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In honor of Phillip Grith, on the occasion of his retirement.

Abstra ct. Let k be a eld of positive characteristic p, R be a Gorenstein graded
k-algebra, and S = R=J be an artinian quotient of R by a homogeneous ideal. We
ask how the socle degreesof S are related to the socle degreesof F§(S) = R=J [al,
If S has nite projectiv e dimension as an R-module, then the socles of S and F§ (S)
have the same dimension and the socle degreesare related by the formula:

Di=qdi (g 1a(R);

where
dq d and D; D-

are the socle degreesof S and F§(S), respectively, and a(R) is the a-invariant of the
graded ring R, asintro duced by Goto and Watanabe. We prove the converse when
R is a complete intersection.

Let (R; m) be a Noetherian graded algebraover a eld of positive characteristic
p, with irrelevant ideal m. We usually let R = P=C with P a polynomial ring, and
C a homogeneouddeal. Let J be an m-primary homogeneouddeal in R. Recall
that if g = p®, then the e Frobenius power of J is the ideal J[9 generatedby all
i% with i 2 J. The basic questionis:

Question. How do the degrees of the minimal geneators of (J4: m)=J vary
with g?

The largest of the degreesof a generatorsof the socle (J: m)=J will be called
the top sccle dggree of R=J. The question of nding a linear bound for the top
socle degreeof R=J[9 has beenconsideredby Brenner in [3] from a di erent point
of view; his main motivation there is nding inclusion-exclusion criteria for tight
closure.
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The answer to the Question is well-known (although not explicitly stated in ex-
isting literature) in the casewhenJ has nite projective dimension;seeObsenation
2.1. We prove that the converseholds when R = P=C is a complete intersection.

Theorem A. Letk bea eld of positive characteristic p, q= p® for some positive
integer e, P be a positively graded polynomial ring over k, and R = P=C be a
completeintersection ring with C geneated by a homayen@usregular sequene. Let
m be the maximal homageneusideal of R, J be a homayeneus m-primary ideal in
R, and | be a lifting of J to P. Let ° be the dimension of the sccle (J: m)=J of
R=J and dy;::: ;d be the degreesof the geneamtors of the sacle. Then the following
statementsare equivalent:

(@ pdg R=J< 1,

(b) the sccle (319: m)=J[4 of R=JI9 has dimension * and the degrees of the gen-
erators are qdi (q 1a(R), for 1 i °, wher a(R) is the a-invariant of
R,

(c) (C+ N (cld:c)=Cc+ |4 and
) 1y c=(\ c)ld+ cyla,
Of course,the generalquestion

Question. How do the sacle degrees of Frobenius powers J (9 enade homolayical
information about the ideals J[41?

remains wide open and very compelling.
The proof of Theorem A appearsin section 2.

1. Preliminary notions.

In this paper, ring means commutativ e noetherian ring with one. Let k be a
eld of positive characteristic p. We say that the ring R is a graded k-algebra if

R is non-negatively graded, Rg = k, and R is nitely generated

(1.1) asaring over k.

Every ring that we study in this paper is a graded k-algebra. In particular, \Let

has positive degree. Every calculation in this paper is homogeneous:all elemeris
and ideals that we considerare homogeneousall ring or module homomorphisms
that we consider are homogeneousof degreezero. If r is a homogeneouselemern
of the ring R, then jrj is the degreeof r. The graded k-algebra R has a unique
homogeneougnaximal ideal

M

m=mr = R; = Ri;
>0
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furthermore, R has a unique graded canonical module K g, which is equal to the
graded dual of the graded local cohomology module Hf‘n(R), where d is the Krull
dimension of R; that is,

Kr = Homg (H3 (R); ER);

for Ek = Homg(R; R=m) the injective envelope of R=m as a graded R-module.
(See,for example,[7, Def. 2.1.2].) The a-invariant of R is de ned to be

a(R)= minfmj (Kr)m 6 0g= maxtm j (H% (R))m 6 Og:

The de nition of the a-invariant is rigged so that if R is a Gorenstein graded k-
algebra,then Kg = R(a(R)). When the ring R is Cohen-Macaulg, there are many
ways to compute a(R). The main tool for thesecalculations, Proposition 1.2 below,
may be found as Proposition 2.2.9in [7] or Proposition 3.6.12in [4].

Prop osition 1.2. If R! S is a gradea surjection of graded k-algebis, and R is
Cohen-Maaulay, then
Ks = Extg(S;KRr);

where c= dimR dimS. In particular, if S= R=C and the ideal C is geneated
by the homaeneus regular sequene f 1;:::f¢, then

R
Kr=c = (Kr=CKRr)  jfi]

Corollary 1.3.

P
(@) If P is the polynomial ring K[xq;:::;Xn], then a(P) = iXij.
i=1

(b) If R is the complete intersection ring P=C where P is the polynomial ring

K[X1;:::;xn] and C is the ideal in P generted by the homagyenaus regular sequene
R P

fi;:::f¢, then a(R) = ifii iXij-
i=1 i=1

(c) If R! Sis asurjection of graded Cohen-Maaulay k-algebis, and S has nite
projective dimension as an R-module, then a(S) = a(R)+ N, where N is the largest
back twist in the minimal homayeneus resolution of S by free R-modules. In other
words, if
M M
0! R( bi)! ! R( by)! R! S 0
i i

is the minimal homagen@usresolution of S by free R-modules,then N = maxf by g.
|
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De nition.  If S is an artinian graded k-algebra, then the sccle of S,

socS=0:mg =fs2 Sjsms = 0g;

L
is a nite dimensional graded k-vector space:socS = k( di). We refer to the
i=1
numbersd; d> d- asthe socle degrees of S.
Observ ation 1.4. Let R be an artinian Gorenstein graded k-algeba with sacle
dggree , and let J be a homaeneus ideal of R. If the sacle degrees of R=J are
fd;g, then the minimal geneators of annJ have degrees f dig.

