Math 142, Exam 1, Fall 2009 Solutions
Write your answers as legibly as you can.

There are 11 problems on 6 pages. Problem 1 is worth 10 points. Each of the
other problems is worth 9 points. SHOW your work. Make your work be coherent

and clear. Write in complete sentences whenever this is possible. |CIRCLE
your answer. CHECK your answer whenever possible. No Calculators or Cell

phones.

I will post the solutions on my website a few hours after the exam is finished.

1. Define the definite integral. Give a complete definition. Be sure to
explain all of your notation.

Let f(x) be a function defined on the closed interval ¢ < < b. For each
partition P of the closed interval [a,b] (so, P is a=zo <z <--- <z, =0),
let A; =x; —x;.1, and pick &} € [z;_1,%;]. The definite integral f: f(x)dz is

b
the limit over all partitions P as all A; go to zero of Y f(z})A;.
i=1

2. State both parts of the Fundamental Theorem of Calculus. Be sure to
explain all of your notation.

Let f be a continuous function defined on the closed interval [a,b].

(a) If A(z) is the function A(z) = f:’ f@@)dt, for all z € [a,b], then A'(z) = f(x)
for all z € [a,b].

(b)If F(z) is any antiderivative of f(z), then f; f(z)dz = F(b) — F(a).

3. Find f5a:cos(m2)dx. Check your answer.

Let u=z?. So, du= 2zdz . The original integral is equal to

5 5 . 5 . 2
§/cosudu—§smu+0— 23111(3: Yol

Check: The derivative of the proposed answer is

22:{: cos(z?) V.
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4. Find \/g—__‘tﬂ;—y . Check your answer.

We do a change of variables. Suppose that the expression under the radical was
just a variable, then we could do algebraic tricks to finish the problem! We make it
so! Let u =3 —4y. It follows that du = —4dy . The original problem is equal to

e

2
- _134 / = 6?;_5 e —i34 / (9u™"2 — 6u' + u¥/?)du
2 2

= — (9’&”22 = 6u3/2§ + u5/2-) +C

il
—64 )

1 2 ;
=| = (9(3 — 4y)/22 _6(3 - 4y)3f2g +(3- 4y)°/2§) +C

Check: The derivative of the proposed answer is

:’16_4 (9(3 = 4y)-1f2(_4) N 6(3 _ 4?;)1/2(_4) 3 (3 = 4y)3/2(__.4))

e —-1/2(_
= BT (o 63— 1) + 3 4)?)
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18 +24y +0 - 24y + 16y°) = 1oz (16%) = - 5 Ve

- 1 (g e
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5. Find / ~\/1j'—wdm . Check your answer.
We plan to maneuver the given integral into the form
du )
f e = arcsinu + C.

Let uw=2z?. It follows that du = 4zdz . The original problem is equal to

1 d I} 1
1 / —1—\/% = arcsinu+ C = 1 arcsin(2z?) + C.
Check: The derivative of the proposed answer is

1 1
A=
47 /1 (2222




6. Find the area between z+y =0 and 2=z +y°.

The area is (I,“‘l]

2
8 1
/2—3;2-(— )dy—Zy—y—-E-g— =4—=-4+2~-|-2+1+-]}.
=} 3 2| 3 3 2

7. Find the length of of the curve parameterized by = = cos2t, y =sin2t,
with 0 <t <7/2.

The curve in question is a semi-circle of radius 1; so the length is [7]. Also, the
length is

Cf / \/ ) dt“/ﬂ/g\/ —2sin2t)” + (2 cos 2t)"dt

72 ‘ x/2 wild
= / \/4 (sin 2t + cos? 2t)dt = f VAadt = 2t
0 0

-]

0

8. Consider the region in the first quadrant bounded by y = z? and

z = 1. Revolve this region about z = 4. Find the volume of the
resultlng solid?

T Lw,;_,a

Spin the rectangle. Get a shell of volume 27rht, where t =dz, r=4—=x,
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h = 22 . The volume of the solid is:

1 1 4$3 $4
2«/ (4 — z)z’dx = 271'/ (43:2 — 5';3) dz = 2% (— ~ —)
0 0 3 4

1
4 1
-|2 (5-7)-
5 |. \3 4

9. Consider the region in the first quadrant bounded by y = ¢* and
z = In3. Revolve this region about the z-axis. Find the volume of

the resulting solid.

Spin the rectangle. Get a disk of volume 7r2t where r = e® and t = dz . The
volume of the solid is : ‘

In 3 2T
™ e**dr = m—
0 2

In3 2In3
e 1 9 1
= - B — —_—_—— = 4 ”

0

10. Consider the solid whose base in the first quadrant of the zy plane
is bounded by y = 2?2 and y = 1. Each cross section of this solid
perpendicular to the y-axis is a square. Find the volume of the

resulting solid.
: b
f

2
& =Jy
X A>3

The slice with y-coordinate y has volume side ¢ where t = dy and the side
is the z-coordinate of the point on y = 22 where the y-coordinate is y. So the



side is ,/y. The volume of our slice is \/gzdy = ydy . The volume of the solid is

1 2
Y

d:—
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11. Suppose that a conical tank is filled with oil which has a density of 50
Ib/ft 2. The radius at the top of the tank is 5 ft and the tank is 15 ft
high. How much work is done in pumping the oil over the edge of the
tank? Y

=[1/2]

1
0

} disteyce

Be sure to draw and label an axis. We have chosen the y-axis to point upward
with y = 0 being the bottom of the tank. The work to lift the layer of oil with
y-coordinate y is

Force- distance = weight - distance = volume - density - distance = 77%¢- 50 - distance,

T

where ¢t =dy, r is computed from similar triangles > = % :

IJ,i

So, r = 3y. The distance to lift the layer of oil whose y-coordinateis y is 15—y .
The work to lift one layer of oil is:

m(5y)?50(15 — y)dy.
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The work to lift all of the oil is

5o .. % % 50m (15y° o
) as =g (%

' 50(15)4 (1 1
3 1

o 9

50(15)4n
= Ib.
9,19 ft-1b




