5 The equation with lower order terms — variable coefficients

We study the corner singularities in the solution of a differential equation with lower order terms. For

this, we consider the Dirichlet problem in a sector S:

(1a) Lu:=-Au +p1(x)uw1 +p2(x)u:v2 + q(m)u = f7 in S,
(1b) u(x1,0) = go(x1), 1 >0,
(1c) u(rcosf,rsinf) = g1(r), r > 0.

We suppose that the coefficients pi, p2, and ¢ are smooth. We also suppose that the problem (la,b,c) is
well-posed; that is, for each f € Lo(S) and {go, g1} € H*/?(T) there is a unique u € H*(S) satisfying (1a,b,c)
in the weak sense, and |ull1,s < C(||f

0,5 + {90, 91 }l1/2,r- We are concerned with solutions v € H*(S) of
(1) which also satisfy

(2) u(z) =0 for r = /a2 + 2% > 1.

The essential difference between (1la) and (2.2;1a) is that the lower order terms in (la) contain singu-
larities, and this introduces new linear functionals and new singular functions into the singular expansion of
the solution.

In §2.2, there is derived a collection of linear functionals A; on Y7, with the property that if {f, go, 91} €
Y3 and if Aj{f, go,g1} =0 for j =1,---,J(s), then the solution u of (2.2;1) belongs to H*(S). We seek to
define a set of linear functionals Ay, ; associated with the problem (1) with similar properties. We shall use
the data space Y}, defined in §2.2. As in §.2, we set J(s) = [(s —1)/a], and we define numbers s; = ja + 1.
If (s — 1)/a # integer, then s € (s7(s), 5.7(s)41)-

The definition of linear functionals Ay, ; associated with the operator L is a little tricky. Let {f, go, g1} €
Y3, be given, and let u be a weak solution of (1). We would like to define a collection of linear functionals
Ap i{f, 90,91} by the formula

(3) A i{f 90,91} = Aj{h, g0, 91}, h = f — prug — pauy — qu.

The right side of this equation might not be defined, since it might happen that « ¢ H*(S), so {h, go, g1} &
Y3, The definition must be made in a recursive fashion. In this connection, we will say that Az ;{f, 9o, 91}
is well-defined if {h, go, g1} € Y} for some ¢ > s;.

Lemma 1. Let s > 2 with (s — 1)/« # integer. Let {f, go,g1} € V5, let u € H'(S) be a solution of (1),
and suppose u satisfies (2). (i) If J(s) = 0, then u € H*(S). (ii) If J(s) > 0, then u € H(S) for any t < s;.
(iii) If J(s) > 0 and w € H*(S) for any t < J(s), then Ay, j{f, 90,91} is well-defined. (iv) u € H*(S) if
and only if the functionals Ar k{f, 90,91}, k =1,2,---,J(s) are well-defined and vanish.

Proof. (i) Suppose first that J(s) = 0, that is, s < s;. We have h = f — pyu, — pouy — qu € H°(S), so
{h, 90,91} € Y%. Since J(2) < J(s) =0, we may apply Theorem 2.2.1;2 to conclude that u € H?(S). Hence
h € HY(S), so {h,go, g1} € V3 with s* = min{s,3}. Since J(s*) < J(s) = 0, we may apply Theorem 2.2.1;2
to conclude that u € H* (S). Continuing in this manner, we obtain u € H*(S).

(ii) There are two cases. Suppose s; < 2, and let t < s1. Since h € HY(S), {h, 90,91} € V%, so from
Theorem 2.2.1;2, u € H*(S). Next, suppose s; > 2. Since h € H(S), {h, 90,91} € V3, s0ou € H*(S). Hence
h € HY(S), so {h,g0,91} € yf; with s* = min{s, 3}. If s* = 3 < s1, then {h, g0, 91} € V3, so u € H3(S), so
{h,go,g1} € V3 with s* = min{s,4}. Continuing in this way, we get u € H*(S) for any t < s;.
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(iii) Suppose u € HY(S) for any ¢t < J(s). Then h € H'(S) for any t < J(s) — 1. Since {g1,92} € T*
and J(s) < s, {h,go, g1} € V' for any t <min{J(s) + 1,s}. Hence Ap j5){h, 90,91} is well-defined.