Proof. Choose minimal generatorsg;;:::;gs of annJ. Gorenstein duality (see
Lemma 1.11) implies that

ann(gy;::: ;810 0) 6 ann(g);

and thus, for ead i, we can choosean elemert u; 2 ann(gz;:::;8;:::;Jds), which
represens a generator for the socle of R=ann(g;). The idealsJ and ann(g;:::;Jds)
are equal and the socle of R=ann(gz;::: ;gs) is minimally generatedby uq;::: ;Us.

On the other hand, ujg, generatesthe socle of R, so the degreeof u; is equal to
jgij.
Prop osition 1.5. If S is an artinian graded k-algebia and d; d- are the

sacle dggrees of S, then the minimal geneamtors of the canonical module K s have
degrees d- d;.

compute the degreesof the generatorsof K s aswell the socle degreesof S in terms
of the badk twists in the minimal homogeneougesolution of S asa P-module:

M M
0! P( byi)! ! P( by)! P! S! O
i i
The canonical module Ks is equal to Extp (S;Kp), where Kp = P(a(P)) and
P
a(P) = jXij. It follows that the minimal homogeneougesolution of K 5 is
i=1
M
(1.6) 0! P(a(P))! ! P@P)+hby)! Ks! O

i
and therefore, the minimal generators of Ks (over either S or P) have degrees

f a(P) byig. On the other hand, one may compute Tor (S;P=mp) in eah
coordinate (see,for example, [9, Lemma 1.3]) in order to concludethat
M

k( bni) = Torh (S;k) = socS(a(P)):

Thus, the socle degreesof S are equalto fa(P) + by 0.
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Corollary 1.7. Let R! S be a surjection of gradel k-algebias with S artinian,
and R Gorenstein. If pdg S nite, then the sccle degreesof S are f b + a(R)g, where
the back twists in the minimal homageneus resolution of S by free R-modules are

fhg.

Proof. We know, from Proposition 1.2, that Kg = ExtEjm R(S;KR), with Kr =
R(a(R)); and therefore,

M
0! R(a(R))! ! R(aR)+ h)! Kg! 0

is a minimal resolution of K and the minimal generatorsof K5 asan R-module,
or asan S-module, have degreesf a(R) bg. Apply Proposition 1.5.

Let R be a graded k-algebra. We write °R to represen the ring R endaved with
an R-module structure given by the e iteration of the Frobenius endomorphism
rR:R! R. (If risascalarin R and s is aring elemen in R, thenr s is equal
to r9s 2 R, for g= p°.) The Frobenius functor F3(_) = __ r *R is basechange
along the homomorphism g.

Notation 1.8. Let R be a graded k-algebra. We use the notation ( )l three
ways.
(a) If gis a matrix with ertries in R, then gl¥ is the matrix in which ead entry of
g is raised to the power q. In particular, if z is an elemen of the free module
. R( hb), then zisanm 1 matrix and zI9 is the matrix in which eat
erntry of z is raisedto the power q.

(b) If Gy isthe freemodule ~ ™, R( hb), then Gl isthe freemodule - m R( db).
In particular, if N is the homogeneousomplex of graded free R-modules
I Ng P N, BN Y
then N9 js a very cleanway to write the homogeneousomplex

nlal nlal nlal
(1.9) FE(N) : I VI B VR I VI

Furthermore, the Frobenius functor is always right exact; so, F§(R=J) = R=Jld,

We conclude this section by gathering a few properties of Gorenstein ideals,
Gorenstein duality, and linkage. All of thesetricks appear elsewherein the litera-
ture, usually in more generality. We are likely to usethem at any momert, without
any further to-do. Theorem 1.10is due to Bass|[2].
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Theorem 1.10. Let R be a local artinian ring. The following statements are
equivalent:
(1) R is a Gorensteinring,
(2) the sccle of R is principal,
(3) the ideal (0) is irr educible (in the sensethat (0) is not equal to the intersection
of two non-zer ideals), and
(4) thering R is self-injective.

When the conditions of Theorem 1.10arein e ect, then the functor Homg( ;R) =
( ) isexactandif M is a nitely generatedR-module, then the modulesM and
M have the samelength.

Lemma 1.11. Let M be an ideal in the artinian local Gorensteinring (R; m).
(1) The ideals M and ann(ann(M )) are equal.
(2) If N is anideal of R with M N, then ann(M )=ann(N) = Hom(N=M;R).
(3) If R=M is a Gorensteinring, then there exists an elementy of R with ann(y) =
M and ann(M) = (y).
(4) If y is a non-zem elementof R, then R=ann(y) is a Gorenstein ring.

Proof. The ideal M is contained in ann(ann(M )) and the two ideals have the same
length becauseM = R=ann(M). Assertion (1) follows. Apply Hom(_;R) to the
short exact sequence

O/ N=M! R=M ! R=N1! O

M = ann(ann(M)) = ann(y;) \ \ ann(ys):

Under the hypothesisof (3), the ideal M is irreducible and M = ann(y;), for some
i. Apply (1) againto complete the proof of (3). For (4), it is not dicult to see
that the socle of R=ann(y) is a principal ideal.

If the conditions of (1) in Proposition 1.12 hold, then the ideal C is called a
Gorenstein ideal. Notice that when we usethis term, we automatically assumethe
ideal C to have nite projective dimension.

Prop osition 1.12. Let R be a gradead k-algeba. Assumethat R is a Gorenstein
ring. Let C be a homayeneusideal of R of grade c and nite projective dimension,
and (G;g ) be the minimal homageneus resolution of R=C by free R-modules.
(1) The following statementsare equivalent:
(a) thering R=C is Gorenstein,
(b) thering R=C is Cohen-Maaulay and Ext i (R=C; R) is a cyclic R=C-module,
(c) thering R=C is Cohen-Maaulay and Ext (R=C; R) is isomorphic to a shift
of R=C, and
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(d) the complexHomg (G; R) is isomorphic to a shift of G.
(2) If C is a Gorenstein ideal, then the entries of any matrix representation for g
form a minimal geneating set for C.
(3) If the eld k hascharacteristic p and the ideal C is a Gorenstein ideal, then CIP!
is a Gorenstein ideal.

