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Abstra ct. Let k be a �eld of positiv e characteristic p, R be a Gorenstein graded
k-algebra, and S = R=J be an artinian quotien t of R by a homogeneous ideal. We
ask how the socle degrees of S are related to the socle degrees of F e

R (S) = R=J [q] .
If S has �nite pro jectiv e dimension as an R-module, then the socles of S and F e

R (S)
have the same dimension and the socle degreesare related by the formula:

D i = qdi � (q � 1)a(R);

where
d1 � � � � � d` and D 1 � � � � � D `

are the socle degreesof S and F e
R (S), respectiv ely, and a(R) is the a-invariant of the

graded ring R, as intro duced by Goto and Watanabe. We prove the converse when
R is a complete intersection.

Let (R; m) be a Noetherian graded algebra over a �eld of positive characteristic
p, with irrelevant ideal m. We usually let R = P=C with P a polynomial ring, and
C a homogeneousideal. Let J be an m-primary homogeneousideal in R. Recall
that if q = pe, then the eth Frobenius power of J is the ideal J [q] generatedby all
i q with i 2 J . The basic question is:

Question. How do the degrees of the minimal generators of (J [q] : m)=J [q] vary
with q?

The largest of the degreesof a generatorsof the socle (J : m)=J will be called
the top socle degree of R=J. The question of �nding a linear bound for the top
socle degreeof R=J [q] has beenconsideredby Brenner in [3] from a di�eren t point
of view; his main motivation there is �nding inclusion-exclusion criteria for tight
closure.
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2 KUSTIN AND VRA CIU

The answer to the Question is well-known (although not explicitly stated in ex-
isting literature) in the casewhenJ has�nite projectivedimension;seeObservation
2.1. We prove that the converseholds when R = P=C is a complete intersection.

Theorem A. Let k be a �eld of positive characteristic p, q = pe for somepositive
integer e, P be a positively graded polynomial ring over k, and R = P=C be a
completeintersection ring with C generated by a homogeneousregular sequence. Let
m be the maximal homogeneous ideal of R, J be a homogeneous m-primary ideal in
R, and I be a lifting of J to P. Let ` be the dimension of the socle (J : m)=J of
R=J and d1; : : : ; d` be the degreesof the generators of the socle. Then the following
statementsare equivalent:

(a) pdR R=J < 1 ,

(b) the socle (J [q] : m)=J [q] of R=J [q] has dimension ` and the degrees of the gen-
erators are qdi � (q � 1)a(R), for 1 � i � ` , where a(R) is the a-invariant of
R,

(c) (C + I ) [q] : (C [q] : C) = C + I [q], and

(d) I [q] \ C = (I \ C) [q] + CI [q].

Of course,the generalquestion

Question. How do the socle degrees of Frobenius powers J [q] encode homological
information about the ideals J [q]?

remains wide open and very compelling.
The proof of Theorem A appears in section 2.

1. Preliminary notions.

In this paper, ring means commutativ e noetherian ring with one. Let k be a
�eld of positive characteristic p. We say that the ring R is a graded k-algebra if

(1.1)
R is non-negatively graded, R0 = k, and R is �nitely generated
as a ring over k.

Every ring that we study in this paper is a graded k-algebra. In particular, \Let
P be a polynomial ring" meansP = k[x1; : : : ; xn ], for somen, and each variable
has positive degree. Every calculation in this paper is homogeneous:all elements
and ideals that we consider are homogeneous,all ring or module homomorphisms
that we consider are homogeneousof degreezero. If r is a homogeneouselement
of the ring R, then jr j is the degreeof r . The graded k-algebra R has a unique
homogeneousmaximal ideal

m = mR = R+ =
M

i> 0

Ri ;
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furthermore, R has a unique graded canonical module K R , which is equal to the
graded dual of the graded local cohomologymodule Hd

m(R), where d is the Krull
dimension of R; that is,

K R = HomR (Hd
m(R); ER );

for ER = Homk (R; R=m) the injective envelope of R=m as a graded R-module.
(See,for example, [7, Def. 2.1.2].) The a-invariant of R is de�ned to be

a(R) = � minf m j (K R )m 6= 0g = maxf m j (Hd
m(R)) m 6= 0g:

The de�nition of the a-invariant is rigged so that if R is a Gorenstein graded k-
algebra, then K R = R(a(R)). When the ring R is Cohen-Macaulay, there are many
ways to compute a(R). The main tool for thesecalculations, Proposition 1.2 below,
may be found as Proposition 2.2.9 in [7] or Proposition 3.6.12in [4].

Prop osition 1.2. If R ! S is a graded surjection of graded k-algebras, and R is
Cohen-Macaulay, then

K S = Ext c
R (S;K R );

where c = dim R � dim S. In particular, if S = R=C and the ideal C is generated
by the homogeneous regular sequence f 1; : : : f c, then

K R=C = (K R =CK R )
�

cP

i =1
jf i j

�
:

Corollary 1.3.

(a) If P is the polynomial ring k[x1; : : : ; xn ], then a(P) = �
nP

i =1
jx i j.

(b) If R is the complete intersection ring P=C where P is the polynomial ring
k[x1; : : : ; xn ] and C is the ideal in P generated by the homogeneous regular sequence

f 1; : : : f c, then a(R) =
cP

i =1
jf i j �

nP

i =1
jx i j.

(c) If R ! S is a surjection of graded Cohen-Macaulay k-algebras, and S has �nite
projective dimension as an R-module, then a(S) = a(R) + N , where N is the largest
back twist in the minimal homogeneous resolution of S by free R-modules. In other
words, if

0 !
M

i

R(� bc;i ) ! � � � !
M

i

R(� b1;i ) ! R ! S ! 0

is the minimal homogeneousresolution of S by free R-modules,then N = max
i

f bc;i g.
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De�nition. If S is an artinian graded k-algebra, then the socle of S,

socS = 0: mS = f s 2 S j smS = 0g;

is a �nite dimensional graded k-vector space: socS =
L̀

i =1
k(� di ). We refer to the

numbers d1 � d2 � � � � � d` as the socle degrees of S.

Observ ation 1.4. Let R be an artinian Gorenstein graded k-algebra with socle
degree � , and let J be a homogeneous ideal of R. If the socle degrees of R=J are
f di g, then the minimal generators of annJ havedegrees f � � di g.

Proof. Choose minimal generators g1; : : : ; gs of annJ . Gorenstein dualit y (see
Lemma 1.11) implies that

ann(g1; : : : ; ĝi ; : : : ; gs) 6� ann(gi );

and thus, for each i , we can choosean element ui 2 ann(g1; : : : ; ĝi ; : : : ; gs), which
represents a generator for the socle of R=ann(gi ). The idealsJ and ann(g1; : : : ; gs)
are equal and the socle of R=ann(g1; : : : ; gs) is minimally generatedby u1; : : : ; us.
On the other hand, ui gi generatesthe socle of R, so the degreeof ui is equal to
� � jgi j. �

Prop osition 1.5. If S is an artinian graded k-algebra and d1 � � � � � d` are the
socle degrees of S, then the minimal generators of the canonical module K S have
degrees � d` � � � � � � d1.

