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0. Intro duction.

Fix positive integerse, f, and g, with ry landrg O, for ry and rq de ned to be
f eandg f + e respectively. Hochster [Ho] establishedthe existenceof a commutativ e
noetherian ring C and a universal resolution

U o! cer ct1 co
such that for any commutativ e noetherian ring S and any resolution
V: 0! s®! st g9

there existsa unique ring homomorphismC'! Swith V = U S. Thering C is generated
as an algebraby the ertries of the matrices giving the universal complex with these Betti
numbers, together with the universal Buchsbaum-Eiserud multipliers assuring that the
First Structure Theorem from [BE] holds. The generatorsof C were described in [Hu].
Over a eld K of characteristic zero[PW] gave the presenation and the description of the
decomposition of C to the irreducible represenations of GLe(K) GLf(K) GLg(K).
Finally, the explicit basisof C asa Z-module and its presenation as an algebra over Z
was givenin [T].

The ring C is important becauseof its universality property. It found a remarkable
application as Heitmann [He] usedit to give a courterexample to the rigidit y conjecture.

* Partially supported by NSF grant DMS-0600229.
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In the presen paper we take the next step, by describing the syzygiesof C, i.e. the
minimal resolution of C as a module over the polynomial algebra of which C is a factor.
We do it only in the casero = 0 over a eld of characteristic zero. These are reason-
able assumptions; as, for bigger ro, the Buchsbaum-Eisemud multipliers satisfy Plecker
relations, so the resolution of C would include the knowledge of (unknown) resolutions of
Plucker ideals. Over elds of positive characteristic, the resolution of C would include the
knowledge of an (unknown) resolution of a determinantal ideal.

We usethe techniques from [W] and the papers mentioned above. We describe the
terms of the resolution of C. In the caseunder consideration we know that there is
exactly one Buchsbaum-Eisebud multiplier, which we call a, and we know that a is a
nonzeraivisor in C; sothe resolution of C hasthe sameterms asthe analogousresolution
of C=aC. The last ring is the coordinate ring of a variety of pairs of matrices that form a
complex and satisfy certain rank conditions.

The resolution of C=aC hasa very nice structure. It is Itered by resolutionsof certain
maximal Cohen-Macaulgy modules supported in a determinantal variety. We describe
these complexesin seweral ways.

Let us set up the notation of the paper. We deal with the universal ring C when
ro = 0. In this case,f = e+ g and C = B=J, for B equal to the polynomial ring
Z[f iof wjoa,wthl i e1 j f,andl k g, wheref j;g[f «;9[ fagis
alist of indeterminatesover Z. The indeterminate a correspondsto the unique Buchsbaum-
Eiserbud multiplier which occursin the presen situation. Let bethef e matrix and

bethe g f matrix with ertries j; and ;, respectively. View the matrices and
as homomorphismsof B-modules:

Be B'! BY:
We give J in the languageof [T]. For eath
partition of f1;:::;fginto | [ 1 with jlj= eandjlj= g; (0:1)

let r -, bethe sign of the permutation which arrangesthe elemerts of I;1 into increasing
order, (I) the submatrix of consisting of the rows from |, and (I) the submatrix of
consisting of the columnsfrom 1. In this notation, the ideal J”which de nes the universal
ring C is
l.( )+ (fdet (1) +r ryadet (1)j1][ I from (0:1)g): (0:2)
One resolution of C by free B-modules may be found in [K]. The resolution of [K] is
not minimal; but it is straightforward, coordinate free, and independert of characteristic;

furthermore, one can useit to calculate Tor®(C;Z). If e and g are both at least 5, then
Tor®(C; 2) is not a free abelian group; and therefore (seeRoberts [R] or Hashimoto [Ha]),
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the graded betti numbers in the minimal resolution of C ; K by free B ; K-modules
depend on the characteristic of the eld K.

Henceforth, we work over a eld K of characteristic zero. Considerthe vector
spaceskE ; F; G over K of dimensionse;f ; g respectively, with f = e+ g. Sincewe will apply
the geometric technique of [W], we identify B = B z K with the coordinate ring of the
ane space

Homg (E;F) Homg (F;G) K:

The vector spaceHom(E; F) is naturally equalto F E ; and therefore, B is the polyno-
mial ring
B=Sym¢(F «kE) « Sym(G «F) «KIa

LetE k B! F k B! G « B bethe natural maps given by

X
w=vi (v u
i
and X
V)= wi (v V)
i
foread u 2 E and v 2 F. It is not necessaryto pick bases;however, if ui;:::;Ue;
Vil ves and wyp i wyg are basesfor the vector spacesk, F, and G; and ug;:::; Ug;
&;:::;vf; and wy;::1;w, are the corresponding dual basesfor E , F , and G ; then

i Vi Vv;, which is usedin the de nition of ,isthe elemerntin F F which represerts the
identit y map under the canonicalidenti cation of F F with Hom(F;F). The coordinate
functions in B may beidentied as ;; =v; uy2F Eand jj =w;, Vv2G F.
The matrices which represen the maps and , with respect to the chosenbases,are the
genericmatrices ( j ) and ( i; ), respectively. WehaveC=C ;K andJ = JB. So,B
is the polynomial ring K[f i g;f i g;a], C = B=J, and J is given by (0.2). In Corollary
6.2, we produce the modules in the minimal resolution G of C by free B-modules. The
ring B is bigraded with i 2 B(1.9), ij 2 B(o;1), anda 2 B¢ ¢g). The ideal J and the
resolution G are homogeneouswith respect to this bidegree.

Notice that in [W] one usesthe notation L E, K E to denote the Schur and Weyl
functors. In this paper we work over a eld of characteristic zero, so we have our S E
isomorphicto L oE or K E, where Cis aconjugate partition. The module S E is de ned
for any dominant weight (i.e., for any integers 1 2 il e) because

S( o 9E=S( et +nE ( E)

for any integert.



Let us recall the result from [PW] that givesa natural basisfor the universalring C.
We notice that the proper GL-represemnation in

coB_SM((F E) «Sym(G F) «K[a
J J
for the multiplier ais “E F G . Indeed, the represenation S;gF S16G is
equalto
re N 9
SE S( 1 g 1,00 et 1)F S G ( E F G );
for = 1° and = 0. In other words, in C, eadch maximal minor of is equal to the

@ppropria@ely sig{}ed complemerary maximal minor of times the image of
°E "F Y9G

Prop osition 0.3. The ring C hasthe following decomposition to represertations of
GL(E) GL(F) GL(G):

ne nN g
C= .t SE Sy 10 ;o oF S G ( E F G) Kk
where we sum over all partitions  with e parts, partitions with g 1 partsandt O.
Note that the represenation corresponding to the triple (; ; t) is a factor of
(SE SF) (SF SG) a.