Proof. The equivalence of (a), (b), and (c) is section 5 of [2]. The ring R=C is
Cohen-Macauly if and only if R=C is a perfect R-module of projective dimension
equalto c; see,for example, Section 16.C of [5]. It is now obvious that (c) and (d)
are equivalent. Assertion (2) follows from (d). Assertion (3) follows from Theorem
1.7 of [10], which guaranteesthat Fg(G) is the minimal homogeneougesolution of
R=CIP]

Peskineand Szpiro popularized the concept of linkage by complete intersection
ideals. Only slight modi cations need be made to [11, Proposition 2.6] in order
prove assertion (1) in the following result about linkage by Gorenstein ideals; see,
for example, section 1 of [8].

Prop osition 1.13. Let R be a Gorenstein gradel k-algebia, and let L M be
homagen®us Gorenstein ideals (in the senseof Proposition 1.12) of R of gradec.
(1) Let F and G be the minimal homayeneus resolutions of R=L and R=M, re-
spectively, and let  : F ! G be a homagen@®us map of resolutions which
extendsthe natural map R=L! R=M. The map .: F.! G is multiplication

by a homayeneus elementy of R. Then

L:M=(L;y) and L:y= M:

erated by f{*;:::;fle, then the conclusion of (1) holds for the product y =
fir boofle L

Proof. One can prove (2) directly, or deduceit from (1).

If L, M, and N areidealsin aring R then a quick calculation yields the remark-
ably useful formula

(1.14) L:MN = (L:M):N:

The proof of the next result may be read from the proof of of Proposition 2 in [13].

Prop osition 1.15. Let L and M be homayeneus ideals of a ring R of posi-
tive prime characteristic p. If L and L: M have nite projective dimension, then
LIPL:MPI = (L :Mm)IPl,
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2. The plan of attac k and a few examples.
We rst establish (a) implies (b) from Theorem A.

Observ ation 2.1. Letk be a eld of positive characteristic p, R! S be a surjec-
tion of graded k-algebisin the senseof (1.1), with R Gorensteinand S artinian. If
S has nite projective dimension as an R-module, then the saclesof S and FS(S)
have the same dimension; furthermore, if the sccle degrees of S and FS(S) are
given by

d]_ d2 d and D1 D>, D-;

respectively, then
(2.2) Di=aqd (9 Dla(R),
for all i.

Proof. Consider the minimal homogeneousresolution F of S by free R-modules.
We know from [10] that FE(F) = Fl9 is the minimal homogeneousresolution of
FE(S). If back twists of Farefly j1 i Lg, then the back twists of Fl4 are
fahg. UseCorollary 1.7to seethat L = *, di = i + a(R), and D; = gy + a(R),
for all i.

Remark. The hypothesisthat R is Gorensteinis necessaryin Obsenation 2.1. Let
R = S be a non-Gorensteinartinian graded k-algebrawhosesaocle livesin at least
two distinct degrees. The ring S has nite projective dimension as an R-module,
and d; = D, for all i, sinceF§(R) = R. The a-invariant of R is equal to the top
socle degreeof R; so,a(R) = d- and (2.2) holds for d; = d-; but doesnot hold for
d < d.

We prove the corverse of Obsenation 2.1 under the assumption that R is a
complete intersection. Our main result is the following statemert.

Theorem 2.3. Letk bea eld of positive characteristic p, R! S be a surjection
of gradead k-algebas in the senseof (1.1), with R a complete intersection and S

artinian. Let e be a positive integer, g = p¢, and d; d- be the sccle
degrees of S. If the sacle of FS(S) has the samedimension as the sccle of S, and
the sccle degrees of FS(S) are given by D1 D> D- asin (2.2), then

Torf(S;R) = 0.

The standing notation 2.4. We expressR = P=C, where P is the polynomial

Gorenstein ideal in P of grade c. Let I be a homogeneousmp -primary ideal in
P,S=P=( +C), T = P=Il, and let Z be the (c 1)-syzygy of the P-module
Kt ( a(P)).

Proof of Theorem 2.3. Adopt the notation of 2.4. In Corollary 3.2, we convert
numerical information about the socle degreesof S and F§ (S) into numerical infor-
mation about Tor('? (K+;R)and Tor('? (Kee(r); R). In Proposition 4.1, the numerical
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information about Tor:'s is corverted into the statemert
Torf(Z » R;R)= 0
This homological statemert is expressedas a statemert about ideals:
(C[Q] + | [Q]) : (C[Q] :C)=C+ | ]
in Proposition 5.1. In Proposition 6.1 we deduce
[y ¢ = (1\ C)[Q] + | lal:
This result is equivalent to Tor?(S;eR) = 0, asis recordedin Proposition 3.5.

We would like to prove that the conclusion of Theorem 2.3 corntinues to hold
after onereplacesthe hypothesisthat R is a complete intersection with the weaker
hypothesisthat R is Gorenstein. Three of our v e steps (3.2, 5.1, and 3.5) work
when R is Gorenstein. The argumerts that we usein the other two steps (4.1 and
6.1) require that R be a completeintersection; although in Proposition 7.4 we prove
the ideal theoretic version of (4.1) under the hypothesisthat R is Gorenstein and
F-pure. At any rate, if R is a complete intersection and the conclusionof Theorem
2.3 holds, then the Theorem of Avramov and Miller [1] (seealso [6]) guarantees
that S has nite projective dimension as an R-module. We are very curious to
know if someform of the Avramov-Miller result:

Torf(M;®R)=0 =) pdgM < 1;

for nitely generatedR-modules M, can be proven when R is Gorenstein, but not
necessarilya complete intersection.

