4 The equation with lower order terms — constant coefficients

In earlier sections we have derived a singularity expansion for the operator —A. We now consider a

problem with lower order terms. Thus, we shall consider in a sector S the problem

(1&) Lu:=-Au +p1u21 +p2u12 +qu = f7 in Sa
(1b) u=0onTl.

Our procedure will be to put the lower order terms on the right side of the equation and then apply the results
of the earlier analysis. However the new right hand side now has some singularities, because it depends on
the solution which has singularities. This introduces extra singular functions into the singularity expansion
of the solution of (1a,b). In the case of constant coefficients, which is the case considered in this section, an
alternate procedure can be used which eliminates the need for these extra functions. The present section
describes this, while the following section considers the case of lower order terms with variable coefficients.

In this section, we consider the problem (la,b) with the assumptions that p;, ps, and ¢ are constants
with ¢ > 0. Using the fact that ¢ > 0, an energy argument shows that if f € Ly(S) or H=1(S), then (1a,b)
has a weak solution u € Hj(S). We denote by A : f — u the solution operator to the problem (la,b). A is
a bounded map from H~1(S) to Hi(S). Our approach is to write the problem in the form

(2a) —Au=F := f —piugy, — paty, — qu, in S,
(2b) u=0onTl

and then apply Theorem 2.2.1;3. We let N denote the operator N : f — F.

Theorem 2.1.1;3 requires that u vanish for » > 1. In the problem (1a,b), any solution belongs to H{(S).
This fact will allow us to remove the condition that v vanish for » > 1.

We recall some notations connected with Theorem 2.2.1;3. Let s; = jo+ 1. Thus, (s; — 1)/a = j, for
j=1,2,---, so the s; are the exceptional values that occur in the singularity expansion of —A. Set so = 1.

For a number s with (s — 1)/a # integer, let
J(s) =max{j: ja<s—1}.

The presence of singularities in the solution of (2a,b) is governed by certain linear functionals of the data.
Since the boundary data in (2b) has been taken to be 0, one needs only the linear functionals A’/ (F) defined
in (2.2.1;17b). The linear functional A}(F) is well-defined and provided F € H*"%(S) with s > s;. The

following lemma will prove convenient in the analysis of (1).

Lemma 1. Let s and t satisfy 1 <t < s. Suppose s;, < s < 841, 85 <t < 5541 for some integers j > 0
and k > j. Let f € H*=2(S), and let u be the solution of (1a,b). Suppose u vanishes outside Si. If j < k,
then u € H* (S) for any s' < sj41. If j = k, then u € H*(S).

Proof. Suppose first that j < k. Since u € H'(S), |Vu| € H*71(S) so —Au = F € H'"!(S). There
are now two possibilities. If t —1 > s;41 — 2 then F' € H*'=2(8) for any §' < sjp1. it —1 < s541 — 2,
then t —1 < s —2, so ' € H"7'(S). In either case, if £ > 1, the linear functionals A}(F) are well
defined for I = 1,---,j. Since u € H'(S) with ¢t > s; one concludes from Theorem 2.2.1;3 that if j > 1
AY(F) =---=A/(F) = 0. Hence, again from Theorem 2.2.1;3,

we H(S) for s’ <s, if t —1> Sj+1 — 2,
uwe HH(S)if t —1<sj41 — 2.

11.4 Lower order—const. coefs. 1 5/30/00



In the first case the proof is complete. In the second case we repeat the argument with ¢ replaced by ¢ + 1,
and eventually we conclude that v € H* (S) for any s’ < s;11.

Now suppose that j = k. Thus, s <t < s < sg+1. We argue as above, but in this case, the regularity
in u cannot be increased beyond s, so we obtain u € H*(S). m

We now apply the lemma. Suppose f € H*(S) for some large value of s. The solution u € H'(S). From
Lemma 1 with ¢t = 1 we conclude that

(3) uwe HY(S), FeH \(S), for s' < s

Suppose for convenience that the sector S is convex. This means that w < m, @« > 1, and s; = a+1 > 2.

Also one sees that s; + 1 < s3. Using Theorem 2.2.1;3 we write

(4) uw=A/(F)v; +u;  with u; € H¥(S) for s < s;.
Inserting this decomposition of u into the formula for F', we obtain

(5) F = f—piut g — paut gz, — 1A (F)v1z, — pe A (F)vi e, — qu.