Proof. Applying Theorem 1.3 from [PW], or Theorem 5.10from [T], we get

g
.. oF LG ( G)=U.

15 1,

C= .+ LE Letg uine+g

Changing Schur functors to Weyl functors (i.e., L's to S's), partitions ; to % Orespec-
tively, and adjusting powers of determinant represenations to get a GL(E) GL(F)
GL(G) - equivariant statemert we get the result.

Corollary 0.4. The ring C is a free K [a]-module.

Notation 0.5. Thering C=aCis iso\|710rphicto the factor of A := K[ i;; i;j ] by the ideal
| given by the relations =0and Y = 0.Thering A = B=ainherits the bidegreeof
B with iij 2 A(l;O) and icj 2 A(O;l)-

In section one we recapitulate the geometric method for calculating syzygies. Section
two contains a brief introduction to the Pieri maps which are usedin our description of
the di erentials in our resolutions. Section two also contains the Comparison Principle
which we use to prove the acyclicity of some complexes. The modules in the minimal

4



resolution, F , of A=l by free A-modulesare givenin Theorem 3.4. Theorem5.13describes
the homogeneousstrands of the dierential of F . The dierential of F is viewed as
arising from an iterated mapping cone in Theorem 5.4. In section four, we resole a
family of maximal Cohen-Macauly modules over the determinantal ring A=l4( ), for
A = Sym (F G ). The familiar rank onemaximal Cohen-Macaulyy modulesSym, (cok ),
for0 i e+ 1, which are resolved by the Eagon-Northcott complex, are members of
our family. Section six givesthe free B-modules in the resolution of the universal ring
C=B=J.

1. Geometric technique of calculating syzygies.

In this sectionwe provide a quick description of the main facts related to the geometric
technique of calculating syzygies;see[W] for more details. We work over a eld K. The
characteristic of K must be zero for the Bott algorithm; otherwise, in this section, the
characteristic of K is arbitrary .

Let us considerthe projective variety V of dimensionm. Let X = AR bethe ane
space. The spaceX V can be viewed as a total spaceof trivial vector bundle E of
dimension N over V. Let us considerthe subvariety Z in XV which is the total space
of a subbundle S in E. We denote by q the projection g: X V ! X and by o° the
restriction of qto Z. Let Y = g(Z). We get the basic diagram

Z X Vv
#q° #4q
Y X

The projection from X V onto V is denoted by p and the quotient bundle E=S by
T. Thus we have the exact sequenceof vector bundles on V

orstretrT ! oO

The dimensionsof S and T will be denotedby s, t respectively. The coordinate ring of X
will be denotedby A. It is a polynomial ring in N variables over K. We will identify the
sheaveson X with A-modules.

The locally free resolution of the sheafO; asan Ox v -module is given by the Koszul

complex
N n2

K():0! (p )! ! (P ) p()! Ox v;

where = T . The dierentials in this complex are homogeneousof degreel in the
coordinate functions on X . The direct imagep (Oz) can be identied with the the sheaf
of algebrasSym( ), where =S .



The idea of the geometric technique is to usethe Koszul complex K( ) to construct
for eadh vector bundle V on V the free complex F (V) of A-modules with the homology
supported in Y. In many caseshe complexF(Oy) givesthe freeresolution of the de ning
ideal of Y.

For every vector bundle V on V we intro duce the complex
K(;V) =K() ox vPV
This complex s a locally free resolution of the Ox \-module M (V) := Oz p V.

Now we are ready to state the basictheorem (Theorem (5.1.2) in [W]).

Theorem 1.1. For avector bundle V on V we de ne a free graded A-module

Mo W
F(V)i=  HU(V V) k AC T )
i 0

(a) There exist minimal di erentials
di(V) i F(V)i ! F(V)i 1
of degreeO such that F(V) is a complex of graded free A-modules with
H i(F(V) )= RlaM(V):

In particular, the complexF(V) is exactin positive degrees.

(b) The sheafR'q M (V) is equalto H'(Z; M (V)) and it can be also identied with the
graded A-module H'(V; Sym( ) V).

(© If :M(V)! M (VY(n) isamorphism of gradedsheasesthen there existsa morphism
of complexes

f():F(V) ! F(VY (n):

Its inducedmap H ;(f ( )) canbeidentied with the induced map

H'(Z;M (V) ! H'(Z;M (V9)(n):

If V is a one dimensional trivial bundle on V, then the complex F(V) is denoted
simply by F .

The next theorem givesthe criterion for the complex F to be the free resolution of
the coordinate ring of Y.



Theorem 1.2. Let us assumethat the map ®: Z ! Y is a birational isomorphism.

Then the following properties hold.

(a) The module q°0O; is the normalization of K [Y].

(b) If R'q°0z = Ofori > O, then F is a nite free resolution of the normalization of
K[Y] treated asan A-module. Vv

(€) If RigtOz = 0fori>0andFo= HO(V; ° ) A=A, thenY isnormal and it has
rational singularities.

This is Theorem (5.1.3) in [W].

In all our applications the projective variety V will be a Grassmannian. To x the
notation, let us work with the GrassmannianGrass(; E) of subspacesf dimensionr in a
vector spaceE of dimensionn. Let

0! R! E Grassft;E)! Q! O

be a tautological sequenceof the vector bundles on Grasqr; E).
Assumethat the characteristic of the eld K is zero. Then the vector bundle  will

be a direct sum of the bundlesof the form S ... =~ . Q S ... R. Thusall the exterior
powers of  will also be the direct sums of such bundles. We will apply repeatedly the
following result to calculate conomologyof vector bundlesS ... =~ . Q S ... R.

Prop osition 1.3. (Bott's algorithm). Assumethat the characteristic of K is zero. The

andaddtoit = (n;n 1;:::;1). If the resulting sequence

has repetitions, then
H' (Grass(;E);SQ S R)=0

for all i 0. If the resulting sequencehas no repetitions, there is a unique permutation
w 2 , that makesthis sequencedecreasing. Then the sequence = w((; )+ )

is again a non-increasing sequence. Then the sheafS Q S R has only one non-zero
cohomology group, the group H , where > = “(w) is the length of w. This cohomology
group is isomorphic to the represenation S E of GL(E) corresponding to the highest
weight

This is Corollary (4.1.9) in [W].