Proof of Theorem A. Adopt the notation of 2.4.
The assertion(a) b) is Obsenation 2.1.

(b) c¢) Assume(b). In Corollary 3.2 and Obsenation 3.3, we shaw that if the gen-
erator degreesof Tor? (Z; R) aref ;g, then the generatordegreesof Tor} (FS(Z);R)
arefq ;g. Proposition 4.1shavsthat Torf(Z p R;®R) = 0. Proposition 5.1 yields
().

The assertion(c) d) is Proposition 6.1.

(d) a) If (d) holds, then Proposition 3.5 shows that Torie (T pR;R)=0. The
Theorem of Avramov and Miller [1] guaranteesthat T p R has nite projective
dimension as an R-module.

If the hypothesisof Theorem 2.3 is weakenedto say only that the soclesof S and
Fg(S) have the samedimension (with no mertion about how the socle degreesare
related), then the conclusion of Theorem 2.3 fails to hold; seeExample 2.9. It is
curious however, that if S is Gorenstein, and the de ning ideal of S is contained in
a proper ideal of R of nite projective dimension (for example,a parameter ideal of
R), then one needonly verify that the soclesof F§(S) and S both have dimension
onein order to concludethat S has nite projective dimension over R.
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Theorem 2.5. Let (R;m) be alocal k-algebi, with R a completeintersection, and
letJ R bean m-primary ideal. AssumethatJ b for some proper ideal b with
pds b< 1 . If R=J and R=J!9 koth are Gorenstein, then pd; J < 1 .

Proof. Choosea J a parameter ideal. Use Lemma 1.11 and (1.14) to write
J=a:f,andwrite b= J:K = a:f K. Sinceb has nite projective dimension, we
know, from Proposition 1.15, that

(2.6) pldl = glal - f ak [al-
On the other hand, we have
(2_7) b[Q] J [a] ‘K [Q]:

SinceJll  gldl:f 9 gre both irreducible, we can write al?:fd9 = JI9:p for some
b2 R. Plugging this into (2.6) yields

pldal = jlal. pk lal-

Comparing this with (2.7) we get J14: pK!al = Jldal: K [ (equation (2.7) givesone
inclusion; the other inclusion is always true), which is equivalert to K@ Jjlal +
bKI9, If bis not a unit, this meansthat K4  Jld and sobld = Jld: K4 = R,
which is a cortradiction.

Thus, b must be a unit, so

(2.8) Jlal = gldl- f
Consider the short exact sequence
0! R=J! R=a! R=(gf)! O
Equation (2.8) implies that its tensorization with “R is exact, and thus
Tor}(R=(a;f);R) = 0;

and (a;f) has nite projective dimension by the Avramov-Miller result. Conse-
quertly, J has nite projective dimension as well.

Example 2.9. Note that the conclusionof Theorem 2.5 no longer holds without
the assumptionthat J is contained in a proper ideal of nite projective dimension.
Considerfor instance R = Kk[x; y; z]=(x3+ y2 + z3), J = (X;y; z?), wherek is a eld
of characteristic p 2 (mod 3). Clearly J is irreducible, JIPI = (xP;yP) is also
irreducible, but J doesnot have nite projective dimension.
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3. Convert socle degrees into Torf(Z » R;R).

Adopt the notation of 2.4. The rst three results in this section corvert hy-
pothesis (2.2) about the socle degreesof S and F§(S) into a statemert about the
generator degreesof Tor? (Z;R) and Tor? (FS(Z);R). Obsenation 3.4 shows that
Tor¥(Z p» R;R) is a quotient of Tor} (F§(Z);R) by a submadule which is built
from the generatorsof Tor} (Z;R). The notation that is introducedin the proof of
Obsenation 3.4 will be usedagain in the proofs of Propositions 4.1 and 5.1.

All of the calculations in section 3 which we have described so far pertain to the
proof of (b) =) (c) in Theorem A. It is curious, howeer, that Obsenation 3.4
alsomay be applied (seeProposition 3.5) to give an ideal theoretic interpretation of
Torie (T p R;<R) which is our cortribution to the proof of (d) =) (a) in Theorem
A.

Lemma 3.1. Adopt the notation of 2.4. If the sccle degreesof S are
fdijl i g
then the minimal geneators of Tor” (Kt ( a(P));R) have degrees

faR) dij1 i ‘g

Proof. Let G be the minimal homogeneousresolution of R by free P-modules.
Corollary 1.3(c) tells usthat G, = P(a(P) a(R)). It follows that

Torf (K7 ( a(P));R) = He(K7( a(P)) » G)
f 2Kr( aR)jC =0g
Homp (R; K1 ( a(R)):

On the other hand, we have a surjection T ! S; so Proposition 1.2 guarantees
Ks = Homt (S;K1) = Homp (R; K 1):
Thus,
Ks( a(R)) = Home (R;K1( a(R))) = Torg (Kt ( a(P));R):

Apply Proposition 1.5.

Lemma 3.1 also applies when the ideal | is replacedby the ideal | [%; and con-
sequettly, if the socle degreesof F3(S) arefD; j1 i Lg, then the minimal
generators of Torg (Kee(r)( a(P));R) have degreesfa(R) D; j1 i Lg.
We have establishedthe following cornversion of the original hypothesisabout socle
degreesinto a statemert about generator degreesof Tor..
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Corollary 3.2. Retain the notation of 2.4. Assumethat the scclesof S and FS(S)
havethe samedimension. Let

d; d and Dj D-
be the sccle degrees of S and FS(S), respectively; and
1 - and g 5
be the minimal generator degrees of
Torg (Kt ( a(P));R) and Tore (Keg(r)( a(P));R);
respectively. Then
Di=qdi (g 1)a(R) foralli () i =q; for all i

We interpret the homological objects of Corollary 3.2 as Tor; of the appropriate
modules. This processinvolves index shifting and keeping careful track of the
twists.

