Math 142, Exam 2, Fall 2010
Write everything on the blank paper provided. You should KEEP this piece of
paper. If possible: return the problems in order (use as much paper as necessary),
use only one side of each piece of paper, and leave 1 square inch in the upper left
hand corner for the staple. If you forget some of these requests, don’t worry about
it - I will still grade your exam.
The exam is worth 50 points. SHOW your work. your answer.
CHECK your answer whenever possible.
No Calculators or Cell phones.

1. (6 points) Define the definite integral. Give a complete definition. Be
sure to explain all of your notation.

Let f(x) be a continuous function defined on the closed interval [a,b]. For each
partition P of [a,b] of the form a = a0 <21 < -+ <z, = b, let M; be the
maximum value of f(z) on the subinterval [z; ¢, z; and let m; be the minimum
value of f(z) on [x;.1,2;]. If there is exactly one number with

T n
Z'm%(n — x4—1) < this number < ZM?(I% - Tio1)s
i=1

i=1

as P varies over all partitions of [a,b], then this number is called the definite
integral of f on la,b] and this number is denoted | cf flz)dr .

2. (6 points) Find [ 42,

This integral is improper. The function 5_1_—1 is not defined at » = 1. We see that
1 b b
d d:
/ Z = lim T = lim Injz — 1| = lim Injb-1]-In|0— 1]
o T — 1 b1 jo T — 1 b—1- 0 b—1
= —00.
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d
The integral fol %2 diverges; thus the integral f . : ] also diverges.
o T —

3. (6 points) Find [ e® coszdr . Check your answer.

Let v =¢e" and dv = coszdz . Calculate du = e*dr and v = sinxz . Integration
by parts gives

/e”’ cosxdr = e’ sing — /e‘” sin zdz.
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Let u = ¢e” and dv = sinzdz. Calculate du = e"dr and v = —cosz . Integration
by parts gives

/e"‘“ coszdr = e*sing — (we"” COST + /e‘" cos :L"d.ac) .
Add [e*cosadr to both sides to obtain
2 /e”’ coszdx = ¢"sinz + e cosz + C.

Divide by 2 fo conclude

fe‘” coszdr = (1/2) (e sinz + ¥ cos ) + C.

Check . The derivative of the proposed answer is
(1/2) " cosz + e"sinz — e sinz + e cosx) = e cosz v

4. (6 points) Find [ wmjdm . Check your answer.
Use the technique of partial fractions to write

1 A Bx+C

{x —2)(z2+4) x—2+x2+4'

Multiply both sides by (z — 2)(z? +4) to obtain
1= A(z? +4) + (Bm +CHz—2)
1=x%(A+ B) +x(C—2B) + 44 - 2C
Equate the corresponding coeflicients to write
0=A4A+B8B, 0=C-2B, 1=44A-2C
A=-B, 2B=C, 1=4(-B)~-2(2B)
Thus, B=-1/8, A=1/8,and C = —-2/8. We check this much.

1 -z -2] 24+ d—(z+2)(z~2)
(1/8) L,_QJ“ 312—%—4} =y g




- 22 +4—(z*—-4) 1
IR T T i)

So the original integraI is equal to

1 —-x -2
we [ |75+ )

=|(1/8) [ln|z — 2| — (1/2) In(z® + 4) — arctan(z/2)] + C |

Check . The derivative of the proposed answer is

1 T 1/2
(1/8) L T3 T 214 1+ (:E/Q)Q}

;(1/8){ 1 z 2 ]"/

r -2 2244 442

5. (6 points) Find the limit of the sequence whose n'" termis a, = (1+2)".

We know that Iim (14 2)" = e* |. Of course, if we did not know this, then

n—rin fiy
we would compute

‘ 2 In(t+ 2
lim Ina, = lim nln(l1+ —) = lim mn( - n)
oo n— oo .n n-—oo =

The top and the bottom both go to 0. I’Hopital’s rule shows that

b

=2
. . 14+= . 2
lim Ina, = lim —* = lim 5 =
Twrb 00 n—oo = n-—ro0 1 - v
So lim ap,= lim "% =¢2,
n—+in fiy n—+infty

6. (6 points) Find the volume of the pyramid whose base is a square with
side I and whose height is h.
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Consider the following picture:

Slice the pyramid into a bunch of rectangular slabs by chopping the z-axis
from z = 0 to £ = h. The rectangular slab with x-coordinate z has a square
face of side s and a thickness da. This rectangular slab has volume sdz. We
must relate s to x by way of A and L. The picture:

shows that
2 L2

h—zx h

or s = £(h—z). (By the way this makes sense. When 2 =0, s =h and when

x=h, then s=0.} So the volume is.

LQ h

L2—(h—2)3" L®R* | L*h]

(h-ofdo= s3] "3 ~| 3




7. (7 points) Consider the region bounded by z = y* and y = = - 6.
Revolve the region about y = —3. Fmd the volume of the resulting
solid.

Find the intersection points. Solve y = 4> —6, or 0 = y* —y — 6, or
0= (y—-3)y+2). So, y =3 or -2 and the intersection points are (9,3)
and (4,—2). '

f= o+ -y°

Spin the rectangle. Get a shell of volume 2xrht with t=dy, r =y~ (-3),
and h = (y+86)~y*. The volume of the solid is

3
2vrf (v + 3)(y + 6 — 57)dy
-2

3
= 21rf (y2 A+ Gy - y3 + 3y + 18 — Sy?‘)dy
-2

3
= 27r/ (~24° + 9y — y> + 18)dy

-2
| |
g (720 9 y l ’
= ™
3 2 -y
8. (7 points) Find [ sin® z cos* zdz . Check your answer.
Save sinz. Convert sin®z into 1 — cos®z.  The integral is equal to
[sinz(l — cos® z)cos*zdz. Let u = cosz. It follows that du = —sinzdz.

The integral is

. S T i c 057 ;
-/(1—u2)u4du:—f(u4—u6)du,:_w%+%~+(7:—CO; S +C|




Check . The derivative of the proposed answer is

— cos* z(—sinx) + cos® z(—sinx) = sinz cos* (1 — cos® z). v