2. The Pieri maps and the Comparison Principle.

Ultimately , the di erentials in all of our resolutions are described in terms of Pieri maps.
For the purposesof the presen paper, it is not important to give an explicit description of
the exact action of one these maps on ead elemen in its domain. Howewer, it is possible
to record sudh a description. We will rst describe what the Pieri map is and explain why
it exists. Then we will point any readerso-inclinedin the direction of recording an explicit
formula for the Pieri map. We are interested only in a special casethat is relevant to our
resolutions.

Let E bea nite dimensionalvector spaceovera eld K of characteristic zero. Suppose
that = ( 1;:::; m) isapartition and a and b are integerswith 1 a b m. Dene

o i ifi<aorb<i

! i 1 ifa i b
Assumethat isalsoapartition. LetN = b a+ 1. The GL(E)-moduleS\xnE S (E) is
equalto a direct sum of irreducible GL(E)-modules. The Pieri formula, which is a special
caseof the Littlew ood-Richardson rule, see,for example, Corollary (2.3.5) in [W], shavs

that the irreducible GL(E)-module S (E) isasummandof S;n E S (E) with multiplicit y
one. Hence,there is exactly one non-zero GL (E)-module homomorphism

P:S(E)! S\wnE S (E);

up to multiplication by a unit, and this is the map that we call the Pieri map.

To investigate the action of the Pieri map P, it suces to take N = 1. One obtains
the generalcaseby iteration. Inspired by the work of Maliakas and Olver [MO], we notice
that the partition  and the skew partition = have exactly the same Ferrers diagram,
where = ( 1+ 1;:::; m+L1)and = 1m*1:andtherefore,S andS - arethe exact
sameSdwur functor. We also notice that when one box is moved from the right side of row
a to the left siderow m + 1 in the Ferrersdiagram for = the resulting skew partition is

a— m+1 and

S - .,.E=SE SE;

a=

where ; represets the (m+ 1)-tuple with 1in position j and zeroewerywhereelse. Thus,
P:S(E)! S4E S (E) isthe sameasP : S-E! S - . E, which moves
one box from the right side of the arbitrary row a to the left side of of the bottom row.
Maliakasand Olver give an explicit formula for the related map that movesa box from the
left side of the bottom row of an arbitrary skew-partition to the right side of an arbitrary
row. Presumably, one can manipulate the map given in [MO] to make it apply to the
presen situation. Our approad is to start over and just calculate the explicit formula
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from scratch in our own notation. The skew-Stwur module S - E is equalto

anE VntE

R( =;E) ’

forni = ¢ 0 asdescribedin Proposition (2.1.9) of [W]. The Pieri map
P:S_E! S = E

is induced by a map

Ny Nt N na 1 na+1l

E E! E E E: (2:1)

for the appropriate choice of r. The combinatorial description of (2.1) says that one sums
over all possiblesetsof rest stops,r = sp < 53 < s, < :::< s = t, alongthe direct route
from row r to the bottom row. Oncethe rest stopsare planned, one usesco-multiplication
to split o onebox at ead rest stop, one carriesthe extra box from row sy to row s;, puts
it down and picks up the extra box sitting on row s; and movesit to row s, etc., and then
one usesmultiplication to join the new box to the old boxes at the new spot:

N Nt
E E
k
N1 PAso sy Ms, RAs
E E E E E
#
0 1 0 1 0 1
Ny Ny 1 Ny 1 Ney 1 As
E @ E EA @ E EA @ E EA E
#
0 1 0 1 I
Ny nyb 1 nyl 1 nyi 1 As
E E @ EA @ EA E E
#
N1 Ny 1 sy s, Ng +1
E E E E E
k



Ny na 1 na+1l
E E E:

The coe cien t for the term that correspondsto a particular set of rest stopsis a quotient
of products of hook lengths.

Our approad is a combination of the geometric technique and represenation theory.
We will usethe Comparison Principle to prove the acyclicity of somecomplexes.In prac-
tice, we will know that the complexH is acyclic without explicitly knowing its di erential,
and we will know an explicit di erential on (H?;d%. We apply the Comparison Principle
to shaw that (H9;d?) is acyclic.

Prop osition 2.2. (The Comparison Principle). Let A be a coordinate ring on some
represefiation W of a linearly reductive group G. Let H and (H?;d% be two nite G-
equivariant minimal complexesof A-modules. If conditions (a){(e) all are satis ed, then
the complexesH and H° are isomorphic.
(@) The terms H; and H? are direct sumsof modulesof typeV ~ A( j), whereV isan
irreducible represemation of G of highest weight
(b) Foread i, thetermsH; and H?areisomorphicasgradedequivariant G A-bimodules,
and, fori < 0, we haveH; = H?= 0.
(c) The complexH is acyclic.
(d) The homology modules Ho(H ) and Ho(H©) are isomorphicasG  A-bimodules.
(e) Denote HY? = L,V _ A( js) with j1 ::: ji. Let vO be the highest weight
vector in V _. Assumethat
(*) for all j, the imagesdX(v® 1) with js = j are linearly independert vectors
modulo the image ; _; d(V, A( js)) inHP ;.
In particular, if theterm V. A( j) occursat most oncein the complexH 9, for eah
highest weight , then it is enoughto replace( ) with the condition
(**) forall s, the imagedX(v® 1) is non-zeromodulo the image ~ dXV , A( ju))

0 u<s
in Hy 4.

Proof. We construct a G-equivariant isomorphismof complexesh : H°! H . Weinduct
oni. Fori = 0and 1, the maps h; exist by condition (d). Assumethe map h; ; hasbeen
constructed. To construct h; we denote H?= L,V _  A( js). Let vos be the highest
weight vector in V _. We notice that the imagesdio(vos 1) give the cycleswhich are the
highest weight vectors of corresponding weights  that are linearly independert modulo
images generatedin lower degrees. Thus, for ead s there is exactly one represertation
V. A( js) with highestvector v . 1 of weight ¢ in the appropriate degreein H;
whosedi erential equalsh; ; d(v°  1). Wedene hj(v°, 1) to bev . This map
extendsuniquely to becomean equivariant isomorphismh; : H®! H; and by construction
it is obvious that h is a map of complexes.

10



3. The terms in the minimal resolution of A=l.

We apply the geometric technique to calculate the minimal free resolution of A=l as an
A-module. The notation is setup in 0.5. Recall that K is a eld of characteristic zero.
We usefreely the notation of [W]. Denote

X = f(dz;d;) 2 Homg (E;F) Homk (F; G)g:
Therefore we have A = K[X]. Considerthe incidence variety
Z =f(dy;d;;R)2 X Grasqe+ 1;F) jIm(d;) R Ker(dy)g:

Clearly the image q(Z) by the rst projection q: Z ! X is equalto the setY = V(I).
Notice that Z is the desingularization of Y becausegenericallyonY we have R = Ker(d;)
and the projection q is obviously proper.