(iv) If w € H*®(S), it is immediate that Ap x{f, 90,91} is well-defined for k = 1,---,J(s), and from
Theorem 2.2.1;2, A x{f, 90,91} =0for k=1,---,J(s). Suppose Ar r{f, 90,91} are well-defined and vanish
for k=1,---,J(s). From (ii), u € H'(S) for any t < s;. We show that, for each k < J(s), u € H*(S) for any
t < sk. The assertion is true for k = 1; suppose it is true for k — 1. Thus, u € H*(S) for any ¢ < s;_1. Hence
h € H'(S) for any ¢ < sx_1 — 1, s0 {h,go,91} € V5, for any ¢ < s* = min{sg_1 + 1,55} < min{sg_1 + 1, s}.
Since A k—1{f, 90,91} = 0, Theorem 2.2.1;2 implies that u € H'(S) for any ¢ < s*. If s* = s < s_1, we
are finished with the inductive step. Otherwise, we know that u € H'(S) for any ¢ < sx_1+ 1, so h € H*(S)
for any t < sy, so {h,go, g1} € V% for any t < s* = min{sr_1 + 2, s }. Continuing in this way, we find that
u € H'(S) for any t < s, which finishes the induction. Hence u € H'(S) for any ¢ < s;(,). The above
argument now shows that u € H'(S) for any t < s* = min{s (s + 1, s}, with equality allowed in s* = s.
Continuing in this way, we eventually obtain u € H*(S). m

As an example of this theorem, consider the singular function v; defined in (2.2.1;16). Letting Sy denote
the truncated sector of radius 1, the function v; € H*(S1) for any s < s;, and v; ¢ H®(S1). Furthermore,
Av; =0in S and v; = 0 on 8S. Let x(r) be a smooth function which = 1 in (0, 1) and which = 0 in (1, c0).
Let v; = xv;. Then

(4) v € HQ(S) for s < Sj, Uj ¢ HSJ(S), Lv; € HQ(S) for s < s; — 1.

Hence {L9;,0,0} € Yj for s < s; + 1. Applying Lemma 1, we find that Ay x{Lv;,0,0} is well defined
for k =1,---,7, Apx{Lv;,0,0} =0 for j =1,---,5 — 1, and a; = Ap ;j{L7;,0,0} # 0. If a < 1, then
sj+1 < 85+ 1,80 Ar j11{L7;,0,0} is well-defined. One could construct coefficients p;, p2, and ¢, so that
Ar j+1{Lv;,0,0} = 0. In such a case, the vanishing of the single linear functional Ay j;1{Lv;,0,0} does not
imply that o, belongs to H*(S) for s;41 < s < min{s;19,s; + 1} since, as we have seen in (4), v; ¢ H* (S5).
The regularity result in Lemma 1 requires that all the functionals Ap x{f,g0,01}, ¥ = 1,---,J(s), must
vanish in order that v € H*(S).

We now derive an expansion of a solution u of (1), (2) into a sum of singular functions plus a smooth
remainder. To prepare for this expansion, we establish the following result.

Lemma 2. Let 8 be real, let | > 0 be an integer, and let ©(0) be a given smooth function. The problem

(5a) Au = rP(Inr)!'O(H) in S,

(5b) u=0onT,

has a solution u of the form

+1

(6) u= ZrﬁJr?(ln )W, (6)

3=0
where the ¥; are smooth functions satisfying ¥;(0) = ¥;(w) =0, j =0,---,l+ 1. One has ¥;41 = 0 except
in the case (§ + 2)/a = integer.
Proof. Let v = r#+2(Inr)7W¥(0), and note the formula
Av =[U" + (8 +2)*¥]r?(lnr)’

(7) . j—1 (s j—27,.8
+ [2(B42)(Inr) = +4(j — 1)(Inr) —?]r 0.
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There are two cases.
(i) Suppose (8 + 2)/a # integer. Define u; = r%2(Inr)" W, (), where ¥, solves the problem

(8) U+ (B4 2)%T;, =0, U,(0) = ¥)(w) = 0.

