2.4.1 A singularly perturbed convection—diffusion problem

We now apply the results of Section 2.4 to a problem of particular interest: determining the singu-
lar functions and linear functionals associated with a singularly perturbed convection diffusion problem.

Consider the problem

(1a) Lu:=—cAu + P1ug, + Pauy, +qu = fa in 57
(1b) u=0onT.

Here, the coefficients of the operator L are assumed to be constant, the parameter ¢ € (0,1], and it is of
particular interest if ¢ << 1. Depending on the direction of the vector [p,ps]?, the solution u can have
interior or boundary layers.

Let d = 1/(2¢) and set u(z,y) = e¥Pr#1+P222)q (/). A computation shows that

Lu = Yd[—4e*Auy + (p? + p3 + deq)uy|edPreatparz),

We will use “stretched” variables & = dw1, & = dwy, and we shall also write p = (£2 + 55)1/2 = dr. Setting

uz(&1,&2) = up (21, x2), we have
Lu = 3d[—Ae, ey uz + (pT + p3 + deq)ug]e? &1 P25,

Set k2 = (p? + p3 + 4eq). Motivated by Section 2.4 we seek a singular function for the problem (1a,b) in the
form (;(z,y) = ePr811P282(; 5(&,m), where (j2(£,1) = R;(p) sinjaf. We have

—Ae, G2 + K¢ 2 = (Mj ,R;(p)) sin jad,

where M , denotes the differential operator of Section 4, but applied in the p variable. Let v; be a smooth
function such that ¢; = 0 in (0,1) and %;(r) = 0 outside (0,2). An additional condition on ; is given
below. Let R;(r) satisfy the two point boundary value problem

(2) M; ,R;, =1;(r), R;j(0) =0, Rj(r) — 0asr — oo.
Having R;(p), and therefore (;2(£1,&2), we define

Gilay, wa) = ePr&tPE2(s o (¢ ).

We have
L{; = $deP & tP2824p,(dp) sin jad.

The equation M;,R = 0 is satisfied by the Bessel functions I;,(kp) and Kjq(kp). Since 9;(p) = 0
outside 1 < p < 2, it follows that R;(p) is a linear combination of these two Bessel functions outside (1,2).

Because of the boundary conditions in (2) and the asymptotic properties (4.7), we have

(3a) ¢j(z1,29) ~ 17 + O(r7*)  near r =0,

(3b) Gilwr,wa) ~ 17 exp {=d ([ + 503 + p)r]"/2 = S +poza)) | mear 7 = oo,

Note that the function 7% € H*(S;) if and only if s < 3+ 1. Hence, using (3a) and (3b), ¢; € H*(S)
if and only if s < ja4+ 1 = s;, which conforms with the assertion of Theorem 2.2.1;3 regarding v;. Since
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—Al = L — p1Gjz, — P2z, — qC; and L; is smooth, —A(; € H*(S) for s < s; — 1. Hence AY(—A(;)
is well-defined. To calculate A} (—A(;), we use the formula (2.2.1;17b). This formula requires the Taylor
polynomial of degree |jo] —2 of —A(;. Since L{; = 0 near r = 0, its Taylor polynomial is zero. From (10a)
it is seen that the Taylor polynomials of (;, ¢ »,, and (j ., are zero. Hence the Taylor polynomial of —A(;

is zero and we have
1 )

(4) N/ (=Ag) = ,—//(—Agj)r_]a sin jafdx.
Jm s

We now assert that

(5) AN/ (=AG) = ;Cje_ja_l // (L) e~ r&1+p28)/2 | (kp) sin jaddz,
S

Jm

where Cj = k?*277*B~" and Bj is the constant occuring in (4.7). In the proof of (5) we use the adjoint
operator L*, defined by
L*u := —eAu — p1ug, — paty, + qu.