We are in the situation described in section one. In this special casewe have =
E Q R G. Wealsohave = E R Q G . Let uslook at the cohomology
groups of the exterior powers of and of symmetric powers of

Prop osition 3.1. We have
(a) H'(Grass(e+ 1;F);Sym( )) = Ofori > 0,
(b) H(Grass(e+ 1;F);Sym( )) = (A=l); forallj O.

Proof. We have
Sym()= . SE SR SQ SG;

where we sum over partitions  with e parts and partitions  with g 1 parts. We
notice that higher cohomology of the bundles S R S Q is zero, with H° being just
S( 1 g 10, ey 1)F. Comparing it with Proposition 0.3 we are done.

Proposition 3.1 implies that the complex F is a minimal free resolution of the coor-
dinate ring of Y.

Let us analyze the cohomologyof the exterior powersof . We have

AN

(): : SoE S Q SR SoG:

To calculate the cohomologyof the summand corresponding to the pair (; ) weneed
to apply the Bott algorithm, Proposition 1.3, to the sequence

Prop osition 3.2. Vv
(a) The represettations of F we get from the above procedureare all of the type °F,
for somes with 0 s f.
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(b) The ring K[Y] is normal and Gorenstein and has codimensioneg+ 1 asa quotient of
KI[X].

Remark. Assertion (b) is already well known in arbitrary characteristic by work of Kempf
[Ke] (characteristic 0) and De Concini and Strickland [DS] on the variety of complexes.
Also, K[Y] clearly is Gorensteinin arbitrary characteristic asa quotient of the Gorenstein
ring C by the regular elemen a; seeCorollary 0.4.

Proof. Let uslook what will be the highest number in our sequenceafter applying Bott's
algorithm. It clearly iseither 4 ;or 1 g+1. But ; g, otherwisethe corresponding
summandis zero asit involvesthe factor S oG . Thusthe rst numberis 1. Similarly,
the last number is either ¢, or 1+ e+ 1. Since ; e (otherwise the summand is
zero, asit contains factor S oE), we seethat the last numberis 0. Thus our weight has
to be of the type (1%;0" 3).

Let uslook at the top exterior power of . Clearly this is

®p
= S(g 1)eE Ses 1Q Sge+1 R S(e+l)gG .

To calculate the corresponding term, we neeq/to apply Bott's algorithm to the sequence
( &9 1:g%*1) which givesthe represemiation ' F in H(O D(e*D)  This is the top of the
resolution. The represetnation there is

op N
= S(g l)eE F S(e+1)gG

in the homologicaldegreee(g 1)+ g(e+ 1) (g 1)(e+ 1)= eg+ 1. The represeration
is one dimensional, therefore K[Y] is Gorenstein, of codimensioneg+ 1 as claimed. The
normality follows becauseZ is a desingularization of Y .

The rest of this section is dewted to identifying all of the terms of F . The main
ideas are contained in the proof of Proposition 3.2: we apply the Bott algorithm many
times; howewer, there are many details to work out. Our answer is recorded as Theorem
3.4 and is expressedn terms of the objects in De nition 3.3. After the proof of Theorem
3.4 is complete, we 0 er Examples3.20and 3.21.

De niton  3.3. Let k beanintegerand = ( 1;:::; ¢ 1) be adominant weight. Let
i = 2, which is de ned to be the number of indicesj with ; k. Notice that ; k>
i+1 . Dene p( ;k) to be the dominant weight

p( ;K)= (i ik s + 100 g 1t 1),
N( ;k) to bethe integerg 1 2+ k,and T .« to be the free A-module

N A& k)
T k= S oE K F « Sp( ;k)G k A
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Theorem 3.4. In the notation of (0.5), the minimal resolution of A=l by free A-modules
iS M . . . .
F = T (i ] 17 N(Csk):
( k)
The sum is taken over all pairs ( ;k), where = ( 1;:::; ¢ 1) is apartition with e 1
andk isintegerwith 0 k e+ 1 Theterm T «(j J;j ] N( ;k)) appearsin Fj j,.

Proof. We know that

M
Fi= HY(Grasse+ 1;F);SE SQ SR SG) A(j ;i i:

d 0
it i=ivd
We calculate the cohomologyof the vector bundle
SE SQ SR SoG; (3:5)

for partitons = ( 1;:::; g 1)and = ( 1;:i:; er1)Wth 1 gand 1 e
We rst assumethat the contribution of (3.5) is nonzeroand we identify k. Start with
the weight
andrecalling = (e+ g;:::;1), we have
(b )+ =( gaitetgii 1te+2 p+et i e + 1)

Since ; gand ; e we seethat all coordinates of (; )+ are integersfrom
the interval [1;e+ g+ 1]. Bott's algorithm tells us that the pair (; ) givesa non-zero
cortribution only if the coordinatesof (; )+ aredistinct. Thus, for sucd apair (; ),
there is a unique t 2 [1;e+ g+ 1] suc that the coordinates of (; )+ Il the set
[1;e+ g+ 1]nftg. The parameterk =: k(; ) is de ned to be the cardinality of the set

fsj s+te+2 s>tg

It isclearthat 0 k e+ 1. The numbers

form a decreasinglist; so,aslong asone makesthe proper interpretation at the boundaries
for Kk, it is corveniert to write

k+te+2 k>t> (41 +e+l Kk (3:6)
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Now we start with the data ( ;k) and we manufacture the corresponding partition
and integert. Let

AL> Ay > 10> Ago (3:7)
be the complemen off 4 1+e+g;::;; (+e+2ginfe+ g+ 1;:::;19. Dene tto
be Ax+1 anddene by

(1+e+r L e +1)= (A Aher i Ac): (3:8)
We seethat is a partition, g 1, the coordinates of (; )+ are distinct, and

k(; )=k

Now that we have manufactured andt from the data ( ;k), we calculate the contri-
bution of the vector bundle (3.5)to F . When (; )+ hasbeenreorderedto become
a decreasingsequencethe result is

w( (; )+ ) =(e+g+ LB

therefore,w( (; )+ )) = 189*1 0t 1 The cortribution of the vector bundle (3.5)
to F is equalto

e+tgwl t
SoE F «kSoG «A(] ;i D):

This cortribution is a summandof F; ;,; ; -, where " is the length of the permutation w.
To complete the argumert, we shav that

o=k (3:9)
e+g+1 t=N( ;k); and (3:10)
= p( ;k): (3:11)

(It is clear from De nition that jp( ;K)j=j j+ N( ;k).)
To accomplishtheseends,we introducethe indicesi; < ::: < ig+1 to which the terms
ste+2 sgowhen (; )+ hasbeenreorderedto becomea decreasingsequence.