Proof. Let P = k[x1; : : : ; xn ] be a polynomial ring which maps onto S. One may
compute the degreesof the generatorsof K S aswell the socle degreesof S in terms
of the back twists in the minimal homogeneousresolution of S as a P-module:

0 !
M

i

P(� bn;i ) ! � � � !
M

i

P(� b1;i ) ! P ! S ! 0:

The canonical module K S is equal to Ext n
P (S;K P ), where K P = P(a(P)) and

a(P) = �
nP

i =1
jx i j. It follows that the minimal homogeneousresolution of K S is

(1.6) 0 ! P(a(P)) ! � � � !
M

i

P(a(P) + bn;i ) ! K S ! 0;

and therefore, the minimal generators of K S (over either S or P) have degrees
f� a(P) � bn;i g. On the other hand, one may compute TorP

n (S;P=mP ) in each
coordinate (see,for example, [9, Lemma 1.3]) in order to concludethat

M

i

k(� bn;i ) = TorP
n (S;k) = socS(a(P)) :

Thus, the socle degreesof S are equal to f a(P) + bn;i g. �
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Corollary 1.7. Let R ! S be a surjection of graded k-algebras with S artinian,
and R Gorenstein. If pdR S �nite, then the socle degreesof S are f bi + a(R)g, where
the back twists in the minimal homogeneous resolution of S by free R-modules are
f bi g.

Proof. We know, from Proposition 1.2, that K S = Ext dim R
R (S;K R ), with K R =

R(a(R)); and therefore,

0 ! R(a(R)) ! � � � !
M

i

R(a(R) + bi ) ! K S ! 0

is a minimal resolution of K S and the minimal generatorsof K S as an R-module,
or as an S-module, have degreesf� a(R) � bi g. Apply Proposition 1.5. �

Let R be a gradedk-algebra. We write eR to represent the ring R endowed with
an R-module structure given by the eth iteration of the Frobenius endomorphism
� R : R ! R. (If r is a scalar in R and s is a ring element in eR, then r � s is equal
to r qs 2 eR, for q = pe.) The Frobenius functor F e

R ( ) = 
 R
eR is basechange

along the homomorphism � e
R .

Notation 1.8. Let R be a graded k-algebra. We use the notation ( ) [q] three
ways.

(a) If ggg is a matrix with entries in R, then ggg[q] is the matrix in which each entry of
ggg is raised to the power q. In particular, if z is an element of the free moduleL m

i =1 R(� bi ), then z is an m � 1 matrix and z[q] is the matrix in which each
entry of z is raised to the power q.

(b) If G1 is the freemodule
L m

i =1 R(� bi ), then G[q]
1 is the freemodule

L m
i =1 R(� qbi ).

(c) If J is the R-ideal (a1; : : : ; am ), then J [q] is the R-ideal (aq
1; : : : ; aq

m ).
In particular, if N is the homogeneouscomplex of graded free R-modules

� � � ! N3
nnn 3� ! N2

nnn 2� ! N1
nnn 1� ! � � � ;

then N[q] is a very clean way to write the homogeneouscomplex

(1.9) F e
R (N) : � � � ! N[q]

3
nnn [q ]

3� � ! N[q]
2

nnn [q ]
2� � ! N[q]

1
nnn [q ]

1� � ! � � � :

Furthermore, the Frobenius functor is always right exact; so, F e
R (R=J) = R=J [q].

We conclude this section by gathering a few properties of Gorenstein ideals,
Gorenstein dualit y, and linkage. All of these tric ks appear elsewherein the litera-
ture, usually in more generality. We are likely to usethem at any moment, without
any further to-do. Theorem 1.10 is due to Bass[2].
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Theorem 1.10. Let R be a local artinian ring. The following statements are
equivalent:

(1) R is a Gorenstein ring,
(2) the socle of R is principal,
(3) the ideal (0) is irr educible (in the sensethat (0) is not equal to the intersection

of two non-zero ideals), and
(4) the ring R is self-injective. �

When the conditions of Theorem 1.10are in e�ect, then the functor HomR ( ; R) =
( ) � is exact and if M is a �nitely generatedR-module, then the modules M and
M � have the samelength.

Lemma 1.11. Let M be an ideal in the artinian local Gorenstein ring (R; m).
(1) The ideals M and ann(ann(M )) are equal.
(2) If N is an ideal of R with M � N , then ann(M )=ann(N ) �= Hom(N=M ; R).
(3) If R=M is a Gorenstein ring, then there exists an elementy of R with ann(y) =

M and ann(M ) = (y).
(4) If y is a non-zero element of R, then R=ann(y) is a Gorenstein ring.

Proof. The ideal M is contained in ann(ann(M )) and the two idealshave the same
length becauseM � = R=ann(M ). Assertion (1) follows. Apply Hom( ; R) to the
short exact sequence

0 ! N=M ! R=M ! R=N ! 0

to obtain (2). If ann(M ) = (y1; : : : ; ys), then (1) shows that

M = ann(ann(M )) = ann(y1) \ � � � \ ann(ys):

Under the hypothesisof (3), the ideal M is irreducible and M = ann(yi ), for some
i . Apply (1) again to complete the proof of (3). For (4), it is not di�cult to see
that the socle of R=ann(y) is a principal ideal. �

If the conditions of (1) in Proposition 1.12 hold, then the ideal C is called a
Gorenstein ideal. Notice that when we usethis term, we automatically assumethe
ideal C to have �nite projective dimension.

Prop osition 1.12. Let R be a graded k-algebra. Assume that R is a Gorenstein
ring. Let C be a homogeneous ideal of R of gradec and �nite projective dimension,
and (G;ggg� ) be the minimal homogeneous resolution of R=C by free R-modules.

(1) The following statementsare equivalent:
(a) the ring R=C is Gorenstein,
(b) the ring R=C is Cohen-Macaulay and Ext c

R (R=C; R) is a cyclic R=C-module,
(c) the ring R=C is Cohen-Macaulay and Ext c

R (R=C; R) is isomorphic to a shift
of R=C, and
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(d) the complex HomR (G; R) is isomorphic to a shift of G.
(2) If C is a Gorenstein ideal, then the entries of any matrix representation for gggc

form a minimal generating set for C.
(3) If the �eld k has characteristic p and the ideal C is a Gorenstein ideal, then C [p]

is a Gorenstein ideal.

Proof. The equivalence of (a), (b), and (c) is section 5 of [2]. The ring R=C is
Cohen-Macaulay if and only if R=C is a perfect R-module of projective dimension
equal to c; see,for example,Section 16.C of [5]. It is now obvious that (c) and (d)
are equivalent. Assertion (2) follows from (d). Assertion (3) follows from Theorem
1.7 of [10], which guaranteesthat FR (G) is the minimal homogeneousresolution of
R=C[p]. �

Peskineand Szpiro popularized the concept of linkageby complete intersection
ideals. Only slight modi�cations need be made to [11, Proposition 2.6] in order
prove assertion (1) in the following result about linkageby Gorenstein ideals; see,
for example, section 1 of [8].