To show (5) write eA;j(=A(;) = Aj(L¢;) = Aj(p16j,a, + P2Cje, +4G5)- Also, define
f((%y) - e_(p151+p252)/2Kja(kp).
We must show that
(6) //s LCj{rfja — Cjefjo‘f(} sin jafdx = //S ri sin jab(p1(j.ey + P2 s + qC5)de.
For this we write
//S L¢{r~7* sinjaf — Cja_j“f( sin jaf}dx
= }LD% //Sg L¢{r~7*sinjad — Cjzs_jo‘f{ sin jaf}dx
= ;i—>mo/ . L (r77%sin jaf) — Cje I L* (K sin jad)})dx
—€ ;i_r)% /r:& Cjr{r ¥ sinjad — Cja_jak sin ja#}6do
+e ;i_I)I(l) /r:& ¢{—jar=7* sin jab — C’jzs_jaf(r sin ja#}6do

— gir% (p1 cos O + pasin0)¢; {r 7% sin jah — C; K (x,y) sin jad }5do.
—VJr=6

As in the calculation that leads to (4.6a,b), one sees that L*(K sin ja#}) = 0. Also, using (4.7) and (3a) we
see that the integrals over r = § tend to zero as § — 0. We therefore get

// L¢{r™7%sinjaf — Cje 7K sin jaf}dx = %in% // G{L* (r7% sin jab)da.
s - s5¢
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Since r~7%sin jaf is a harmonic function, L*(r=7®sinjaf) = —pi(r~7%*sinjafd),, — p2(r~7*sinjad),, +

gr—7sin jad. Hence
/ / L¢{r7sinjaf — Cje 7K sin jof }da
S

= lim // CG{—p1(r~7%sinjad),, — p2(r~7*sinjab),, + qr~7*sin jab) }dx
S5

6—0

= lim // (P1€jr + P2Gjwy +aG) (177 sin jab)da
5

+ ;ir%/ (p1ny + pgng)erfjo‘ sin jad)ddo.
—VJr=6

Again it is seen that the integral over r = § tends to zero as § — 0. This completes the proof of (6), and
hence of (5).
Using (5) we have

(7) A (=AgG) = - j g 2// Vi (p)Kjo(kp) sin® jabddz.

The function 1; is chosen so that the integral in (7) is non-zero, and is normalized so that

(®) // ¥ (p)Kja(kp) sin 2 jabdr = —4jrC; legjat2,

Then A;(—A¢;) = 1.

For the following theorem we let A : f — wu denote the solution operator to (la,b), and we write
Nf=e Nf —pi(Af)e, — p2(Af)s, — qAf. Thus, Lu = f implies —Au = N f. We shall also use the fact
that Lemma 4.1 applies to the problem (1a,b).

Theorem 1. There are linear functionals Ay, ; and functions (j, j = 1,2,---, with the following properties.
(i) A ; is a bounded linear functional on H*~2(S) for s > s;, but not for s < s;. (ii) ¢; € H*(S) N H}(S)
for s < s; but not for s > s;. Also (; is smooth everywhere except at the origin, L(; = 0 in a neighborhood
of the origin, and L(; = 0 for large r. (iii) For some j > 0, let s; < s < s;j+1, f € H*™2(S) and u = Af.
Then

J
(9) Uj 1= U — ZALJ(f)Q S I‘I‘S(S)7 with ||uj||s < CHfHS,Q

If j = 0, the sum is replaced by 0, uw € H*(S), and ||ulls < C||f]ls—2-

Proof. The proof is given in a series of steps.

(a). Let x be a smooth function which is = 1 in a neighborhood of the origin and = 0 for » > 1. Since
u€ HY(S), yu € H'(S) and L(xu) € H™"(=20)(8), Hence NL(yu) € H™(=20(S). Lemma 4.1 implies
that xyu € H*(S). Since (1 — x)u solves an elliptic problem on a smooth domain, it can be shown that
(1 —x)u € H*(S). Hence u € H*(S). This gives the decomposition (9) in the case j = 0.

(b). Suppose that s; < s < sy. From (a), u € H* (S) for any ' < s;. Hence yu € H* (S). Hence
F = NL(xu) € H¥~2(S) for any s’ < s; + 1. Pick a number s’ > s; with ' < min(s,s; + 1,s2). Then
A1 (F) is well-defined. Define A 1(f) = AY(F). Let v = xu—Ap1(f)¢. Then Ap 1 (Luf) = AY(—Auj) =0
so from Theorem 2.1.1;3, ui € H* (S). Also Lui € H*2(S). Applying Lemma 4.1, u} € H*(S). Since
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(1 = x)u solves an elliptic problem on a smooth domain, it can be shown that (1 — x)u € H*(S). Setting
up = uf + (1 — x)u, we have u = Ap 1(f)¢1 + ug with w3 € H*(S). This gives the decomposition (9) in the
case j = 1.