Observ ation 3.3. In the notation of 2.4:

(@) Tort (Kt( a(P));R) = Tor} (Z;R), and

(b) Torg (Keg(ry( a(P));R) = Tort (FS(Z);R).
Proof. We prove (b). Let F be the minimal homogeneousesolution of K1 ( a(P))
by free P-modules. The functor F$(_) is exact; so, Fl9, which is equal to Fg (F)
(see(1.9)), resolesFS (Kt ( a(P))). On the other hand, it is not hard to seethat
Fl9l resolves sometwist of Kge(ry. Indeed,if () = Homep(__;P), then it is clear

that (FS(F )) isequalto a shift of FI9; furthermore, it is alsoclearthat (F&(F ))
resolves someshift of Kee (1); see,for example, Proposition 1.12. There are many
ways to keeptrack of the shifts. One pain free approad is to apply the technique
of (1.6) to K+ and to K¢ () in order to nail down the fact that FI is the minimal
homogeneousesolution of K. (1)( a(P)); hence,

FE(Kr( a(P))) = Keg(r)( a(P)); and
Torf (Keery( a(P));R) = Hi(FI9 5 R);
for all i. The beginning of the minimal homogeneousgesolution of Z is
' Feer ! Fe! Fo 2! 21 O
The functor FS( ) is exact; so,

Torf (FS(2);R) = He(F19 5 R) = Torg (Keg(n)( a(P));R):
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Observ ation 3.4. Let P ! R be a surjection of gradal k-algebias, with P a
polynomial ring, and let M be a nitely genemted graded P-module. Then there is
an exact sequene of graded R-modules:

FS Torf(M;R) ! Torf (FEM);R)! Torff(M p R;R)! O

Proof. Let (N;n) bethe minimal homogeneousesolution of M by free P-modules.
The functor F§(_) is exact; so, Nl9 is the minimal homogeneousresolution of
Fg(M) by free P-modules; and Tor? (FS(M);R) is equal to

Hi(FE(N) p R) = Hi(FR(N ¢ R)):

The functors F§(_) p RandF§(__ p R) are equalbecausethe homomorphisms

e

P I P
2 2
? ?
quot. mapy y quot. map
R E! R
commute. Let — denote the functor _  p R. Selectelemerns z;;:::;z of N; so
that z;;:::;Zz arecyclesin N p R and the homology classedz];:::;[z:] form a

minimal generating set for Hy(N p R) = Torf(M;R). It is clear that zi[q] IS an

elemen of FS(N;) with ﬁ = Zi[q] acyclein F§(N) p R=F§(N p R), for eah
i.
The technique of killing cycles(see,for example, section 2 of [12]) tells us that

_ M n Z A
M: N, R(jzj) MR

i=1

!] N, " No! M! 0

is the beginning of a homogeneousesolution of M by free R-modules. It follows
that

ToR (M R) = HyM o R)= _ HIFEMD)  _ Tori (FE(M):R).

The following result is an application of the technique of Obsenation 3.4.

Prop osition 3.5. LetR = P=C and T = P=Il, where | and C are homamen®us
ideals in the polynomial ring P. Then

[lal\ C
(I'\ C)l+ |[dC”

Torf(T p R;R) =
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Proof. Apply Obsenation 3.4 to seethat

. _ H (N[Q] R) .
Torf(T p R;R) = ([Z%f] :iii;FZ[Q]])'

functor  p R, andz;;:::;z arehomogeneouslemers of of N; with [z1];:::;[Z']
a minimal generating set for

Hi(N p R) = Tor] (P=I;P=C)= (I \ C)=IC:

Hi (N9 5 R)= Torp P=ll";p=Cc = 19\ c)=Ildc:

The isomorphism Hy (N[ 5 R) | (111\ C)=1l9C carries [2] to the class of

(n1(z))".

4. Degree considerations concerning Tor;.

Proposition 4.1, followed by [1], is a general statemernt that says that if the
degreesof the minimal generatorsof

Torf (M;R) and Tor} (FE(M);R)

arerelated in the appropriate manner,then M p R has nite projective dimension
as an R-module. When the notation of 2.4 and the hypothesisof Theorem 2.3 are
in e ect, then, Corollary 3.2 and Obsenation 3.3 show that Proposition 4.1 may
be applied with M = Z.

Prop osition 4.1. Let P ! R be a surjection of gradad k-algebas, with P a
polynomial ring and R a complete intersection, and let M be a nitely geneated
graded P-module. Suppse that the minimal geneamtors of Tor} (M;R) have de-
greesf {j1 i “g. If the minimal geneators of Torf(FS(M ); R) have degrees
fgijl i ‘g thenTorf(M p R;R)=0.

Proof. In ation of the base eld k ! K givesrise to faithfully at extensions
P!' P «KandR! R K. Consequetly, we may assumethat k is a perfect

regular sequencen P that generatesC. We retain the notation from the proof of
Obsenation 3.4. So,

N: N, N, Ng! M! 0
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is the beginning of the minimal homogeneougesolution of M by free P-modules,
~is the functor _ p R, and z;;:::;z are homogeneouselemens of N; with
[z1];:::;[z] a minimal generating set for Hy(N) = Torl (M;R). Let Y be the

subsetf[_[q]] """ : [21Mg of Hy (N') = Tor} (FS(M);R). We will prove that

(4.2) Y generates Hl(N[q])

As soon as (4.2) is established,then the proof is complete by Obsenation 3.4.