(B1;:::;Berg) = (e+ g+ L;:iit+ 1Bt 1;:::;1); (3:12)

Bi;iiBi,)=(1+te+ 1 e +1); (3:13)



are equal. Torearrange (; )+ into decreasingorder, one must make

. . : . e+ 1 Xt
=(9 i)+ (g+1 i)* ik (gre den)= (et g+ s
s=1
exdchanges. Equation (3.13) yields

B, = (+e+2 s (3:14)

and Equation (3.12) gives

e+g+2 s; if Bg>t;
e+g+1 s; ift>Bs:
Recall from (3.6) that B;_ > tif and only if s k. Combine (3.14) and (3.15) to seethat

i = g s+ S; if s k;
ST g s+s 1 ifk<s:

B = (3:15)

We now have -
= (et g ji+ o7
s=1
and therefore, Equation (3.9) holds.
We establish(3.10) and (3.11) by explicitly recordingthe valuesfor andt in terms of
the data ( ;k). Wethink of ase"(e 1)"e * 1"Q"%. It isclearthat ng= 2 ;.

We study the entries of the vector

(e+1 K

[ g1 g2 alt[ergetg L:iie+ 2] (3:16)
For eadh integer s, with 0 s e, the vector (3.16) contains the following subvector of
consecutiwe integers:
[ s;io; sl+[e+ 1+ &ine+ 2+ 01

and therefore, the set of entries of (3.16) is

frje+2 s+ 2, ° e+1 s+ g (3:17)
0 s e
The complemen of (3.17), in the interval [1;e+ g+ 1], is
fe+2 s+ 2j0 s e+ g (3:18)

The elemerts of (3.18) were written in decreasingorder in (3.7) with
As=e+3 s+ 2
forl s e+ 2 So,t= Ak =e+2 k+ 9. Equation (3.10) follows immediately.
Also, Equation (3.8) shows that
_ 1+ 9 forl sk

ST 9 fork+1 s e+ 1
A quick calculation shows that p( ;k){ is alsogiven by the right side of (3.19); thus, (3.11)
holds and the proof is complete.

(3:19)
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Example 3.20. Let ustakee= g= 2. We give two versionsof our resolution F . In the
rst version, we write (a;lb;c;d;e) for S E °F  Sge)G . Our resolution has the
following terms.

(1,1;,4,3;3) A( 2, 6)

(1;0:4:3,2) A( L 5)#(1;1;2;2;2) A( 2, 4)
(1;0:3;22) A( 1, 4) (1;1;1;2;1;# A( 2, 3) (0;0;4;3,1) A0 4)
(1;1,0;20) A( 2 2) (0;0;3;2;1;# AO; 3) (1,0;1;,11) A( L 2

(0;0;2;1;1) A(@G; 2) #(1;0;0;1;0) AC 1 1)

(o;o;o;g;O) A

The terms of F are alsolisted in the following picture, which hasthe addedadvantage
of giving insight into the maps of F . The row which correspnds to the partition s
S oE k t asdescribedin Theorem 4.7. Each row is acyclic. The Koszul complex map
down the column on the right, asdescribedin Proposition 5.12,inducesan acyclic sequence
on the zeroth homology of the rows; see(5.3). An iterated mapping cone producesthe
complex F ; asshown in Theorem 5.4. In other words, there is a map of complexesfrom
the middle row to the bottom row; there is a map of complexesfrom the top row (shifted up
by oneagainstthe di erential) to the mapping coneformed from the bottom two rows; and
F is the mapping cone of this secondmap of complexes. Notice that it is not correct to
think of this picture gs a double complex. The \knight move" To.1( 2; 3)! To2(0; 3)
which is induced by z see(5.10), is one of the componerts of the di erential of F .

Tos( 25 6) ! Too( 25 4) V' Toa( 25 3) ! Too( 2, 2)
#
Tus( 1, 5) ! Tio( 1, 4) ! Tua( L 2) ! To( L 1)
#
Tos(0; 4) ! To2(0; 3) ! Tou(0; 2) ! Too
Example 3.21. Let ustakee= 2; q/— . Our resolution has the following terms where
we write (a;b; ¢, d;e;f) for S, E °F S(deif )G -
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(2,2,5;3,3;3) A( 4, 9)
#
(2,1,5;3;3;2) A( 3 8) (2:2,2,22,2) A( 4 6)
#
(2,2,1;2,2,1) A( 4 5) (2,1,3;2,2,2) A( 3, 6) (2,0:5;3,22) A( 2, 7)
(1,1,5;3;3,1) A( 2, 7)
#
(2,2,0,2,2,0) A( 4 4) (2,0;4,2,2,2) A( 20 6) (1,0;5;3,2,1) A( 1, 6)
(1,1;3;2,2,1) A( 20 5 (21,1,251) A( 3 4
#
(1,0;4,2,2,1) A( 1, 5 (L;L,2,2,11) A( 20 4) (2,1,0,2,1,0) A( 3, 3)
(0,0;5;3;1,1) A(0; 5 (20;1;1,1,1) A( 2 3)
#
(0;0;4,2,1;1) A@O; 4 (1,0;221,11) A( L 3) (1,1,0,20,00 A( 2 2)
(2,0,0;1,1,0) A( 2, 2)
#
(0;0;3;1,1,1) A(; 3) (1,0;0;1,0,0) A( 1, 1)
#
(0;0;0;0;0;,0) A

Also, F is the iterated mapping coneof a picture built using the following modules.

To2a( 4 9) ! Tooo( 4 6) ! Tooa( 4 5 ! Tazo( 4 4)
#

T2as( 35 8) ! Taa2( 3 6) ! Taaa( 35 4) ' Tae( 3 3)
#

Tras( 20 7) Tr12( 20 6) Traa( 20 3) Ti0( 20 2)

| ! |

T2.03( 20 7) T202( 2, 5) T20n( 20 4) Tz;o;o(#Z; 2)

Tioa( L 6) ! Tro2( L 5) ! Troa( L 3) ! Troo( 1 1)
#

To.03(0; 5) ! To.02(0; 4) ! To,01(0; 3) ! To:00

17



4. A family of maximal Cohen-Macaula y modules over a determinan tal ring.

Our investigation of the di erential in the resolution F quickly leadsto a family of modules
of independen interest.