Because of our assumption, (3 + 2)? is not an eigenvalue, so the problem (8) has a unique solution. Since
A(u — u;) = r?(In)!©+ a linear combination of functions with lower powers on In7, the process may be
repeated and eventually leads to (6). Note that in this case, [ is the highest power of Inr that appears in
the sum.

(ii) Suppose ( + 2 = ma with m = integer. Thus, sinma# vanishes at § = 0 and 0 = w. Let

w1 = P2 (Inr) L sinmad,

w = P2 (Inr)! Wy (0),
where the function ¥, is to be determined. From (7),
Augq = [2ma(l+ 1)(Inr)" + (1 + 1) (Inr) = ]rf sinmad,

o
A(uy + cwr) =[U] + (ma)?¥; + 2ma(l + 1)esinmad] (In )P

+ [2mal® + el(1 + 1) sinmad]r® (nr) =1 +1( = 1T (Inr)' =27,

We wish to choose the function ¥;(6) and the constant ¢ so that

(9a) "+ (ma)?¥; = O — 2ma(l + 1)csinmab,

(9b) ¥(0) = ¥y (w) = 0.

To find ¥; and ¢, let ¥, ,, be a particular solution of (9a), and note the formula
d 2 .
02 + (ma)* p 0 cosmal = —2masinmad.

Let
U (0) = Uy ,(6) + c(l + 1)8 cosmab + d cos mab.

Then V¥; satisfies (9a), and with a proper choice of the coefficients ¢ and d, ¥; also satisfies (9b). Since
A(u —u; — cuzy1) = 7P (In)!O©+ a linear combination of functions with lower powers of In7, the process may

be repeated and eventually leads to (6). m

We now consider the expansion of a solution into singular functions. Let {f, go,g1} € V5, let u € H'(95)
be a solution of (1), and suppose u satisfies (2). First, suppose J(s) = 0. Lemma 1 implies that u € H*(.5).
In this case, u has the regularity dictated by the data {f, go, g1}, and there is no expansion of u into singular
functions plus a smoother remainder.

Now suppose J(s) > 0. From Lemma 1, u € H*(S) for each t < s;. Then h € H*(S) for each t < s; — 1,
so {h,go, g1} € Y4 for each t < s* = min{s, s; +1}, and with equality if (s; + 1)/ # integer or if s < s1+1.
Let j* be the largest integer such that s;- < s*. Thus, if (s1+1)/a # integer, j* = J(s*), while if 51 +1 = ma
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for some integer m, j* = m — 1. By Lemma 1, (iii), Az j{f, 90,91} is well-defined for j = 1,---,j*. Using
Theorem 2.2.1;2, we write

*

j
(10) u=> Ap;{f g0, 01}v; +w,

j=1
where w € H(S,) for each truncated sector S, and for each t < s*. If (s; + 1)/7 # integer, w € H* (S,).
The function v; is given by (2.2.1;16); v; is harmonic, vanishes on 05, and, for each truncated sector S,
vj & H%(S,) and v; € H'(S,) for t < s;.

If s = s*, and (s;+1)/« # integer, then w € H*(S,) and (10) is the desired expansion of the solution into
singular functions. In this case, the lower order terms in the operator L have introduced no new ingredients
into the expansion.

Now suppose s* < s. If Ap1{f, 90,91} # 0, then u & H*1(S,) and h ¢ H*'71(S,). This causes a
difficulty in extending the expansion (10) to higher values of j. Lemma 2 is used to overcome this difficulty.
For this, we rewrite (10) in a fashion that prepares for a recursion. Let [J(s) be the set of pairs (j,4) of
integers with j > 1,¢ >0, and ja+i+1=s; +i < s. Let v, ,(z) be a function of the form

(11) Vjip(@) =170 (Inr) 05, .(6),

where ¥, ; ,(6) is a smooth function of §. We write the expansion (10) as

1
(10') wu= > > Arjiudfi 90,91} v +w.