Fix aninteger . De ne W?%and W%to be the P-submodules of H1(N[Q]) which

are generatedby X h _[]i X h !
H, (N'™") ~ and Hy (N'Y) K

<i i<
respectively. Let V be the vector spaceV = H (N[q])z(W°+ W%, Let X bea

homogeneousminimal generating set for the P-module Hl(N[q]) Let X be the
subsetof X which consistsof those generatorswhich have degreeequalto . Notice
that the set X is a basisfor the vector spaceV over k. Let

vy =fZY2vjjd%= g

Our hypothesis guarantees that the dimension of the vector spaceV is exactly
equal to the number of elemerts in Y . We prove that

(4.3) the elemens of Y are linearly independent in V .

Once (4.3) is established,then we will know that Y is a basisfor V and that the

elemens of Y are part of a minimal generating set of H1(N[q]) We repeat this

calculation for all to seethat Y is part of a minimal generating set for Hl(N[q])
The hypothesis tells us that the elemens of Y have the correct degreesto be a

complete minimal generating set for Hl(N[q]) We concludethat Y is a complete

minimal generating set for H (N[Q]) At that point the proof will be complete by

(4.2).

We establish (4.3) by induction on . When is small, then Y isthe empty set,
V is zero, and ewverything is ne. Now we work on the inductive step. There is
nothing to do unless is a multiple of g. Relabel the z;, if necessaryand selectthe
integer sothat z;;:::;z have degreelessthan =q and z .1 ;:::;2 have degree
at least =g Considera non-trivial k-linear combination of the elemens of Y . The
eld k is closedunder the taking of g" roots; so this linear combination is equal
to [zI9] where z is a non-trivial k-linear combination of those z; that have degree
equalto =g So

(4.4) [z] is not zeroin

P(zil:ilz )
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We assumethat

(45) [Z[q]] =0in W,

and we will show that this assumptionleadsto a cortradiction. Keepin mind that
the induction hypothesisguaranteesthat

(4.6) W= Pz 12
We know that zZ and z1;:::;Z all are cyclesin N; so
4.7) n;z2 CNg and n;z 2 CNg for 1 i

We intro duce a notational corvenience.Let

M . .
Gz =N P(j zj)
i=1
andlet g,: G, ! Nj; bethe map
g=[n zz ::: z]:
Of course,the map
g[ZQ] G[Zq] I NELQ]

also now has meaning. Assumption (4.5), together with the induction hypothesis
(4.6), tells us that

29 2 im gl + CNI;

which is the basecasefor the following induction. Weprovethat if 1 t c¢(q 1),
then

(4.8) Z92imgy’ + ClANI + NI =) 292 imgi! + ClINT + ctt NI
As soon as (4.8) is established,then
becauseC®d V*1  cld Then the proof will be complete becausewe may apply

Obsenation 4.10to
Z92im[g, f4l fol I
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to concludethat

z2im[gy fql i fcl];
and this violates (4.4).
We prove (4.8). Far eath c-tuple = ( 1;:::; ¢) of non-negative integers, with
i < qfor all i, and . = t, there existsy 2 NI such that
X [a] [a]
(4.9) zld f,r f.oy 2 CUN + imgyh:

Each element y is homogeneousof degree t. Fix a c-tuple . Apply n[lq] to
(4.9) and use(4.7) to seethat

niYly 2 cNi™:

So,y is a one-cycle,of degreelessthan , in N9, The induction hypothesis(4.6)
tells us that

y 2imgd+ N
and (4.8) is established.

We closethis section with a quick application of the atness of the Frobenius
functor for regular rings. The result is well known and is a critical stepin the proof
of the previous result.

Observ ation 4.10. Let P be a polynomial ring, g: G, ! G; be a homomorphism
of graded P-modules, and z be an elementof G;. If zI9 is in the image of g9, then
z is in the image of g.

Proof. Let &, bethe gradedfree module G, P(j zj) and g be the map of graded
free modules

g=[9 z]:&! Gu

The hypothesis ensuresthe existenceof h 2 G[Zq] with [ h 1]T in the kernel of
g[Q], where ( )T means\transp ose". The Frobenitbs functor _ p P is at; so,
there exist [t b1 in kerganda 2 P such that = ;& t/9 ff "= n 1.
Degreeconsiderationstell usthat b is a unit, for somei. For this i, g(tj))+ bhz= 0
andg( ti=h) = z.
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5. Weinterpret Tor; of the syzygy in terms of ideals.

Recall, from the beginning of section 4, that if the notation of 2.4 and the
hypothesesof Theorem 2.3 are in eect, then Torf(Z » R;R) = 0. In this
section, we interpret this Tor-module in terms of ideals. Our interpretation holds
even when the hypothesesof Theorem 2.3 are not in e ect.

Prop osition 5.1. Adopt the notation of 2.4. If A | is any homayeneus mp -
primary Gorenstein ideal and N is equalto a(P=Al4) a(R), then

(clal + | laly: (cldl: C) P

R . — .
(5.2) Torf(Z p R;R) = Homp cr i ,A[q](N) ;
furthermore,
R _ _ (Clal + | [aly: (cldl: ¢) o
Torf(Z pR;R)=0 () CT M =0
Proof. In our argument, we assumethat A | are perfectideals of the samegrade

without assumingthat theseideals are mp -primary, and we prove that

Aldl:(C + | [a)
(A:(C+ 1))ld(Cld:C) + Ala

(5.3) Torf}(Zz p R;R)= r(N):

Once (5.3) is established,then, when A is an mp -primary ideal, Gorenstein duality
(see,for example, Lemma 1.11 and (1.14)) may be employed to shaw that to the
right side of (5.3) and the right side of (5.2) are both equal to

Aldl: (C + | la)
Aldl: (C+ |)d:(Cld:C)

(N):

Let (G;g ) be the minimal homogeneousresolution of R by free P-modules
andy : G4 I G be a map of complexeswhich lifts the natural quotient map
P=Cld I R. The ideal C is Gorenstein of grade c; so G, = P(a(P) a(R)).
The map y.: G | G¢ is multiplication by y, for someelemen y in P of degree
(g D(a(R) a(P)). Weknow, from linkagetheory (seeProposition 1.13), that