The parameterization of F givenin Theorem 3.4 allows us to write down the terms
of F in adierent way. One way to do that is to look at the terms with a xed . In
order to describe this part of the complex we needanother geometric construction related
to the Grassmannianof G. Consider Grasgg 1;G) with the tautological sequence

0! R! G Grass@ 1,G)! Q! o (4:1)

We are dealing with the polynomial ring A = Sym(F G ) and the modules supported
in the determinantal varieties of maps ofrank g 1. We look at twisted complexes
F(SR ) = F() which comefrom taking = F Q . Each sud complex is the
pushdown of the locally free resolution of the sheaf

M()=SR SymF R):

Prop osition 4.2. The sheafM ( ) has no higher cohomology Thus the complex F( )
is a free resolution of the A-module

M( ):= H%Grass@@ 1;G);:M ( )):
Assumethat €9 1. Then the complex F( ) is a complexoflengthf g+ 1. Thus
the corresponding module M () is a maximal Cohen-Macaulgy module.

Proof. This is a standard application of the geometric technique, see[W], ch. 6.

Remark. Let uslook at the resolution of M ( ) more precisely It is a pushdavn of the

twisted Koszul complex
N

SR (F Q)

V.
Thus we can describe the terms as ' F tensored with the represenation S ()G, where
(i) is the result of Bott algorithm applied to the weight

(6 g 1)
The terms we get in H° correspond to i satisfying i g 1. For eadh sud i, the
HO%-module is equal to
A A
FooSci 4 6= FooS(im g )G



and it appearsin the i-th placein the complexF( ) . The terms we getin HS fors 1
correspond to i satisfying the inequalities

For ead pair (i; s), the HS-module is equal to

V.

I\/F. St g1 L g s Lits g6 1 )0
_ Vi
= V. F S( 1350 g s 1308 g stliu g 1+1) G

I
T

Sp( i 96
and it appearsin the (i s)" placein the complexF( ) .

Prop osition 4.3. Let be a partition cortained in the rectanglee® !. Then the terms
of the complex F containing the factor S oE are identical with the terms of the complex
SoE F() A(j ;i DI il Here[i] meanshomologicalshift, i.e., the term in position
zeroof SoE  F( ) A(j j;j |)occursinFj .

Proof. Direct calculation { just look at the pairs ( ;k). The Iowestterm whereS oE occurs
correspndsto k = 0. Apply Theorem 3.4to seethat S oE °Fk sG ACl b0 D
occursin the term F; ;.
This new description of the terms can best be expressedn the languageof De nition

3.3. The modulesM ( ) of Proposition 4.2 are maximal Cohen-Macaulay modulesover the
determinantal ring A=lg( ), for A= Sym(F G ), where :F ¢ A! G  Aisthe
natural map. These modules have independernt interest. In Theorem 4.7 we record the A
resolution t of Ho(t ) = M ( ) using one parameter k in place of the two parametersi
and s that were usedto date. Recall that K is a eld of characteristic zero, F and G are
vector spacesover K of dimensionf and g, respectively, ande=f g.

De nition 4.4, Let k beanintegerand = ( 1;:::; ¢ 1) beadominant weight.

(@) Let t .« to be the free A-module

N A k)
t k= F o« Sp( ;k)G k A:

(b) De ne a homomorphismt ! t . ;. Let N =1+ 9 , 2. It follows that there
exist dominant weights and with 554 k> 1,

p( ;k)=(; kN; ); and p( sk 1)=(; (k Y; )

The homomorphism
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is the composition

N & k) N4 k)
t k = F Sp( ;k)G K' F SlN G Sp( 'k 1)G K'
N4 k) N(A) N
F SwF S u G Al F Sy G A=tk 1
Vv

where thevrst mapvis the Pieri map, the secondis N and the third is the module
actonof F on F.

(c) For each dominant weight = ( 1;:::; ¢ 1), we de ne the complext :

it k(O N(C;K)!D t . 2(0; N( sk 1)!! ooz
with t . in position k.
Remarks.

(&) The dominant weight p( ; k) may be interpreted asthe result of applying Bott's algo-
rithm to the sequence

(b) If ¢ 1 landk < O,thent . = 0.

©If ¢ 1 land k O, then p( ;k) is a partition.

(d) The mapsand modulesoft form a complex becausethe Littlew ood-Richardson rule
tells us that the only coordinate free K -vector spacemap

S,k 1+N;(k :]_)l\/l7 G ' SlZ+N+M G S7 (k 1)N‘(k 2)1+M; G
is zero,when and are dominant weights with . kandk 1> ;.

Prop ositon 4.6. If = ( 1;:::; g 1) and = (e g 1,:15:€ 1) are dominant
weights, then the complexest and (t ) [ e 1] are isomorphic. Furthermore, if is
cortained in [ 1;e+ 19 !, then alsositsin[ 1,e+ 1 Yand (t ); = Ofori < O or
e+ 1< 1.

Proof. A way to seeduality of the terms is as follows. Let k and = be integers with
k+ = e+ 1. The modules

N4 k) NA )
F Sp( ;k)G and F Sp( ;‘)G

are dual to one another becauseN ( ;k) + N( ;)= f andif

then A;j + Bg+1 i = e+ 1. A direct calculation completesthe proof.
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Theorem 4.7. Let k beanintegerand = ( 1;:::; g 1) be adominant weight.
1 If g1 1, then

(@) t is aresolution of Ho(t ), and

(b) Ho(t ) is a module over A=l4( ).
(2) If [ 1,e+ 19 1, then

(@) Ho(t ) is a perfect A-module with

Ext™ (Ho(t );A) = Ho(t )
for =(e 4 1;::5;e 1), and
(b) Ho(t ) is a maximal Cohen-Macauly A=I4( )-module.

Proof. Apply the ComparisonPrinciple, Proposition 2.2,to the complexesH = F(S R )
andH® =t .

Example. In particular, if = (i9 1), then the complext is isomorphic to the Eagon-
Northcott complex C, see,for example, [E, Figure A2.6], and

I
=

8 v
% &1 cok( ); ifi

I
A

Ho(tia 1) = ; A=lg( ); it

Sym;(cok( )); if1 i.

21



5. The homogeneous strands of the dieren tial of F .

We return to the resolution F . The presen sectionhastwo main results. In Theorem 5.4
we shav that F may be obtained as an iterated mapping cone as had been promised in
Example 3.20. In Theorem 5.13 we describe the homogeneousstrands of the di erential
of F .

