Math 142, Exam 1, Spring 2011 Solutions
Write everything on the blank paper provided. You should KEEP this piece of
paper. If possible: return the problems in order (use as much paper as necessary),
use only one side of each piece of paper, and leave 1 square inch in the upper left
hand corner for the staple. If you forget some of these requests, don’t worry about
it — I will still grade your exam.
The exam is worth 50 points. SHOW your work. your answer.
CHECK your answer whenever possible.
No Calculators or Cell phones.

1. (6 points) Define the definite integral. Give a complete definition. Be
sure to explain all of your notation.

Let f(z) be a function defined on the closed interval a < z < b. For each
partition P of the closed interval [a,b] (so, P is a =29 <z <--- <z, =0),

let A; =x; —x;—1, and pick z} € [z;_1,2;]. The definite integral fab f(x)dx is

the limit over all partitions P as all A; go to zero of > f(z})A;.
i=1

2. (6 points) State the Fundamental Theorem of Calculus. Be sure to
explain all of your notation. (The Fundamental Theorem of Calculus
as done in class has exactly one part.)

Let f be a continuous function defined on the closed interval [a,b]. If F(x) is
any antiderivative of f(x), then f: f(z)dx = F(b) — F(a).

3. (6 points) Find f12 rvr —1dr.

Let u=2x—1;8 u+1=2 and du =dx. When x =1, then v =0. When
x =2, then v =1. The integral is equal to
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4. (7 points) Find [ % dzx . Check your answer.

Let uw =Inx. It follows that du = %da: . So the original integral is equal to
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Check. The derivative of the proposed answer is
(Inz)?
3
5. (6 points) Find [(Inz)?dz . Check your answer.
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Try integration by parts: [udv = uv — [vdu. Let u = (In r)? and dv =dx. It
follows that du =2Inz(2)dz and v =z . The original integral is
z(lnz)? — 2/lnazdw.

Use integration by parts again. Let v = Inz and dv = dx. It follows that
du= (1)dz and v ==z . The original integral is

:L'(lnx)2—2(aslnx—/da:) =|z(lnz)? —2(xlnz —2)+C|

Check . The derivative of the proposed answer is

x2lnz (l) + (Inz)? -2 (w (1) +Inz— 1) =2Inz+ (Inz)> —2(1+Inz —1)
x x
= (lnxz)% v

6. (7 points) Find [ sin®  cos? z dz . Check your answer.

There is an odd power of sinz ; so, we save one sinz and convert everything else
to cosz . The integral is

/(1 — cos? ) cos? zsin z de.

Let w=coszx. It follows that du = sinxdx . This integral is

—/(1—u2)u2du:—/(uz—u4)du:—(%3—%5)+C
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Check. The derivative of the proposed answer is

— (0082 x(—sinz) — cos® z(—sin z)) = — cos? x(— sin ) (1- cos? )

= cos? z(sinz) sin® z. v/



7. (6 points) Find [ v/5+ 4z — 22 dz. Check your answer.

Complete the square 5+4x —2? =5 + (2% —4x + . =9— . We let
x —2 =3sinf. It follows that dr = 3cosfdf and 9—(:)3—2) 9 981n 0 =
9cos? . The original problem is

/\/5+4x—x2da::/\/9—(:(:—2)2da::9/cos29d9:g/(l—i—cos%)d@

= §(9+ (1/2)sin20) + C = g(e-l-sin@(:os@) +C

(amsm <x—2) +.93—2\/9—(3@-—2)2> Lo
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Check . The derivative of the proposed answer is
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8. (6 points) Find [ v/2? + 2z dxz. Check your answer.

We complete the square: 22 +2z = (z2 +2z+1)—1 = (z+1)> —1. Let
r+1=-sec. It follows that (x +1)? — 1 =tan?6 and dx = secftanfdf. The
original problem is equal to

/ tan? 0 sec 0d6.

We use integration by parts. Let u =tanf and dv = secftanfdf . It follows that
du = sec? 0df and v =sec. So

/tan2 0 sec 0df = sectan§ — /sec3 0df = sec O tanf — /(tan2 0 + 1) sec 0df

=secfHtanf — /sec 0de — /tanQOSec 0deo.

Add [ tan?#@secdf to both sides to see that
2 / tan? 0 sec df = sec § tan § — /Sec 0do.
So
/ V? + 2xde = /tan2 OsecHdd = (1/2) [SecetaHQ - /Sec QdQ}

= (1/2) [secftanf — In|secd + tanb|] + C

= (1/2) [(a+ )Va? 1 22— In|(z + 1) + Va? + 2] + €|

Check . The derivative of

(1/2) [@: FVZE 422 — Inf(z 4+ 1) + V22 + 23:}
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