(5.4) clal:c = (y;cld:
Usethe surjections P=A ! T and P=Ald! F&(T) to calculate

Al Aladl - [l

Ky = ——(a(P=A) and Keerr) = —r—(a(P=Al):
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It followsthat H.(K+( a(P)) p G) is equalto

2 AA—l(a(P=A) aR)) C =0 = w(a(PEA) a(R))
and [al - ¢y [al
Ho(K g ( aP) e 6)= A0 Oy,

Let (F;f) be the minimal homogeneousresolution of K1 ( a(P)) by free P-
modules. We saw in Obsenation 3.4 that

TorR(Z » R;R) = Ho(F9 e R)
(225 12
where z;;:::;z are elemerns in F; with [z1];:::;[z'] a minimal generating set for

H.(F p R). We usethe isomorphisms

Hc(F P R) = He(Tot(F p G)) = Hc(Kt( a(P)) p G)

(5.5) :
= A D apn)  ar)
and
He(FI9  p R) = He(Tot(FI% 5 G)) = He(Kk, (1)( a(P)) » G)
(5.6) _ Al (C o+ 1l

Aldl

to re-expressTory(Z p R;R) asa subquotient of P(N). First, we give an explicit
description of the isomorphism (5.5). Let w, be an elemen of F. with f (w.) 2
CF. 1. Eadch row and column of the double complexF G is acyclic; and therefore,
foreah i, with O i ¢, thereexistsw; 2 F; G; i sud that

(5.7) fi Dwi)=@ G iva)(Wi 1):

In particular, wp is an elemen of Fg G;. The isomorphism (5.5) sendsthe
homology class[w,] to the image of wg in

A:(C+1)

2 (a(P=A)  a(R)):

In a similar manner, if W, is an elemer of F! with f I(W.) 2 CF™ | then the
isomorphism (5.6) sendsthe homology class[W] in H¢(FI%9 » R) to the image of
Wo in

Aladl- (C+1 [Q])

ALl (N);
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wherew; 2 FI G, ; and
(5.8) 9 W) =@ e i ) (Wi 1)

We nish the argument by shawing that the submodule ([_[q]] """ [Z[Q]]) of
Hc(FI9 5 R) is mapped onto the submodule

(A:(C+ 1)Ly + Aldl N) Aldl:(C + 1A

Ald] 0 Ald] N)

under the isomorphism (5.6). Let W, be acyclein F R, for someelemen w, of
Fe. Vy,e are given the family fwijg with w; 2 F;  G; ; such that (5.7) holds. If
w; = Ugj Ve ij with uy 2 Fpandve i 2 G i, then let

i

X [a] [a] [a]
Wi = ui;j yC i(Vc ij ) 2 Fi GC i
j

A short calculation shows that (5.8) holds for f W;g and we concludethat if a in

A:(C+1)

2 (@P=A)  aR)

is the image of the homology class[w.] under the isomorphism (5.5), then ya“ in

Aldl:(C + | [a)

Aldl (N)

is the image of the homology cIass[WLq]] under the isomorphism (5.6).

6. The key calculation.

Retain the notation of 2.4. In section 4, we proved that if the socle hypothesis
(2.2) isin e ect, then Tor}(Z » R;%R) = 0. Our goal in Theorem 2.3 is to prove
that Torf(T p R;®R) = 0. Homological argumerts in sections3 and 5 connect
these Tor-modules to quotients of ideals. In the presen section we shav how
information about the Tor-module of Z givesinformation about the Tor-module of
T, when R is a complete intersection.

Prop osition 6 1. LetP bea regular ring of positive characteristic p, and let C
and that

(6.2) (C+ )ldl:y=cC+ 1,
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wheey= (f; f¢)9 1. Then

1Ay c= @\ )+ crld:

Proof. Recall, from Proposition 1.13,that Cl9:C = (y;Cld). Take 2 I\ C,
We provethat if 1 t c¢(q 1), then

(6.3) 2Ct+cld+ cild =) 2t + cla+ crld:

Of course, we know that the hypothesis of (6.3) holds for t = 1. Once we have
established(6.3), then, sincec®@ D+ cldl e know that

2 1 cly =\ c)d+ ¢yl

becausethe Frobenius functor on P is at. Now we prove (6.3). Write as an
elemert of Cl4 + CI 4 plus X

bf,* f.c;
where = ( SRRRES ¢) variesover all c-tuples of non-negative integerswith | <
foralliand ., =t. Fix anindex . Obsene that

is equalto b y plus an elemen of Cl9 + |[9, Hypothesis(6.2) tells usthat b isin
C + 14l (6.3) is established,and the proof is complete.

7. The Gorenstein F-pure case.

The question of whether the conclusionof Theorem 2.3 holds when R is Goren-
stein is still open. In this section, we include partial resultsin this direction. Recall
that the ring R of positive prime characteristic p is F-pure if wheneer J is an ideal
of R and x is an elemen of R with x 2 J, then x% 2 J[d for all = p°.

First note that the top socle degree(tsd) of a Frobenius power is always at least
equal to the \exp ected" top socle degree,in the senseof Obsenation 2.1:

Prop osition 7.1. Let k be a eld of positive characteristic p, R! S be a sur-
jection of graded k-algebias with S artinian. Assumethat either R is a complete
intersection or R is Gorenstein and F-pure. If d is the top sccle degree of S, then
the top sccle degree of FS(S) is at leastgd (g 1)a(R).