(4:4)€T (s*) p=0
From the definition of 7, (j,7) € J(s*) implies ¢ = 0, so (10’) is the same as (10) with a proper definition
of the linear functionals Ay, ;, , and functions v;;,. Comparing with (2.2;16), we see that the factor Inr
appears only if jo is an integer.

To prepare for the recursive definition of our expansion into singular functions, we establish

Lemma 3. Let s > 2 with (s — 1)/« # integer. Let {f, go,g1} € V5, let u € H'(S) be a solution of (1),
and suppose u satisfies (2). Suppose s* < s, and suppose u = V + w with w € H*(S,) for each a > 0 and
each t < s*, and with

(12) V=" > Y Arjiudfi9091}050m

(4:D)€T (57) =0
where Ap, j ;. ,, are bounded linear functionals of V%, for eacht < s*. Let s; = min{s, s*+1}. Thenu = Vi +w;
where wy € H'(S,) for each a > 0 and each t < s}, and where

m—+1

(13) Vl = Z Z Ag’)j’iﬁu{.]i gngl}UJ(',liz‘u7

(4,0)€T (s7) #=0

where v\")  are functions of the form (11) with ¥, ; , replaced by W', . and the A are bounded linear

Jots Jstsp? L.jyi,p
functionals on Y}, for each t < si. If the linear functionals Ay j;, depend continuously on pi, p» and
q, regarded as elements of the Banach space C M’Q(S), then the linear functionals A(Ll)] i have the same

property. If « is irrational, then in the sum over yp in (13), the upper limit m + 1 may be replaced by m.
Proof. Define an operator 1" by Tw = p1wy, + paWs, + qw, so Lw = —Aw + Tw. For any ¢ > 0,
Vi € HIHT0(S,), afay ™ 5, € H9HHM20(S,),

vaj,i,u c HSj‘f’l*l*(s(Sa)’ xllcxgn_kDa:'Uj,i,u c HS]‘JFZ‘F’ITL*:[*&(SCL).

)

(14)
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furthermore, these inclusions do not hold for 6 = 0. In (14), D, denotes 0/0x; or 9/0x2. Choose m = m;;
so that s; +44+m;; > s — 2, and expand each of the functions p; and py in a Taylor series T" of degree m; ;
with remainder R. Similarly, expand ¢ in a Taylor series 1" of degree m;; — 1 with remainder R. We write
these expansions as

p1 = T(p1;7) + R(p1; ),
p2 =T (p2; ) + R(p2;x),
q="T(q;z) + R(g; z).
Since |R(py;z)| < Cr™iitt (14) implies that R(p1; ) Dy, v, € H¥72(S,), and similarly for the other coef-
ficients. Writing the Taylor polynomials as a sum of homogeneous polynomials of degree < m; ;, expressing

the result in polar coordinates, and inserting the expansions into T'u, we obtain

mji

Tvjipn = Z Z PO R (0 )05 1., (0) + R,

k=0v=p—1

where R € H*(S,) and where the ©;; ., are smooth functions of §. Using Lemma 2, we obtain functions
v(jkl 1) of the form (11) such that

mj,i+1 p+1
(15) A Z Zujgklyﬂ Tojin R
Set
myi+1 p+1
Zl: Z ZALJa 7M{f790791} Z Z J]kz,’jl«
(4,5)eT (s*) p=0 — =
m+1

= Z Z J%u{f’gmgl}vﬂu

(4:)€T (s7) n=0

where the linear functionals A{". . are defined by combining all terms containing 77%+i(Inr)#. Then (15)

L,j,i,1
yields AZ; = TV — R. Let m* denote the largest value of the m;;. This value comes with the smallest

value of s; and 4. Thus, m* must satisfy s; +m* > s, or, a + m* > s — 1. If s is an integer, we may take

*

m* = s — 1. If s # integer, we may take m* = [s] — 1. In either case, we have m* = [s] — 1. With this
(1)