We see that there are two terms in the right side of (5) that are in H* ~!(S), namely the terms involving
V1,4, and vy z,. To continue to a higher order expansion, these terms must be removed. For this we pick a
function v1 1 € Hg(S) such that —Awv;y 1 = x(p1v1,2, +P2v1.2,), Where x is a smooth function which vanishes
for r > 1 and which is = 1 in a neighborhood of the origin. Then u; ;1 = u — AY(F)v11 satisfies

—Auyy =Fiq = f —prurg, — potte, — (1= X)(P101,0, + P101,2,) — qu € H® (S) for s' < s;

Thus Fi ; has higher regularity and the expansion can be continued using Theorem 1. The function vy ; is
a new singular function that arises from the presence of the lower order terms. One has vy € H*(S) for
s < s+ 1.

Proceeding along the lines sketched above, it would be possible to develop a corner singularity expansion
for the solution of (1) plus the associated bounds on w. Instead, an alternate approach is developed, which
relys on the assumption that the coefficients in the operator L are constant. We will find a function (; such
that L(; = 0 near the origin, (; = 0 on I, and A(—~A(;) = 1. Using the function ¢; for example, we can
define u; by the decomposition u = AY(F)(; + uy. Then AY(—Awuy) =0, but now Luy = f — AY(F)L{; has
the same regularity as f, so the expansion can be continued without recourse to an extra singular function
as v11.

To find such functions (;, make the substitution u = e(P1®1+222)/2; " Then Lu = [-Az + (¢ + 3 (p} +
p3))z]ePra1tP222)/2 50 if Ly = 0 then z satisfies

—Az+ (g + (0 +p3))z = 0.
Set k? = g+ 1(p? + p3). If 2 is a function of the form z(z,y) = R(r)sin jad we obtain
Lu = —eP1a1+p222)/2(\[L R) sin jad),
where the differential operator Mj is defined by
M;R=R"+r'R — (j2°® + kK*r*)r*R.
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Thus, to find functions u with Lu = 0, we select functions R with M;R = 0. Noting that R(r) = I;o(kr) or
R(r) = K4 (kr) solves this equation, we see that the functions

(6a) u = e(p”ler”z)/QIja(kr) sin jad,

(6b) u = ePr@1FP2E) /2| (k) sin jad),
satisfy Lu = 0. Regarding I, and Kj, recall that

Lio(t) ~ A7 + OV Ko (t) ~ Bt + O =7+ for ¢ small,
(7) Lia(t) ~t7 e, Kjo(t) ~t~ e, for t large.

The numbers A;, B; are given in [AS, (9.6.7), (9.6.9)].
To define our singular function ¢, let ¢; be a smooth function such that ¢; = 01in (0,1) and ¢;(r) =0

outside (0,2). An additional condition on ¢, is given below. Let R;(r) satisfy the two point boundary value

problem
M;R; =1;(r), R;j(0) =0, Rj(r) — 0asr — oo.
Let
(8) G(a,y) = ePrortP2r2) 2R (r) sin jod
SO
(9) LC] — _ie(Plil-i-Pzzz)/Qw(,r) sinja@.

Since ¢ = 0 near 7 = 0, R;(r) ~ Ljo(kr) so

(10a) ¢~ 1 nearr =0.

Since ¢ = 0 near r = 0o, R;(r) ~ Kjq(kr) so

(10b) ¢ ~rtexp {— ([q + i(p% + p2)r)/? — L(p1y +p2x2))} near r = oo.

