (2,4). Consider the picture:

Chop the y-axis from y = 0 to y = 4. Associated to each piece of the y-axis,
draw a rectangle. We focus on the rectangle with y-coordinate . Rotate this



2]

rectangle get a shell of volume 2nwrhi | where ¢ is a little piece of the dy, r — 5—v,
and h = /y—y/2. The volume of Lh1s one shell is 27rht = 20 (5 ~y){ /5 —y/2)dy .
The volume of the solid is

4 2
w [T~ Sy -5+ L)y
0 .

4
_ 3/2 _ 5,2 5/2 2
= 2 (33:"/ iy 59'/ 5)[0

=2r (82 —20— 2(32) + &) = | Tt

3. (6 points) Consider the solid whose base is bounded by %;«+ 1{% =1
in the zy-plane. Each cross section of the solid perpendicular to the
y~axis and perpendicular to the base is a square. Find the volume of
the solid. You must draw a meaningful picture.

The base of the solid is an ellipse:

Chop the y-axis from —4 to 4. Consider the slice of the solid with y-

. \ , . \ . 5 . .
coordinate 3. This slice has volume b%t. We see that 5 is the z-coordinate on

the ellipse that corresponds to y; so, —% = 34/1 — %% and & = b\ﬁ — % The

volume of the slice is

bt = 36(1 — —)dy

The volume of the solid is

4 U2 ,9,3 :
6 12 | dy = L
o [ (=55 o= (o= )|

4. {6 points} Find f(f "(;:;T)zdﬂf .



The function f{z) = e 1)’ goes to infinity as = gets near 1:

I

The answer will either be a positive number or +o0o. The integral is equal to

b ] '3 1
I S e+ 1 o d
bﬁ?ﬂ oTpe T Ty

4+ lim

= lim —
. a—rit —(x — 1)

bs1~ —(z — 1) o

e}

lim L 1+ lin L —+ 1
e 1 —-————— 1 — s
b—1i— m(b - 1) a1\ —2  a—1

Both Limits  1im j(glmﬁ and lim TI—T equal +oo. The answer is | +oo |,
b-y1— o a1+ 7

5. (6 points) Find [ cos® zsin® zdz . You must check your answer.

Save one cosz. Let w=sinz. It follows that du = coszdx . The integral is equal
to

f(l —sin? )% sin® z cos xdx = /(1 —utYutdy = /(u2 ~ 2ut ) du

U’ = U
=~ 2P 4O
3 5 7
sinz 2 5 sin’ a1
=] —5— — = sin’ x4 o
: 3 2 7

Check . The derivative of the proposed answer is
sin® z cosz — 2sin® 2 cos & + sin® z cos ¢ = cos z sin’ 2{1 - 2sin® z + sin® 2)

-2 .
= cos rsin® 2(1 —sin® z)2.
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6. (5 points) Find | T‘Zg—;d? . You must check your answer.

Let u = e . It follows that du = ¢"dz. The integral is equal to

/ du
1+ u?

= arctanu + C = i arctan(e”) + C [

Check . The derivative of the proposed answer is

7. (5 points) Find [ _yi-——dz. You must check your answer.

The problem is equal to | "(a“gl)‘z—fld’f . Let w=12+2. It follows that du = dz.

The integral is equal to

/ du
1+ wu?

= arctanu + (' =

arctan{z + 2} + C'|.

Check . The derivative of the proposed answer is

" - [
8. (5 points) Find [ sec®ztan®wdr. You must check your answer.

Save one secrtanx. Convert the rest of the tanz's to secz. Let u = secx .

1

1+ (x+2)?

follows that du = sec x tanxdx . The original integral is

' . 7 &, 5

. % 2
Wt~ D2du= [ u® —2ut 4 ldu = — — 22
7 3

. 7

sec’ z 2sec®r sec
— +C
7 5} 3

Check . The derivative of the proposed answer is

SGCG

= sec”  tan® (sec

4

w

3

3

+C

rsec T tanr — 2sect zsecx tan + sec® zsecx tan

&~ 2sec” x + 1) = sec® 2 tan x(sec’ z — 1)

It



o

9. (5 points) Find | x,gi;fxz dx . You must check your answer.

We see that z* +4z? = 22(x? + 4) . Write

-1 A B Cﬁ;+_j'_2

i+ 422 oz 22 ata4d
Multiply both sides by z! + 422 to get

2 — 1= Ax(z® +4) + Bla? + 4) + (Cz + D)z*:

S0,
z 1= (A+C)x" + (B + D)z* + 44z + 4B.
Equate the corresponding coefficients to obtain B — "%; , A= i B4+D =190
(hence D= 1), and A+C =0 (so C =—1). We check that
1111 —e+1] 1 e+ - @+ )+ (—p+12?] w1
4ix 22 22+4] 4 2 (x? + 4) (244

The original integral is equal to

P — &+ de =1 nlz|+ 1 - 1Inla? + 4]+ Larctan £} + C