Prop osition 1.13. Let R be a Gorenstein graded k-algebra, and let L � M be
homogeneous Gorenstein ideals (in the senseof Proposition 1.12) of R of grade c.

(1) Let F� and G� be the minimal homogeneous resolutions of R=L and R=M , re-
spectively, and let � � : F� ! G� be a homogeneous map of resolutions which
extendsthe natural map R=L ! R=M . The map � c : Fc ! Gc is multiplication
by a homogeneous element y of R. Then

L : M = (L; y) and L : y = M :

(2) If M is generated by the homogeneous regular sequence f 1; : : : ; f c and L is gen-
erated by f r 1

1 ; : : : ; f r c
c , then the conclusion of (1) holds for the product y =

f r 1 � 1
1 � � � f r c � 1

c .

Proof. One can prove (2) directly, or deduceit from (1). �

If L , M , and N are ideals in a ring R then a quick calculation yields the remark-
ably useful formula

(1.14) L : M N = (L : M ) : N :

The proof of the next result may be read from the proof of of Proposition 2 in [13].

Prop osition 1.15. Let L and M be homogeneous ideals of a ring R of posi-
tive prime characteristic p. If L and L : M have �nite projective dimension, then
L [p] : M [p] = (L : M ) [p]. �
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2. The plan of attac k and a few examples.
We �rst establish (a) implies (b) from Theorem A.

Observ ation 2.1. Let k be a �eld of positive characteristic p, R ! S be a surjec-
tion of graded k-algebras in the senseof (1.1), with R Gorenstein and S artinian. If
S has �nite projective dimension as an R-module, then the socles of S and F e

R (S)
have the same dimension; furthermore, if the socle degrees of S and F e

R (S) are
given by

d1 � d2 � � � � � d` and D1 � D2 � � � � � D ` ;

respectively, then

(2.2) D i = qdi � (q � 1)a(R);

for all i .

Proof. Consider the minimal homogeneousresolution F of S by free R-modules.
We know from [10] that F e

R (F) = F[q] is the minimal homogeneousresolution of
F e

R (S). If back twists of F are f bi j 1 � i � Lg, then the back twists of F[q] are
f qbi g. Use Corollary 1.7 to seethat L = `, di = bi + a(R), and D i = qbi + a(R),
for all i . �

Remark. The hypothesis that R is Gorenstein is necessaryin Observation 2.1. Let
R = S be a non-Gorensteinartinian graded k-algebra whosesocle lives in at least
two distinct degrees.The ring S has �nite projective dimension as an R-module,
and di = D i , for all i , since F e

R (R) = R. The a-invariant of R is equal to the top
socle degreeof R; so, a(R) = d` and (2.2) holds for di = d` ; but doesnot hold for
di < d` .

We prove the converse of Observation 2.1 under the assumption that R is a
complete intersection. Our main result is the following statement.

Theorem 2.3. Let k be a �eld of positive characteristic p, R ! S be a surjection
of graded k-algebras in the senseof (1.1), with R a complete intersection and S
artinian. Let e be a positive integer, q = pe, and d1 � � � � � d` be the socle
degrees of S. If the socle of F e

R (S) has the samedimension as the socle of S, and
the socle degrees of F e

R (S) are given by D1 � D2 � � � � � D ` as in (2.2), then
TorR

1 (S; eR) = 0.

The standing notation 2.4. We expressR = P=C, where P is the polynomial
ring P = k[x1; : : : ; xn ], each variable has positive degree,and C is a homogeneous
Gorenstein ideal in P of grade c. Let I be a homogeneousmP -primary ideal in
P, S = P=(I + C), T = P=I , and let Z be the (c � 1)-syzygy of the P-module
K T (� a(P)).

Proof of Theorem 2.3. Adopt the notation of 2.4. In Corollary 3.2, we convert
numerical information about the socle degreesof S and F e

R (S) into numerical infor-
mation about TorP

c (K T ; R) and TorP
c (K F e

P (T ) ; R). In Proposition 4.1, the numerical
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information about Torc 's is converted into the statement

TorR
1 (Z 
 P R; eR) = 0:

This homological statement is expressedas a statement about ideals:

(C [q] + I [q]) : (C [q] : C) = C + I [q]

in Proposition 5.1. In Proposition 6.1 we deduce

I [q] \ C = (I \ C) [q] + CI [q]:

This result is equivalent to TorR
1 (S; eR) = 0, as is recordedin Proposition 3.5. �

We would like to prove that the conclusion of Theorem 2.3 continues to hold
after one replacesthe hypothesisthat R is a complete intersection with the weaker
hypothesis that R is Gorenstein. Three of our �v e steps (3.2, 5.1, and 3.5) work
when R is Gorenstein. The arguments that we use in the other two steps (4.1 and
6.1) require that R be a completeintersection; although in Proposition 7.4 we prove
the ideal theoretic version of (4.1) under the hypothesis that R is Gorenstein and
F-pure. At any rate, if R is a complete intersection and the conclusionof Theorem
2.3 holds, then the Theorem of Avramov and Miller [1] (see also [6]) guarantees
that S has �nite projective dimension as an R-module. We are very curious to
know if someform of the Avramov-Miller result:

TorR
1 (M ; eR) = 0 =) pdR M < 1 ;

for �nitely generatedR-modules M , can be proven when R is Gorenstein, but not
necessarilya complete intersection.

Proof of Theorem A. Adopt the notation of 2.4.

The assertion(a ) b) is Observation 2.1.

(b ) c) Assume(b). In Corollary 3.2 and Observation 3.3, we show that if the gen-
erator degreesof TorP

1 (Z; R) are f 
 i g, then the generatordegreesof TorP
1 (F e

P (Z ); R)
are f q
 i g. Proposition 4.1 shows that TorR

1 (Z 
 P R; eR) = 0. Proposition 5.1 yields
(c).

The assertion(c ) d) is Proposition 6.1.

(d ) a) If (d) holds, then Proposition 3.5 shows that TorR
1 (T 
 P R; eR) = 0. The

Theorem of Avramov and Miller [1] guarantees that T 
 P R has �nite projective
dimension as an R-module. �

If the hypothesisof Theorem 2.3 is weakenedto say only that the soclesof S and
F e

R (S) have the samedimension (with no mention about how the socle degreesare
related), then the conclusion of Theorem 2.3 fails to hold; seeExample 2.9. It is
curious however, that if S is Gorenstein, and the de�ning ideal of S is contained in
a proper ideal of R of �nite projective dimension(for example,a parameter ideal of
R), then one needonly verify that the soclesof F e

R (S) and S both have dimension
one in order to concludethat S has �nite projective dimension over R.
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Theorem 2.5. Let (R; m) be a local k-algebra, with R a completeintersection, and
let J � R be an m-primary ideal. Assumethat J � b for someproper ideal b with
pdR b < 1 . If R=J and R=J [q] both are Gorenstein, then pdR J < 1 .