Note that the function 7% € H*(S) if and only if s < 8+ 1. Hence, using (10a) and (10b), ¢; € H*(S)
if and only if s < jo+ 1 = s;, which conforms with the assertion of Theorem 2.2.1;3 regarding v;. Since
—A( = L — p1Gje, — P2z, — qC; and L(; is smooth, —A(; € H*(S) for s < s; — 1. Hence A} (—A(;)
is well-defined. To calculate A}(—A(;), we use the formula (2.2.1;17b). This formula requires the Taylor
polynomial of degree |jo| —2 of —A(;. Since L{; = 0 near r = 0, its Taylor polynomial is zero. From (10a)
it is seen that the Taylor polynomials of (;, (j »,, and (j ., are zero. Hence the Taylor polynomial of —A(;
is zero and we have

(11) AN (=AgG) = jiﬂ//s(fACj)r*ja sin jafdz.
We now assert that
(12) Aj(=AG) = %Cj // (L¢;)el—Pm—P2a2)/2 [¢. (k) sin jafdz,
S
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where C; = k:j“B;1 and Bj is the constant occuring in (7). In the proof of (12) we use the adjoint operator
L*, defined by
L*u = —Au — p1ug, — patz, + qu.

To show (12) write Aj(=AG) = Aj(LG = PiGjer = P2Gas = 46) = Ai(LG) = Aj(01GGa0 + P2Gjan + 4G)-
Also, define K (z,y) = e(~P1#17P222)/2 [, (kr). We must show that

// L¢{r~7*sinjad — ij( sin jaf}dx
(13) °
= // r~7%sin jab(p1je, + P2Cj 2. + q¢5)de.
s
For this we write
// L¢{r™7sin jaf — O K sin jaf}dx
5
= ;in(l) // L {r—7*sinjaf — C'jf( sin jaf}dx
= lim / AL (9% sin jaf) — C;L* (K sin jad)})dz
— (%iH(l)/ Cir{r~7%sinjal — C; K sin jad}ddo
—VJr=6§
—|—§in})/ ¢i{—jar=* tsin jaf — C; K, sin jah}ddo
—YVJr=4

— ;in%) (p1 cos 0 + pasin 0)¢;{r 7 sin jaf — C'jf( sin jaf}ddo.
—VJr=§

As in the calculation that leads to (6a,b), one sees that L*(K sin jaf}) = 0. Also, using (7) we see that the

integrals over r = ¢ tend to zero as 6 — 0. We therefore get

// LCj{T_jO‘ sin jaf — CjK' sin jal }dx
s

= lim / G L*(r~7%sinjafd)dz.
6—0 s¢

Since r~sin ja# is a harmonic function L*(r=7®sinjaf) = —p1(r~/*sinjad),, — pa(r=7sinjab),, +
gr—7sin jod. Hence
// L¢{r ™7 sin jaf — O K sin jab}dx
5

= ;iII(l) // CG{—p1(r~7sinjad),, — p2(r~7*sinjab),, + qr 7" sin jab)}dx

= (}irr(l)// (P1Gjr + P2Cjiz + C5) (177 sin jal)dx

+ ;iIr(l)/ (p1n1 + pan2)¢r 7% sin jah)ddo.
—VJr=6

Again it is seen that the integral over r = § tends to zero as § — 0. This completes the proof of (13), and
hence of (12).
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Using (12) we have

(14) Aj(—AG) = — // V(1)K jo (kr) sin® jafdz.

The function 1; is chosen so that the integral in (14) is non-zero, and is normalized so that

(15) // ¥ (r) Ko (kr) sin® jafde = 4jmC; .

Then A;(—Ag;) =1.

Theorem 1. There are linear functionals Ay ; and functions (;, j = 1,2, ---, with the following properties.
(i) AL ; is a bounded linear functional on H*~2(S) for s > s;, but not for s < s;. (ii) ¢; € H*(S) N H(S)
for s < s; but not for s > s;. Also (; is smooth everywhere except at the origin, L(; = 0 in a neighborhood
of the origin, and L(; = 0 for large r. (iii) If s; < s < sj41, f € H*"2(S) and u = Af, then

J
(16) wj=u—Y ApLi(f)G € H(S), with |uj]ls < C[f]|s=2-

In case so < s < s1, u € H*(S).

Proof. The proof is given in a series of steps.

(a). Let x be a smooth function which is = 1 in a neighborhood of the origin and = 0 for » > 1. Since
u e HYS), yu € H(S) and L(xu) € H™"(~20)(8). Hence NL(xu) € H™"(-20)(8). Lemma 1 implies
that xu € H*(S). Since (1 — x)u solves an elliptic problem on a smooth domain, it can be shown that
(1 —x)u € H*(S). Hence u € H*(S). This gives the decomposition (16) in the case j = 0.