L,ji,n
Let uy = u — Z;. Since Z; is already in the form of a sum of singular functions, to prove the result it

choice for m*, the linear functionals A appearing in Z; have the asserted dependence on p1, p2, and q.

suffices to make an expansion of u;. We have
—Au; = —Au+AZ;
=f-Tu+TV -R
=f-TV-Tw+TV —-R
=f—Tw—R.
Since Z; = 0 on 99, u; = gy on 'y, I = 0,1. Evidently Tw € H!(S,) for each t < s* — 1, so {—Au1, 90,91} €
V4, for each ¢t < s§ = min{s,s* + 1}. Since s* < s}, {—Aui,go,¢1} is smoother than {f, go, g1}, and we

have the possibility of obtaining an expansion of u; with a smoother remainder than that occuring in the
expansion of u. Let ji be the largest integer such that s;: < s*. We have from Theorem 2.2.1;2,

J1
(16) up = ZAj{*Aul,go,gl}’Uj +ws,

Jj=1
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where w; € H'(S,) for each ¢ < s}. As in the rewriting of (10) in the form (10’), we write

Ji Ji 1
(16') Z :ZAj{_AulaQOagl}Uj = Z Z A(Lz,)j,o,#{fv 90791}%()20)#’

j=1 j=1p=0

where 1;1(20) ., are functions of the form (11) and A(LZ,)]',O, ., are bounded linear functionals on Vj,. We then have

u= 721+ 2y + ws,

and since Z1 + Zs is of the form (13), we obtain the desired expansion v = V; + w;. The linear functionals

(2)
AL,J}O,#

(ja + 1)/ # integer, so in the application of Lemma 2, one is in the case (3 + 2)/a # integer. Hence in

appearing in Z, depend continuously on py, pa, and ¢, as elements of C°(S). If o is irrational, then

(15), the upper limit 4+ 1 in the sum over v can be replaced by p. Also, in (16), the v; do not involve Inr,
so in (16”) one has only the case p=0. m

Lemma 3 is used to obtain the following expansion theorem.

Theorem 1. Let s > 2, and suppose s # ja + i for integers j and i. There are bounded linear functionals
Arjipon Yy, {j,i} € J(s), p = 0,---,pu*, and smooth functions ¥;; ,(0), such that if {f,go,91} € V}
and if u is the corresponding solution of (1) which satisfies (2), then

o
u= Z ZAL,j,i,n{f,go,91}7“”+Z(1n7°)“\1/j,i,u(9)+w,
{j,iYeT (s) n=0

with the remainder w € H*(S,). The integer u* satisfies « + p* — 1 < s < a + p*. The linear functionals
Apji
satisfy the inequalities

,u and the remainder w depend continuously on py, p2 and q in the Banach space Clsl (S), and they

(17) IALiu ()] < CUE)flls—2.5,
(18) [lwlls,s. < Cla, K)||flls—2.s,

where K denotes the suprema of p1, pa and q and all their derivatives of order < [s]. If « is irrational, then
we may take * = 0, and there are no terms involving Inr in the expansion. The solution u € H*(S) if and
only if Ap, ;i u{f 90,91} =0 for all (j,i) € J(s) and p=0,---,pu* such that ¥;; ,(6) is not identically 0.

Proof. Let s be given, and let ¢ be the largest integer such that s; +¢ < s. The proof is by induction
on i. If i = 0, then from (10) we have the desired representation of u, with pu* = 1. Suppose ¢ > 0. Since
{f,90,91} €3, {f, 90,91} € Y for t < s. From the induction hypothesis, u = V4w with w € H*" (S,) with
s* = s1 +1i. Applying Lemma 3, we obtain u = V] 4+ w; with wy € H*(S,). The formula for u* follows from
the construction. In « is irrational, the formula (2.2;16) produces no factors of Inr, and Lemma 2 introduces
no factors of In7, so we may take u* = 0. Since the functions 77**i(Inr)* are linearly independent for
different values of j, ¢, and p, we conclude that u € H*(S,) if and only if all the linear functionals vanish.
The asserted dependence on the coefficients pi, p2, and ¢, and the inequalities (17) and (18), follow readily.
]
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