The description of the terms of the complexF givenin Theorem 3.4 is not accidenal.
It comesfrom a pushdown of di erent Koszul complex. Consider again the Grassmannian
Grasqg 1;G) and the tautological sequence

0! R! G Grasfg 1,G)! Q! 0
of (4.1). Considerthe sheafof algebras
B=SymE F) SymF R)
over Grasqg 1;G). Obviously, we have linear maps

‘E B! F B and °F B! R B

of sheaves of B-modules. The condition ° = 0 inducesthe Koszul complex of sheaves of
B-modules given by the ertries of the composition:

K :0! Ke(g 1)! Ke(g 1) 1Pl Kb Ky,
V, —
with K = '(E R ) B. Notice that
K = jj:iS oE SR B:

Lemma 5.1. The complexK is acyclic.

Proof. The complexK of B-modulesis the relative version of the Koszul complex for the
variety of complexes.To be more precise,take three vector spacesE, F, G° of dimensions
e;f;g 1 respectively. Considerthe polynomial ring

B=SymE F ) SymF G°):
The ring B is the coordinate ring of the ane spaceX of pairs (; 9 of linear maps
E! F and % F! G%

We want to shaw that the subvariety Y of pairs of maps(; 9 suchthat © = Oisa
complete intersection cut out by the ertries of the product matrix ° . To show this it is
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enoughto show that the codimensionofY in X ise(g 1). Of coursedim X = ef+f (g 1).
To calculate dimension of Y we construct its usual desingularization

Z=1f(: ®S)2X Grasge;F)jIm( ) S Ker( Yg:

The rst projection (; ©%S) 7! (; 9 isabirational map, asover a generalpoint we have
to have S = Im( ), soover an open set where hasa full rank the rst projection is an
isomorphism. Projecting Z onto the Grassmannianwe seethat the bres have dimension
€+ (f e(g 1),so0

dmY=dmzZ=ef e+e&+(f e(g 1):

We concludethat
dm X dimY =¢g 1)

which concludesthe proof.
Let usdenoteM ( ):= SR BandM( ):= H(Grass(g 1;G);M ( )).

Prop osition 5.2. We have the following properties:

(@) H (Grass( 1;,G);K;)=0forj>0and0 i eg 1),
(b) H (Grass(@ 1;G);M ( )) =0, forj > 0, and
(c) the resolution of M ( ) asan A-module is F( ) x A.

Proof. This is clear from the de nitions.
The Koszul complex K inducesan acyclic complex of sections

K 0! Kgg 1! Keg 11! i Kl Ky; (5:3)

whereK; := H%(Grass(@ 1;G);K;) = i j=iS oE M ( ). We can now usethe iterated

mapping cone construction to construct the resolution F° of the zero-th homology group

of K . The terms of this resolution are the sameas the terms of F . The whole process
canbemadeGL(E) GL(F) GL(G)-equivariant.

Theorem 5.4. The resulting complex F° is isomorphicto F .

Proof. Both complexesare equivariant resolutions of the sameA-module A=I. The reso-
lution F is minimal and the complexeshave the sameterms.

Corollary 5.5.

(a) The -componert of the complexF is the sumof di eren tials in the complexesF( ) .

(b) The complemenrary partitions with respect to the rectangle e ! give the parts of
F( ) that are dual to eat other. The complex F is self-dual and has length equal
to eg+ 1.

Proof. The rst part follows from the construction of the mapping cone. The secondpart
was explained in Proposition 4.6.
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We turn now to describing the homogeneousstrands of the dierential of F . For
future referencewe write the map of (a) from the previous result as

d t 1(1):T x=SE o 95 ey t k 1= T k1 (5:6)

where\(4.5)" is the map of (4.5). The symbol \(1)" in d 2'5(1) in (5.6) indicates that we

considerexactly onemap T . ! T .. In (5.10) we also consider only one map d 2'5(1) :
T.x! T .;howewerin (5.11) we considertwo mapsd gt‘(c), with c equalto 1 or 2.

Prop osition 5.7. The di erential of the complexF hasthree componerts. One involves
only the map , the secondonly the map , and the third componert is of degree(1; 1) in
and , andit doesnot changethe F-componert of the term. We refer to thesecomponerts
asthe -componer, the -componert, and the ()-componen, respectively.

Proof. Considertwo terms T and T— satisfying the condition

jj+k=jj+k+ 1 (5:8)
The non-zerodi erential can occur betweenthese two terms only if ~and p( ;k)
p( ;Kk). There are three cases.
In Casel we have k < k. The conditions and (5.8) forcek = k, 1 and\; =
Let N = N( ;k) N(;k). ThemapT ! T-; factors through T—; = NG
and involvesonly
In the two remaining cases,k k. Leti= 2 (so i k> . ) andleti bethe
analogousnumber for (";k); that is, - k> - . The inequalities
p( ;K)iva = k  k=p( ;K  P( 5Ky (5:9)
tell usthat i .
In Case2 we havek k andi < i. The condition (5.8) gives
X _ _ X _ _ X _
0= (s s)+(i‘+1 k) + (s s )tk (i+1)+ (s s):
s T i+2 s i i+l s

The condition p( ;k) p( ;k) ensuresthat 1 ¢ s iforallswithi+2 s i. The
samecondition alsoensuresthat all of the other listed di erences are non-negative. Thus,
i i+ 1and all of the remaining listed di erences are zero. One may quickly calculate
that

p( ;k)=p( ;k); k= 7 =k 1
and s= sforalls6 i Let N =N(;kj N(;k). ThemapT ! T factors
through S—E Vin E Vine i F Sp(—;E)G and involvesonly
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In Case3wehavek k andi = i. The inequalities of (5.9) tell usthat k = k. The
conditions and (5.8) force to dier from by exactly one box. It follows that
p( ;k) and p( ;k) alsodier by exactly onebox. The terms T ., and T- have the same
SL(F)-coordinate and the map T ;x ! T- factors through T-  E G . The degreeof
the di erential is onein both and

The description of the terms of the complexF givenin Theorem 3.4 allows us alsoto
understand the -component of the di erential. Considertwo terms of F with the same
factor S G , but occurring in neighboring terms of the complex. In other words, we are
given the data ( ;k) and (; k), from Case2 of the proof of Proposition 5.7, with k 1
and 9 1. Onemay chedk that N( ;k) = N( ;k)+ k k+ 1. The map