Proof. Choose a � J a parameter ideal. Use Lemma 1.11 and (1.14) to write
J = a: f , and write b = J : K = a: f K . Sinceb has �nite projective dimension, we
know, from Proposition 1.15, that

(2.6) b[q] = a[q] : f qK [q]:

On the other hand, we have

(2.7) b[q] � J [q] : K [q]:

Since J [q] � a[q] : f q are both irreducible, we can write a[q] : f q = J [q] : b for some
b 2 R. Plugging this into (2.6) yields

b[q] = J [q] : bK [q]:

Comparing this with (2.7) we get J [q] : bK [q] = J [q] : K [q] (equation (2.7) givesone
inclusion; the other inclusion is always true), which is equivalent to K [q] � J [q] +
bK [q]. If b is not a unit, this meansthat K [q] � J [q], and so b[q] = J [q] : K [q] = R,
which is a contradiction.

Thus, b must be a unit, so

(2.8) J [q] = a[q] : f q:

Consider the short exact sequence

0 ! R=J ! R=a ! R=(a; f ) ! 0:

Equation (2.8) implies that its tensorization with eR is exact, and thus

TorR
1 (R=(a; f ); eR) = 0;

and (a; f ) has �nite projective dimension by the Avramov-Miller result. Conse-
quently , J has �nite projective dimension as well. �

Example 2.9. Note that the conclusion of Theorem 2.5 no longer holds without
the assumption that J is contained in a proper ideal of �nite projective dimension.
Consider for instance R = k[x; y; z]=(x3 + y3 + z3), J = (x; y; z2), where k is a �eld
of characteristic p � 2 (mod 3). Clearly J is irreducible, J [p] = (xp; yp) is also
irreducible, but J doesnot have �nite projective dimension.
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3. Con vert socle degrees in to TorR
1 (Z 
 P R; eR).

Adopt the notation of 2.4. The �rst three results in this section convert hy-
pothesis (2.2) about the socle degreesof S and F e

R (S) into a statement about the
generator degreesof TorP

1 (Z; R) and TorP
1 (F e

P (Z ); R). Observation 3.4 shows that
TorR

1 (Z 
 P R; eR) is a quotient of TorP
1 (F e

P (Z ); R) by a submodule which is built
from the generatorsof TorP

1 (Z; R). The notation that is intro duced in the proof of
Observation 3.4 will be usedagain in the proofs of Propositions 4.1 and 5.1.

All of the calculations in section 3 which we have described so far pertain to the
proof of (b) =) (c) in Theorem A. It is curious, however, that Observation 3.4
alsomay be applied (seeProposition 3.5) to give an ideal theoretic interpretation of
TorR

1 (T 
 P R; eR) which is our contribution to the proof of (d) =) (a) in Theorem
A.

Lemma 3.1. Adopt the notation of 2.4. If the socle degrees of S are

f di j 1 � i � `g;

then the minimal generators of TorP
c (K T (� a(P)) ; R) havedegrees

f a(R) � di j 1 � i � `g:

Proof. Let G be the minimal homogeneousresolution of R by free P-modules.
Corollary 1.3 (c) tells us that Gc = P(a(P) � a(R)). It follows that

TorP
c (K T (� a(P)) ; R) = Hc(K T (� a(P)) 
 P G)

= f � 2 K T (� a(R)) j C� = 0g

= HomP (R; K T (� a(R)) :

On the other hand, we have a surjection T ! S; so Proposition 1.2 guarantees

K S = HomT (S;K T ) = HomP (R; K T ):

Thus,

K S (� a(R)) = HomP (R; K T (� a(R))) = TorP
c (K T (� a(P)) ; R):

Apply Proposition 1.5. �

Lemma 3.1 also applies when the ideal I is replacedby the ideal I [q]; and con-
sequently , if the socle degreesof F e

R (S) are f D i j 1 � i � Lg, then the minimal
generators of TorP

c (K F e
P (T ) (� a(P)) ; R) have degreesf a(R) � D i j 1 � i � Lg.

We have establishedthe following conversion of the original hypothesisabout socle
degreesinto a statement about generator degreesof Torc.
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Corollary 3.2. Retain the notation of 2.4. Assumethat the soclesof S and F e
R (S)

have the samedimension. Let

d1 � � � � � d` and D1 � � � � � D `

be the socle degrees of S and F e
R (S), respectively; and


 1 � � � � � 
 ` and � 1 � � � � � � ` ;

be the minimal generator degrees of

TorP
c (K T (� a(P)) ; R) and TorP

c (K F e
P (T ) (� a(P)) ; R);

respectively. Then

D i = qdi � (q � 1)a(R) for all i ( ) � i = q
 i for all i: �

We interpret the homologicalobjects of Corollary 3.2 as Tor1 of the appropriate
modules. This processinvolves index shifting and keeping careful track of the
twists.

Observ ation 3.3. In the notation of 2.4:
(a) TorP

c (K T (� a(P)) ; R) = TorP
1 (Z; R), and

(b) TorP
c (K F e

P (T ) (� a(P)) ; R) = TorP
1 (F e

P (Z ); R).

Proof. We prove (b). Let F be the minimal homogeneousresolution of K T (� a(P))
by free P-modules. The functor F e

P ( ) is exact; so, F[q], which is equal to F e
P (F)

(see(1.9)), resolvesF e
P (K T (� a(P))). On the other hand, it is not hard to seethat

F[q] resolvessometwist of K F e
P (T ) . Indeed, if ( ) � = HomP ( ; P), then it is clear

that (F e
P (F� )) � is equal to a shift of F[q]; furthermore, it is alsoclear that (F e

P (F� )) �

resolvessomeshift of K F e
P (T ) ; see,for example, Proposition 1.12. There are many

ways to keeptrack of the shifts. One pain free approach is to apply the technique
of (1.6) to K T and to K F e

P (T ) in order to nail down the fact that F[q] is the minimal
homogeneousresolution of K F e

P (T ) (� a(P)); hence,

F e
P (K T (� a(P))) = K F e

P (T ) (� a(P)) ; and

TorP
i (K F e

P (T ) (� a(P)) ; R) = Hi (F[q] 
 P R);

for all i . The beginning of the minimal homogeneousresolution of Z is

� � � ! Fc+1 ! Fc ! Fc� 1 ! Z ! 0:

The functor F e
P ( ) is exact; so,

TorP
1 (F e

P (Z ); R) = Hc(F[q] 
 P R) = TorP
c (K F e

P (T ) (� a(P)) ; R): �
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Observ ation 3.4. Let P ! R be a surjection of graded k-algebras, with P a
polynomial ring, and let M be a �nitely generated graded P-module. Then there is
an exact sequence of graded R-modules:

F e
R

�
TorP

1 (M ; R)
�

! TorP
1 (F e

P (M ); R) ! TorR
1 (M 
 P R; eR) ! 0:

Proof. Let (N;nnn) be the minimal homogeneousresolution of M by free P-modules.
The functor F e

P ( ) is exact; so, N[q] is the minimal homogeneousresolution of
F e

P (M ) by free P-modules; and TorP
1 (F e

P (M ); R) is equal to

H1(F e
P (N) 
 P R) = H1(F e

R (N 
 P R)) :

The functors F e
P ( ) 
 P R and F e

R ( 
 P R) are equal becausethe homomorphisms

P
� e

P� � � � ! P

quot. map

?
?
y

?
?
y quot. map

R
� e

R� � � � ! R

commute. Let denote the functor 
 P R. Select elements z1; : : : ; z` of N1 so
that z1; : : : ; z` are cyclesin N 
 P R and the homology classes[z1]; : : : ; [z` ] form a
minimal generating set for H1(N 
 P R) = TorP

1 (M ; R). It is clear that z[q]
i is an

element of F e
P (N1) with z[q]

i = z[q]
i a cycle in F e

P (N) 
 P R = F e
R (N 
 P R), for each

i .
The technique of killing cycles(see,for example, section 2 of [12]) tells us that

M : N2 �
M̀

i =1

R(�j zi j)
[nnn2 z1 : : : z` ]

� � � � � � � � � � � � ! N1
nnn 1� ! N0 ! M ! 0

is the beginning of a homogeneousresolution of M by free R-modules. It follows
that

TorR
1 (M ; eR) = H1(M 
 R

eR) =
H1(F e

R (N))

([z[q]
1 ]; : : : ; [z[q]

` ])
=

TorP
1 (F e

P (M ); R)

([z[q]
1 ]; : : : ; [z[q]

` ])
: �

The following result is an application of the technique of Observation 3.4.

Prop osition 3.5. Let R = P=C and T = P=I , where I and C are homogeneous
ideals in the polynomial ring P. Then

TorR
1 (T 
 P R; eR) =

I [q] \ C
(I \ C) [q] + I [q]C

:
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Proof. Apply Observation 3.4 to seethat

TorR
1 (T 
 P R; eR) =

H1(N[q] 
 P R)

([z[q]
1 ]; : : : ; [z[q]

` ])
;

where(N;nnn) is the minimal homogeneousresolution of T by freeP-modules, is the
functor 
 P R, and z1; : : : ; z` are homogeneouselements of of N1 with [z1]; : : : ; [z` ]
a minimal generating set for

H1(N 
 P R) = TorP
1 (P=I ; P=C) = (I \ C)=I C:

Observe that I \ C = (nnn1(z1); : : : ;nnn1(z` )) + I C. Observe also, that

H1(N[q] 
 P R) = TorP
1

�
P=I [q]; P=C

�
= (I [q] \ C)=I [q]C:

The isomorphism H1(N[q] 
 P R) ! (I [q] \ C)=I [q]C carries [z[q]
i ] to the class of

(nnn1(zi )) q. �

4. Degree considerations concerning Tor1.

Proposition 4.1, followed by [1], is a general statement that says that if the
degreesof the minimal generatorsof

TorP
1 (M ; R) and TorP

1 (F e
P (M ); R)

are related in the appropriate manner, then M 
 P R has�nite projective dimension
as an R-module. When the notation of 2.4 and the hypothesisof Theorem 2.3 are
in e�ect, then, Corollary 3.2 and Observation 3.3 show that Proposition 4.1 may
be applied with M = Z .

Prop osition 4.1. Let P ! R be a surjection of graded k-algebras, with P a
polynomial ring and R a complete intersection, and let M be a �nitely generated
graded P-module. Suppose that the minimal generators of TorP

1 (M ; R) have de-
grees f 
 i j 1 � i � `g. If the minimal generators of TorP

1 (F e
P (M ); R) have degrees

f q
 i j 1 � i � `g, then TorR
1 (M 
 P R; eR) = 0.

Proof. In
ation of the base �eld k ! K gives rise to faithfully 
at extensions
P ! P 
 k K and R ! R 
 k K . Consequently , we may assumethat k is a perfect
�eld. Let C be the ideal in P with R = P=C, and let f 1; : : : ; f c be a homogeneous
regular sequencein P that generatesC. We retain the notation from the proof of
Observation 3.4. So,

N: N2
nnn 2� ! N1

nnn 1� ! N0 ! M ! 0
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is the beginning of the minimal homogeneousresolution of M by free P-modules,
is the functor 
 P R, and z1; : : : ; z` are homogeneouselements of N1 with

[z1]; : : : ; [z` ] a minimal generating set for H1(N) = TorP
1 (M ; R). Let Y be the

subset f [z[q]
1 ]; : : : ; [z[q]

` ]g of H1(N
[q]

) = TorP
1 (F e

P (M ); R). We will prove that

(4.2) Y generatesH1(N
[q]

):

As soon as (4.2) is established,then the proof is complete by Observation 3.4.

Fix an integer � . De�ne W 0
� and W 00

� to be the P-submodules of H1(N
[q]

) which
are generatedby X

� <i

h
H1(N

[q]
)
i

i
and

X

i<�

h
H1(N

[q]
)
i

i
;

respectively. Let V� be the vector spaceV� = H1(N
[q]

)=(W 0
� + W 00

� ). Let X be a

homogeneousminimal generating set for the P-module H1(N
[q]

). Let X � be the
subsetof X which consistsof thosegeneratorswhich have degreeequal to � . Notice
that the set X � is a basis for the vector spaceV� over k. Let

Y� = f [z[q]
i ] 2 Y j jz[q]

i j = � g:

Our hypothesis guarantees that the dimension of the vector spaceV� is exactly
equal to the number of elements in Y� . We prove that

(4.3) the elements of Y� are linearly independent in V� .

Once (4.3) is established,then we will know that Y� is a basis for V� and that the

elements of Y� are part of a minimal generating set of H1(N
[q]

). We repeat this

calculation for all � to seethat Y is part of a minimal generating set for H1(N
[q]

).
The hypothesis tells us that the elements of Y have the correct degreesto be a

complete minimal generating set for H1(N
[q]

). We conclude that Y is a complete

minimal generating set for H1(N
[q]

). At that point the proof will be complete by
(4.2).