(c) We use an argument by induction and a recursive definition of the linear functionals. Suppose the
linear functionals Af, ; have been defined for ¢ < j. Let 5; < s < 5541, let f € H*=2(S9), and let u be the
solution of (la,b). By induction, we may write u = Z{:—ll Api(f)¢ + ujq with uj_; € H® (S) for any
s’ < sj_1. Hence yuj_; € H*(S). Hence F = NL(xu;j_1) € H¥2(S) for any ' < s;_1 + 1. Pick a
number s’ > s;_1 with s’ < min(s,s;_1 + 1,s2). Then A}(F') is well-defined. We define Ay ;(f) = A7(F).
Let uj = xuj—1 — Ar j(f)(;. Then Ap ;(Luj) = A}(—Au}) = 0 so from Theorem 2.1.1;3, u} € H*'(S).
Also Luj € H* ?(S). Applying Lemma 4.1, uj € H*(S). Since (1 — x)u;_1 solves an elliptic problem on
a smooth domain, it can be shown that (1 — x)u;—1 € H*(S). Setting u; = uj + (1 — x)uj—1, we have
u=Ar;(f){; +u; with u; € H*(S). This gives the decomposition (9) in the general case. m

K3k >k sk ok ok oKk ok Kook >k sk sk ok sk okokokok

We are now concerned with calculating the linear functional Az ;. The following lemmas gives some
information on this.

Lemma 1. Let f € H*"2(S) for s > s; — 2 = ja — 1, so f € CU*=2(S). Suppose Ar;(f) = 0 for
l=1,---,j—1,s0u=Af € H*(S) for s < sj. Suppose u and its derivatives of order < |jo] vanish at the
origin. Then

_Cj

(10) Apj(f) = —Leio! // fla)e=Pr&+P28)/2 | (k) sin jabdz.
JT s

Proof. Since u € H*(S) for s < s; = jao+ 1, u € C*(S) for s < jo. Hence the vanishing condition in
the statement of the lemma has meaning, and

(11) lu(z)| + r|Du(z)| < Cr® for s < jou

By definition,

Ap;(f)= A;‘I(f) = ]iﬂ //(—Au)r_ja sin jafdx

] €//f z)r 7% sin jobdx
T

// P1Uz, + P2lUzy + qu)]r ™I sin jabdx
]7T€

= _Fc e” // f(x)e*(m&ﬂoz&)/QKja(k-p) sin jafdz
s

= 5//f {r=9% — Cje 1Ko (kp)} sin jabdzx
T

= ne // P1Ua, + P2ta, + qu)lr—7 sin jobdz.

We must show that

// Lu{r=3% — Cje~1* K]a(kp)}sm]oﬂdx—// (P12, + Potie, + qu)]r ™% sin jabdz.
s
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For this we write
// Lu{r~9%sin ja# — C;e 1K sin jab}dx
s

= gin% // Lu{r~9%sin ja# — C;e 1K sin jab}dx
5

= ;ir% // w{L*(r~%sin jaf) — Cje I L*(K sin jab)})dx
5
—€ ;in%) u{r 7% sin jah — Cje K sin jah}ddh
YV Jr=6§

+e€ ;in%)/ u{—jar=7* lsin joh — C’jsfjaf{r sin jaf}ddo
—VJr=4§

- }in}) (p1 cos O + pasin @)u{r 7 sin jad — C; K (z,y) sin jad}5d6.
—YVJr=6

As in the calculation that leads to (4.6a,b), one sees that L*(K sinjaf}) = 0. Also, using (11) we see that
the integrals over r = ¢ tend to zero as § — 0. We therefore get

// Lu{r~%sin jo# — Cje 1K sin jab}dx = ;in%) // u{L*(r~7% sin job)da.
s - c

Since r~7%sin jaf is a harmonic function L*(r~7%sinjaf) = —pi(r=7®sinjad),, — p2(r=7“sinjab),, +
gr—7%sin jod. Hence

// Lu{r~3sin ja# — Cje 7K sin jaf}dx
s

= ;in%) // u{—p1(r~7%sin jab),, — p2(r~I%sinjab),, + qr I sin jab) ydx
5

= ;Ht% // (pluam + Doy, + qu)(r—ja sinjoz@)dx
<

+ ;irr%)/ (p1n1 + pana)ur—I% sin jad)ddo.
—VJr=6

Again it is seen that the integral over r = § tends to zero as § — 0. This completes the proof of (10). m

Lemma 2. Let u = Af. Suppose that u € C™(Sy), f € C™(Sy), for n > * x *m. Then |D’u(z)| < C,
x € Sy, with C' independent of e.
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