X)) T ! T (5:10)
is the composition
N4 k) N& k)
T K = S oE F Sp( ;k)G I S—E S(E k+1) oE F Sp( ;k)G
K Ak+1 N4 k) N4 k)
| SE F F Sy 10G ! S—E FoSp G = T

. . .V ke
where the rst map is the Pieri map, the secondis

multiplication.
Finally, we can also describe the terms between which we have a ( )-componert
map. Considerthe term

, and the third is exterior

N A iK)
T k= SoE F Sp G

Considera corner box of the partition % sud that we can also subtract the corresponding
box from p( ; k) in suc way that we get anothvr nonzeroterm with the samecohomology
group, in the complexF . The exterior power NC)E will beuna ected. The newterm
will occur in degreeby one smallerin F than the original term (we decreased ° by one
box, but the homogeneougiegreefrom and the number of cohomologygroup stayed the
same). Betweenthese two terms we have a (1;1) degreemap from (  )-componert. In
other words, let ; represen the (g 1)-tuple with 1 in position j and zero everywhere
else. The maps

d* @ Tuw! T u (5:11)
with ¢ = 1 or 2, are de ned provided j is a partition and ; 6 k. The hypothesis
ensuresthat

p( ;K =p( k) o
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where

j= I; if >k,
- j+1 ifk> j-
The map is the composition:
N & k) N @ k)
T 'k = S oE F Sp( ;k)G ! S( j)OE S]_E F S]_G Sp( j;k)G
N & k)
PS¢ B FooSy w6 =T [k

The rst arrow is two Pieri mapsto split onebox from eac of °and p( ;k). The second
arrow hastwo componerts. The rst componert (c= 1) usesthe mapE G ! A given

by the composition . The secondcomponert (c = 2) ysesthe maps and separately
To be more explicit, notice that the represenation E 'F G occurswith multiplicit y
2in

N

F (E F) (F G):

;I'/he two componerts of the secondarrow involve the two possibleembeddingsof Vi F into

'F F F. Let us describe the%)etwo embeddings explicitly. We de ne two linear
mapstr :K ! F F sendingl to ile v, v; for somebasisfvy;:::iyrgof F. The
other is the evaluation ev: F F | K. Two embeddings of '"Finto 'F F F
are then de ned asfollows. One is just

ip:=1 tr: F! F F F;

the other is the composition

1 N

in
FFF F® FFFE FE"'' FF F

where (2;4) switchesthe secondand fourth factor, and m denotesthe exterior multipli-
cation.

Thusthe and componerts of our dierential are easyto identify (up to scalar).
The only problem is the ()-componert where we do not know which linear combination
of maps ic, with ¢ equals1 or 2, to choose. This problem can be solved, however, by
looking at the construction of the complex F givenin Theorem 5.4.

Let us choosetwo partitions and sud that ,J = ] = 1. We have the induced
map of sheares

SoE M()! S.E M()
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which is a componert of the di erential of K . The induced map of sectionsis the equiv-
ariant homomorphism of A-modules

f(; ):SoE M()! SoE M():

The categoryof GL(E) GL(F) GL(G)-modulesis semi-simple,sowe know that there
is an equivariant map

(; ):SE F() xA! S F() zA
of the minimal resolutions covering the map f (; ).
Prop osition 5.12.

(@) The ( )-componerts of the dierential of the complex F are the corresponding
componerts of the mapsf(; ). v
(b) The strand of the compll\e/zlx F with the SL(F)-componert °F is

S SG  A(] B )

wherethe sum is taken over all partitions  contained in €9 *. This is a subcomplex of F
and is isomorphic to the correspnding subcomplex of the Koszul complex
N
(E G)= 3 S SG A(j ii I
ed
on the composition
Proof. Assertion (a) follows from the de nition of iterated cone construction; and (t{)/ isa

consequencef (5.11) becaused ik j «(2) = O when the SL(F)-componert of T  is °F,

Theorem 5.13. There exists a family of constarts fs g'f(c)g such that the di erential of
F isequalto
X -k -k
s (9 d X(o);
where the maps d g'f(c) T .«! T . have beenpreviously de ned at (5.6), (5.10), and
(5.11). Furthermore, if fs ;'f(c)og is a family of constarts for which

X
F: s i'f(c)od i'f(c) (5:14)

is a complex, and suc that for every pair ( ; k) there exista pair ( ;) sud that fs g'f(c)og

is non-zero; then (5.14) is acyclic and there is equivariant homotopy between (5.14) and
F .

Proof. We sawv in Proposition 5.7 that the dierential of F has three componerts. Fur-
thermore, if we ignore two of the componerts of the di erential, then we have shavn that
the third componernt is givenby (5.6), (5.10), or (5.11), up to constart. The nal assertion
is an application of the Comparison Principle.
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6. The resolution of B=J.

Now that we have somedata involving the resolution of A=I, we apply it to nd the
terms of the resolution of B=J.

Theorem 6.1. We have the isomorphismsTor* (A=l ;K ) = Tor? (B=J;K) preservingthe
SL(E) SL(F) SL(G) represetation structure and homogeneoudidegree.

Proof. Considerthe minimal graded free resolution of B=J asan B-module:
G 0! Gegsr ! 2! Gyt Go:

The complex G g B=aB has the i-th homology module equal to Tor? (B=J; B=aB).
On the other hand, the long exact sequenceof homology which is obtained by applying
B=J g to the short exact sequence

0! BI"B! B=aB! 0
yields Tor? (B=J;B=aB) = Ofori 2 and yields the exact sequence
0! Torf(B=J;B=aB)! B=JI"B=J! B=(a;J)! O

We know from Corollary 0.4 that a is a nonzeraivisor on B=J; so, Tor? (B=J; B=aB) is
also zero and G g B=aB is an A-free resolution of A=l. This resolution is minimal
becausethe matrices of the mapsin this complex are obtained from those of maps of G
by specializing a to zero. The terms of both minimal resolutionsG and G g B=aB
are the same,and they (after tensoring with K) give us the Tor groups mentioned in the
theorem.

Corollary 6.2. The terms in the minimal graded free resolution, G , of the universal
ring C = B=J as a B-module are exactly the same as the terms of the resolution F of
Theorem 3.4, once\ A" is replacedby \B".

Theorem 6.1 corntinuesto hold over Z; howewer, the resolutionsF and G of Corollary
6.2 requiresthat K bea eld of characteristic zero.

Ac knowledgmen t. Thank you to Alexandre Tchernev for getting us started on this
project. Thank you alsoto the refereefor making many interesting remarks.
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