We establish (4.3) by induction on � . When � is small, then Y� is the empty set,
V� is zero, and everything is �ne. Now we work on the inductiv e step. There is
nothing to do unless� is a multiple of q. Relabel the zi , if necessary, and selectthe
integer � so that z1; : : : ; z� have degreelessthan � =q, and z� +1 ; : : : ; z` have degree
at least � =q. Considera non-trivial k-linear combination of the elements of Y� . The
�eld k is closedunder the taking of qth roots; so this linear combination is equal
to [z[q]] where z is a non-trivial k-linear combination of those zi that have degree
equal to � =q. So

(4.4) [z] is not zero in
H1(N)

P([z1]; : : : ; [z� ])
:
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We assumethat

(4.5) [z[q]] = 0 in
H1(N

[q]
)

W 00
�

;

and we will show that this assumption leadsto a contradiction. Keep in mind that
the induction hypothesisguaranteesthat

(4.6) W 00
� = P([z[q]

1 ]; : : : ; [z[q]
� ]):

We know that z and z1; : : : ; z� all are cyclesin N; so

(4.7) nnn1z 2 CN0 and nnn1zi 2 CN0 for 1 � i � � .

We intro duce a notational convenience.Let

G2 = N2 �
�M

i =1

P(�j zi j)

and let ggg2 : G2 ! N1 be the map

ggg2 = [nnn2 z1 : : : z� ] :

Of course,the map
ggg[q]

2 : G[q]
2 ! N[q]

1

also now has meaning. Assumption (4.5), together with the induction hypothesis
(4.6), tells us that

z[q] 2 im ggg[q]
2 + CN[q]

1 ;

which is the basecasefor the following induction. We prove that if 1 � t � c(q � 1),
then

(4.8) z[q] 2 im ggg[q]
2 + C [q]N[q]

1 + C t N[q]
1 =) z[q] 2 im ggg[q]

2 + C [q]N[q]
1 + C t +1 N[q]

1 :

As soon as (4.8) is established,then

z[q] 2 im ggg[q]
2 + C [q]N[q]

1

becauseCc(q� 1)+1 � C [q]. Then the proof will be complete becausewe may apply
Observation 4.10 to

z[q] 2 im [ggg2 f 1I � � � f cI ][q]
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to concludethat
z 2 im [ggg2 f 1I : : : f cI ] ;

and this violates (4.4).
We prove (4.8). For each c-tuple � = (� 1; : : : ; � c) of non-negative integers,with

� i < q for all i , and
P

� i = t, there exists y� 2 N[q]
1 such that

(4.9) z[q] �
X

�

f � 1
1 � � � f � c

c y� 2 C [q]N[q]
1 + im ggg[q]

2 :

Each element y� is homogeneousof degree� � t. Fix a c-tuple � . Apply nnn[q]
1 to

(4.9) and use(4.7) to seethat

f � 1
1 � � � f � c

c nnn[q]
1 y� 2 (f � 1 +1

1 ; : : : ; f � c +1
c )N[q]

0 :

It follows, from the fact that f 1; : : : ; f c is a regular sequence,that

nnn[q]
1 y� 2 CN[q]

0 :

So, y� is a one-cycle,of degreelessthan � , in N[q]. The induction hypothesis (4.6)
tells us that

y� 2 im ggg[q]
2 + CN[q]

1 ;

and (4.8) is established. �

We close this section with a quick application of the 
atness of the Frobenius
functor for regular rings. The result is well known and is a critical step in the proof
of the previous result.

Observ ation 4.10. Let P be a polynomial ring, ggg: G2 ! G1 be a homomorphism
of graded P-modules,and z be an elementof G1. If z[q] is in the image of ggg[q], then
z is in the image of ggg.

Proof. Let eG2 be the graded free module G2 � P(�j zj) and eggg be the map of graded
free modules

eggg = [ggg z ] : eG2 ! G1:

The hypothesis ensuresthe existenceof h 2 G[q]
2 with [ � h 1]T in the kernel of

eggg[q], where ( )T means \transp ose". The Frobenius functor 
 P
e
P is 
at; so,

there exist [ t i bi ]T in kereggg and ai 2 P such that
P

i ai
�

t [q]
i bq

i

� T
= [ � h 1]T .

Degreeconsiderationstell us that bi is a unit, for somei . For this i , ggg(t i ) + bi z = 0
and ggg(� t i =bi ) = z. �
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5. W e in terpret Tor1 of the syzygy in terms of ideals.

Recall, from the beginning of section 4, that if the notation of 2.4 and the
hypothesesof Theorem 2.3 are in e�ect, then TorR

1 (Z 
 P R; eR) = 0. In this
section, we interpret this Tor-module in terms of ideals. Our interpretation holds
even when the hypothesesof Theorem 2.3 are not in e�ect.

Prop osition 5.1. Adopt the notation of 2.4. If A � I is any homogeneous mP -
primary Gorenstein ideal and N is equal to a(P=A [q]) � a(R), then

(5.2) TorR
1 (Z 
 P R; eR) = HomP

�
(C [q] + I [q]) : (C [q] : C)

C + I [q]
;

P
A [q]

(N )
�

;

furthermore,

TorR
1 (Z 
 P R; eR) = 0 ( )

(C [q] + I [q]) : (C [q] : C)
C + I [q]

= 0:

Proof. In our argument, we assumethat A � I are perfect idealsof the samegrade
without assumingthat theseideals are mP -primary, and we prove that

(5.3) TorR
1 (Z 
 P R; eR) =

A [q] : (C + I [q])
(A : (C + I )) [q](C [q] : C) + A [q]

(N ):

Once(5.3) is established,then, when A is an mP -primary ideal, Gorenstein dualit y
(see, for example, Lemma 1.11 and (1.14)) may be employed to show that to the
right side of (5.3) and the right side of (5.2) are both equal to

A [q] : (C + I [q])
A [q] :

�
(C + I ) [q] : (C [q] : C)

� (N ):

Let (G;ggg� ) be the minimal homogeneousresolution of R by free P-modules
and yyy� : G[q] ! G be a map of complexeswhich lifts the natural quotient map
P=C[q] ! R. The ideal C is Gorenstein of grade c; so Gc = P(a(P) � a(R)).
The map yyyc : G[q]

c ! Gc is multiplication by y, for someelement y in P of degree
(q � 1)(a(R) � a(P)). We know, from linkagetheory (seeProposition 1.13), that

(5.4) C [q] : C = (y; C [q]):

Use the surjections P=A ! T and P=A[q] ! F e
P (T) to calculate

K T =
A : I
A

(a(P=A)) and K F e
P (T ) =

A [q] : I [q]

A [q]
(a(P=A [q])) :
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It follows that Hc(K T (� a(P)) 
 P G) is equal to
�

� 2
A : I
A

(a(P=A) � a(R))

�
�
�
� �C = 0

�
=

A : (I + C)
A

(a(P=A) � a(R))

and

Hc(K F e
P (T ) (� a(P)) 
 P G) =

A [q] : (I [q] + C)
A [q]

(N ):

Let (F; fff ) be the minimal homogeneousresolution of K T (� a(P)) by free P-
modules. We saw in Observation 3.4 that

TorR
1 (Z 
 P R; eR) =

Hc(F[q] 
 P R)

([z[q]
1 ]; : : : ; [z[q]

` ])
;

where z1; : : : ; z` are elements in Fc with [z1]; : : : ; [z` ] a minimal generating set for
Hc(F 
 P R). We usethe isomorphisms