Proof. Write S = R=J, with J R an m-primary ideal, where m is the unique
homogeneousnaximal ideal of R.
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We rst assumethat R is Gorenstein and F-pure. Let a be an m-primary ideal
hypothesisthat R is F-pure ensuresthat g’ 2 (g;:: :;éi”; 2225 99; @) for all i; and

is gjg1j. Apply Obsenation 1.4 to the ideal J=A of the ring R=a to seethat

R=a
tsd N
socle degreeR=a min gendegregann(J=a))
socle degreeR=a min gendegreg(a:J)=a)

sacle degreeR=a j0,j:

tsd R=J

Duality (seeLemma 1.11) gives

¥ (al: (g5 0d) = (g0 g8 @)

R R=aldl
tsd = tsd
aldl: (g0 (alal: (gff 2 o)) =aldl

ald: (g 99)
aldl

(9311 g3; ald)

aldl

R .
socledegreeﬁ min gendegree ann

R .
sacle degreeﬁ min gendegree

e d R I
sccle egreeﬁ qoj:
The R-module R=a has nite projective dimension; so Obsenation 2.1 yields

R R
sacle degreeﬁ = qsocle degreea (g la(R):
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Duality givesJ = a:(gy;:::;0s). It followsthat J@  al¥l: (gf::::; gd); and there-
fore,

R R R
Slym S g T ST I

le d R led R th
socle degree_ - q socledegree tsd

sd R+ socled R le degree
qtsd 5 +  socle degree_;  gsacle degree

qtsd? (g Da(R):

The proof is completeif R is Gorensteinand F-pure. Throughout the rest of the
argumen, R is a complete intersection. We begin by reducing to the casewhere
J is an irreducible ideal. Assume, for the time being, that the result has been
establishedfor irreducible ideals. Let J = Jq \ \ J,, with ead J; irreducible.
Recall that tsd R=J is the largestinteger d with Rq 6 J. It follows that that the
tsd R=J is equal to the maximum of the set ftsd R=Jxg. Fix a subscript k with

tsd R=J = tsd R=Jy. We know that Jd! J&q]; and therefore,

R R R R
gtsd 5 (@ Da(R) = thdi (@ la(R) tsd@ tsd 5

Henceforth, the ideal J is irreducible. Write R = P=C, where P is a polynomial

Let | bethe pre-imageof J in P. In particular, C 1. The rings R=J = P=I and
P=119 are Gorenstein, so Obsenation 1.4 gives

P
sacle degreeIﬂ M = tsd T+ c

whereM is the least degreeamonghomogeneousion-zeroelemerts of (I [9: C)=| 4],
The P-module P=I has nite projective dimension; so Obsenation 2.1 yields

gsocle degreéP=1) (q 1)a(P) = sccle degre¢P=I19l):
P
Recall the formula a(P=C) = a(P) + iC:l jfij. The inequality

P

gsccle degredP=l) (g 1)a(P=C) tsd s

is equivalert to the inequality

(7.3) M (o DGfig+  +ifc)):
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We establish (7.3). There exists an integer t, with 0 t ¢(q 313 sud that
ct6 1ld; put ct** |9, Thus, someelemen fi* fl of C', with t; =t and
0 ti q 1foralli,represens anon-zeroelemen of (I1[9:C)=I9; and therefore,

Mojft o fEl (@ DGfd+ +fel):

The next result shavs that we can get most of the way through the proof of
Theorem 2.3 under the assumptionthat R is Gorensteinand F-pure. The conclusion
of Proposition 7.4 is exactly the same as the conclusion that is obtained when
Proposition 5.1is usedin the proof of Theorem 2.3. Only the last step (the analogue
of Proposition 6.1) is still missing.

Prop osition 7.4. Letk bea eld of positive characteristic p, R! S be a surjection
of gradal k-algebias with R Gorenstein and S artinian. Assume, in addition, that
R is F-pure. Assumethat d; d- are the sccle degrees of S and the sacle
of FS(S) hasthe samedimension as the sacle of S, with degrees of the geneators
givenbyD; D> D-, with

Di=aqd (a 1a(R);

for all i. Let R = P=C, and S = R=IR, with P a polynomial ring, | P. Then
we have
(C[Q] + | [Q]) : (C[Q] :C)=C+ | [a]-

Proof. Let A = C + (Xy;:::;Xq), Where the imagesof X;:::;Xq are a system of
parametersin R. Let K = A:(l + C), sothat wealsohavel + C = A:K. We have

(| [al + C[Q]) : (C[Q] : C) — (A[Q] K [Q]) : (C[Q] : C) — (A[Q] : (C[Q] : C)) - K [al-

We claim that Al (Cld:C) = Aldl+ C. We seethis by looking at the comparison
map of resolutions induced by the projection P=Aldl 1 pP=(Aldl + C). If F is the
resolution of P=C, and K is the Koszul complexon Xi;::: ;Xq, then the resolution
of P=Ald is given by Fl9 KAl the resolution of P=(Ald + C) is givenby F  Kldl,
and the comparison map betweenthem is given by the comparisonmap Fld | F,
tensoredwith K!9. Thus, the last map is multiplication by an elemen of P which
represerts the generator of (Cl9: C)=Cldl,
It follows that (19 + Cld):(cld:C) = (Aldl+ C):K W, It is clear that

(A[Q] + C):K al a4 c:

We next shaw that the rings de ned by theseideals have the samescocle degrees.
Let and be the socle degreesof the Gorenstein rings P=A and P=(Al4 + C),
respectively. The P=C-module P=A has nite projective dimension; so

=4 (@ Da(P=C):
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Obsenation 1.4 givesthat the socle degreesof P=(1 + C) are f jgijg. So, our
hypothesistells us that the socle degreesof P=(1 [ + C) are

fa(  jgj) (g La(P=C)g=f aigijo:

ply the hypothesisthat P=C is F-pure to ead of the ideals (g7;:::; é,“ 2 gd; Aldl

Obsenation 1.4 yields that the socle degreesof

P
(Aldl + C):K [l

are exactly the sameas the socle degreesof P=(1 9 + C): and therefore, Lemma
1.1 of [9] shows that

1+ ¢ = (Ald+ ¢): k@ = (14 + cldy: (clal: ¢):
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