(5.5)
Hc(F 
 P R) = Hc(Tot(F 
 P G)) = Hc(K T (� a(P)) 
 P G)

=
A : (C + I )

A
(a(P=A) � a(R))

and

(5.6)
Hc(F[q] 
 P R) = Hc(Tot(F[q] 
 P G)) = Hc(K F P (T ) (� a(P)) 
 P G)

=
A [q] : (C + I [q])

A [q]
(N )

to re-expressTorR
1 (Z 
 P R; eR) asa subquotient of P(N ). First, we give an explicit

description of the isomorphism (5.5). Let wc be an element of Fc with fff c(wc) 2
CFc� 1. Each row and column of the double complexF
 G is acyclic; and therefore,
for each i , with 0 � i � c, there exists wi 2 Fi 
 Gc� i such that

(5.7) (fff i 
 1)(wi ) = (1 
 gggc� i +1 )(wi � 1):

In particular, w0 is an element of F0 
 Gc. The isomorphism (5.5) sends the
homology class[wc] to the image of w0 in

A : (C + I )
A

(a(P=A) � a(R)) :

In a similar manner, if Wc is an element of F[q]
c with fff [q]

c (Wc) 2 CF[q]
c� 1, then the

isomorphism (5.6) sendsthe homology class[W c] in Hc(F[q] 
 P R) to the image of
W0 in

A [q] : (C + I [q])
A [q]

(N );
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where Wi 2 F[q]
i 
 Gc� i and

(5.8) (fff [q]
i 
 1)(Wi ) = (1 
 gggc� i +1 )(Wi � 1):

We �nish the argument by showing that the submodule ([z[q]
1 ]; : : : ; [z[q]

` ]) of
Hc(F[q] 
 P R) is mapped onto the submodule

(A : (C + I )) [q]y + A [q]

A [q]
(N ) of

A [q] : (C + I [q])
A [q]

(N )

under the isomorphism (5.6). Let wc be a cycle in F 
 R, for someelement wc of
Fc. We are given the family f wi g with wi 2 Fi 
 Gc� i such that (5.7) holds. If
wi =

P

j
ui;j 
 vc� i;j with ui;j 2 Fi and vc� i;j 2 Gc� i , then let

Wi =
X

j

u[q]
i;j 
 yyyc� i (v

[q]
c� i;j ) 2 F[q]

i 
 Gc� i :

A short calculation shows that (5.8) holds for f Wi g and we concludethat if a in

A : (C + I )
A

(a(P=A) � a(R))

is the image of the homology class[wc] under the isomorphism (5.5), then yaq in

A [q] : (C + I [q])
A [q]

(N )

is the image of the homology class[w[q]
c ] under the isomorphism (5.6). �

6. The key calculation.

Retain the notation of 2.4. In section 4, we proved that if the socle hypothesis
(2.2) is in e�ect, then TorR

1 (Z 
 P R; eR) = 0. Our goal in Theorem 2.3 is to prove
that TorR

1 (T 
 P R; eR) = 0. Homological arguments in sections3 and 5 connect
these Tor-modules to quotients of ideals. In the present section we show how
information about the Tor-module of Z givesinformation about the Tor-module of
T, when R is a complete intersection.

Prop osition 6.1. Let P be a regular ring of positive characteristic p, and let C
and I be ideals in P. Assumethat C is generated by the regular sequence f 1; : : : ; f c

and that

(6.2) (C + I ) [q] : y = C + I [q];
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where y = (f 1 � � � f c)q� 1. Then

I [q] \ C = (I \ C) [q] + CI [q]:

Proof. Recall, from Proposition 1.13, that C [q] : C = (y; C [q]). Take � 2 I [q] \ C.
We prove that if 1 � t � c(q � 1), then

(6.3) � 2 C t + C [q] + CI [q] =) � 2 C t +1 + C [q] + CI [q]:

Of course, we know that the hypothesis of (6.3) holds for t = 1. Once we have
established(6.3), then, sinceCc(q� 1)+1 � C [q], we know that

� 2 I [q] \ C [q] + CI [q] = (I \ C) [q] + CI [q];

becausethe Frobenius functor on P is 
at. Now we prove (6.3). Write � as an
element of C [q] + CI [q] plus X

�

b� f � 1
1 � � � f � c

c ;

where � = (� 1; : : : ; � c) varies over all c-tuples of non-negative integerswith � i < q
for all i and

P c
i =1 � i = t. Fix an index � . Observe that

f q� 1� � 1
1 � � � f q� 1� � c

c �

is equal to b� y plus an element of C [q] + I [q]. Hypothesis(6.2) tells us that b� is in
C + I [q]; (6.3) is established,and the proof is complete. �

7. The Gorenstein F-pure case.

The question of whether the conclusionof Theorem 2.3 holds when R is Goren-
stein is still open. In this section,we include partial results in this direction. Recall
that the ring R of positive prime characteristic p is F-pure if whenever J is an ideal
of R and x is an element of R with x =2 J , then xq =2 J [q] for all q = pe.

First note that the top socle degree(tsd) of a Frobeniuspower is always at least
equal to the \exp ected" top socle degree,in the senseof Observation 2.1:

Prop osition 7.1. Let k be a �eld of positive characteristic p, R ! S be a sur-
jection of graded k-algebras with S artinian. Assume that either R is a complete
intersection or R is Gorenstein and F-pure. If d is the top socle degree of S, then
the top socle degree of F e

R (S) is at least qd � (q � 1)a(R).

Proof. Write S = R=J, with J � R an m-primary ideal, where m is the unique
homogeneousmaximal ideal of R.
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We �rst assumethat R is Gorenstein and F-pure. Let a be an m-primary ideal
of R, generatedby a regular sequence,with a � J . Let g1; : : : ; gs, with jg1j � � � � �
jgs j, be elements in R which represent a minimal generating set for (a:J )=a. The
hypothesis that R is F-pure ensuresthat gq

i =2 (gq
1; : : : ; bgq

i ; : : : ; gq
s ; a[q]) for all i ; and

therefore, gq
1 ; : : : ; gq

s represents a minimal generatingset for (gq
1; : : : ; gq

s ; a[q])=a[q]. It
follows that the minimum generatordegree(min gendegree)of (gq

1; : : : ; gq
s ; a[q])=a[q]

is qjg1j. Apply Observation 1.4 to the ideal J=A of the ring R=a to seethat

tsd R=J = tsd
�

R=a
J=a

�

= socle degreeR=a � min gen degree(ann(J=a))

= socle degreeR=a � min gen degree((a: J )=a)

= socle degreeR=a � jg1j:

Dualit y (seeLemma 1.11) gives

a[q] : (a[q] : (gq
1; : : : ; gq

s )) = (gq
1; : : : ; gq

s ; a[q])

in R; so the annihilator of the ideal

(7.2)
a[q] : (gq

1; : : : ; gq
s )

a[q]

in the ring R=a[q] is (gq
1; : : : ; gq

s ; a[q])=a[q]. Apply Observation 1.4 to the ideal (7.2)
to seethat

tsd
R

a[q] : (gq
1; : : : ; gq

s )
= tsd

R=a[q]

(a[q] : (gq
1; : : : ; gq

s ))=a[q]

= socle degree
R

a[q]
� min gen degree

�
ann

a[q] : (gq
1; : : : ; gq

s )
a[q]

�

= socle degree
R

a[q]
� min gen degree

�
(gq

1; : : : ; gq
s ; a[q])

a[q]

�

= socle degree
R

a[q]
� qjg1j:

The R-module R=a has �nite projective dimension; so Observation 2.1 yields

socle degree
R

a[q]
= qsocle degree

R
a

� (q � 1)a(R):
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Dualit y givesJ = a: (g1; : : : ; gs). It follows that J [q] � a[q] : (gq
1; : : : ; gq

s ); and there-
fore,

tsd
R

J [q]
� tsd

R
a[q] : (gq

1; : : : ; gq
s )

= socle degree
R

a[q]
� qjg1j

= socle degree
R

a[q]
� q

�
socle degree

R
a

� tsd
R
J

�

= qtsd
R
J

+
�

socle degree
R

a[q]
� qsocle degree

R
a

�

= qtsd
R
J

� (q � 1)a(R):

The proof is complete if R is Gorensteinand F-pure. Throughout the rest of the
argument, R is a complete intersection. We begin by reducing to the casewhere
J is an irreducible ideal. Assume, for the time being, that the result has been
establishedfor irreducible ideals. Let J = J1 \ � � � \ Jn , with each J i irreducible.
Recall that tsd R=J is the largest integer d with Rd 6� J . It follows that that the
tsd R=J is equal to the maximum of the set f tsd R=Jk g. Fix a subscript k with
tsd R=J = tsd R=Jk . We know that J [q] � J [q]

k ; and therefore,

qtsd
R
J

� (q � 1)a(R) = qtsd
R
Jk

� (q � 1)a(R) � tsd
R

J [q]
k

� tsd
R

J [q]
:

Henceforth, the ideal J is irreducible. Write R = P=C, where P is a polynomial
ring and the ideal C is generatedby the homogeneousregular sequencef 1; : : : ; f c.
Let I be the pre-imageof J in P. In particular, C � I . The rings R=J = P=I and
P=I [q] are Gorenstein, so Observation 1.4 gives

socle degree
P

I [q]
� M = tsd

P
I [q] + C

;

whereM is the least degreeamonghomogeneousnon-zeroelements of (I [q] : C)=I [q].
The P-module P=I has �nite projective dimension; so Observation 2.1 yields

qsocle degree(P=I ) � (q � 1)a(P) = socle degree(P=I [q]):

Recall the formula a(P=C) = a(P) +
P c

i =1 jf i j. The inequality

qsocle degree(P=I ) � (q � 1)a(P=C) � tsd
�

P
I [q] + C

�

is equivalent to the inequality

(7.3) M � (q � 1)(jf 1j + � � � + jf cj):
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We establish (7.3). There exists an integer t, with 0 � t � c(q � 1), such that
C t 6� I [q]; but C t +1 � I [q]. Thus, someelement f t 1

1 � � � f t c
c of C t , with

P
t i = t and

0 � t i � q� 1 for all i , represents a non-zeroelement of (I [q] : C)=I [q]; and therefore,

M � jf t 1
1 � � � f t c

c j � (q � 1)(jf 1j + � � � + jf cj): �

The next result shows that we can get most of the way through the proof of
Theorem2.3under the assumptionthat R is Gorensteinand F-pure. The conclusion
of Proposition 7.4 is exactly the same as the conclusion that is obtained when
Proposition 5.1 is usedin the proof of Theorem2.3. Only the last step(the analogue
of Proposition 6.1) is still missing.

Prop osition 7.4. Let k be a �eld of positive characteristic p, R ! S be a surjection
of graded k-algebras with R Gorenstein and S artinian. Assume, in addition, that
R is F-pure. Assume that d1 � � � � � d` are the socle degrees of S and the socle
of F e

R (S) has the samedimension as the socle of S, with degrees of the generators
given by D1 � D2 � � � � � D ` , with

D i = qdi � (q � 1)a(R);

for all i . Let R = P=C, and S = R=I R, with P a polynomial ring, I � P . Then
we have

(C [q] + I [q]) : (C [q] : C) = C + I [q]:

Proof. Let A = C + (x1; : : : ; xd), where the imagesof x1; : : : ; xd are a system of
parametersin R. Let K = A : (I + C), so that we alsohave I + C = A : K . We have

(I [q] + C [q]) : (C [q] : C) = (A [q] : K [q]) : (C [q] : C) = (A [q] : (C [q] : C)) : K [q]:

We claim that A [q] : (C [q] : C) = A [q] + C. We seethis by looking at the comparison
map of resolutions induced by the projection P=A [q] ! P=(A [q] + C). If F is the
resolution of P=C, and K is the Koszul complex on x1; : : : ; xd, then the resolution
of P=A [q] is given by F[q] 
 K [q], the resolution of P=(A [q] + C) is given by F 
 K [q],
and the comparisonmap between them is given by the comparisonmap F[q] ! F,
tensoredwith K [q]. Thus, the last map is multiplication by an element of P which
represents the generator of (C [q] : C)=C[q].

It follows that (I [q] + C [q]) : (C [q] : C) = (A [q] + C) : K [q]. It is clear that

(A [q] + C) : K [q] � I [q] + C:

We next show that the rings de�ned by these ideals have the samesocle degrees.
Let � and � be the socle degreesof the Gorenstein rings P=A and P=(A [q] + C),
respectively. The P=C-module P=A has �nite projective dimension; so

� = q� � (q � 1)a(P=C):
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Let g1; : : : ; gs be elements of K which represent a minimal generatingset for K =A.
Observation 1.4 gives that the socle degreesof P=(I + C) are f � � jgi jg. So, our
hypothesis tells us that the socle degreesof P=(I [q] + C) are

f q(� � jgi j) � (q � 1)a(P=C)g = f � � qjgi jg:

It is clear that gq
1; : : : ; gq

s represents a generatingset for (K [q] + C)=(A [q] + C). Ap-

ply the hypothesisthat P=C is F-pure to each of the ideals (gq
1; : : : ; bgq

i ; : : : ; gq
s ; A [q])

of P=C to concludethat (K [q] + C)=(A [q] + C) is minimally generatedby gq
1; : : : ; gq

s .
Observation 1.4 yields that the socle degreesof

P
(A [q] + C) : K [q]

are exactly the sameas the socle degreesof P=(I [q] + C); and therefore, Lemma
1.1 of [9] shows that

I [q] + C = (A [q] + C) : K [q] = (I [q] + C [q]) : (C [q] : C): �
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