(b). Suppose that s1 < s < s5. From (a), u € H* (S) for any s’ < s;. Hence yu € H* (S). Hence
F = NL(xu) € H¥~2(S) for any s’ < s;+1. Pick a number s’ > s; with s’ < min(s, s; +1, s3). Then A (F)
is well-defined. We define Ar 1(f) = A1(F). Let uf = xu — Ap1(f)¢. Then Ap 1 (Luf) = A(—Auj) =0
so from Theorem 2.1.1;3, ut € H* (S). Also Luf € H* %(S). Applying Lemma 1, ui € H*(S). Since
(1 — x)u solves an elliptic problem on a smooth domain, it can be shown that (1 — x)u € H*(S). Setting
ur = uj + (1 — x)u, we have u = Ap 1(f)(1 + v with u; € H*(S). This gives the decomposition (16) in the
case j = 1.

(c) We use an argument by induction and a recursive definition of the linear functionals. Suppose the
linear functionals Ar, ; have been defined for ¢ < j. Let s; < s < 5541, let f € H*=2(S9), and let u be the
solution of (la,b). By induction, we may write v = Z{:—ll Ar(f)G + uj—1 with u;_, € H¥(S) for any
s’ < sj_1. Hence yuj_; € H*(S). Hence F = NL(xu;j_1) € H¥~2(S) for any &' < s;_1 + 1. Pick a
number s’ > s;_1 with s’ < min(s,s;_1 +1,s2). Then A;(F) is well-defined. We define Ay ;(f) = A;(F).
Let u} = xuj—1 — Az ;(f)(;. Then Ap ;(Lu}) = Aj(—Au}) = 0 so from Theorem 2.1.1;3, u} € H%(8).
Also Luj € H*7?(S). Applying Lemma 1, u]
a smooth domain, it can be shown that (1 — x)u;—1 € H*(S). Setting u; = u} + (1 — x)uj—1, we have
u=Ar;(f){; + u; with u; € H*(S). This gives the decomposition (16) in the general case. m

€ H*(S). Since (1 — x)uj—1 solves an elliptic problem on
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It is of interest to give a formula for the constant K(s,e) and the norm of the linear functional ||A;]|.
This is done in the following lemma.

Lemma 2. Let u € H*"?(S) N H}(S) and suppose that u =0 in S§. Then
(15) [ullsre < K(s,€) || Lulls

where K (s,¢) = Ce™*73/2. Also

(16) A5 (NI < Ce™ 720 £l

Proof. Let f = Lu, F = —Au = e~ '(f — p» — qu). Since u € H3T2(S), Aj(F) = — for [ = 1,2, -, % * *x,
so we have from Lemma 1,
[ulls+2 < e (I flls + Crllullsta)-

Since s +1=0(s+2) + (1 — ) with § = s/(s+ 1) an interpolation inequality gives
ulls+1 < Collullyollull; ™
Note the inequality a?b'=? < a + b. Hence
ab = (51/90)0 . (5~ 1/(-0p)1=0 < §1/0q 4 5=1/(1=0)p,
Applying this with a = ||u||st2, b = ||ul/1, we obtain
lalldallulli ™ < 8 ullsa + 6707 fully

SO
[ullss1 < 80 Calullsqz + D Colluly

SO
Jullsrz < eI flls + 6% CLCollul sy + 67 DT OL o lul;.

Choosing 8 so that 6/%=1C,Cy = % we obtain
[ullsr2 < 267 flls + Cae™ = lul|1.

From an energy inequality and the fact that u = 0 outside S; one obtains |lu||; < Cse™2||f|lo. We therefore
have
lulls+2 < 267 Y| flls + Cse™"2*|| llo-

which proves (15).
To show (16) we write

IA; () = [A;(Fy)|
< Ce Ml flls,+s + llglls, +1—0]
< Cre Y1 fllsy 45 + €72 £l 46)- [using (15)]

Next we consider the problem
(17) Nu:=—-Au+qu=finS, u=0onT.
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In this case, € = 1, k2 = 4q,
M;R =1r*R"+rR + (j°a® + 4¢r*)R,

and ¢ = R;(r)sinja#. We ask: can the condition of Theorem 2, that u = 0 outside Sf, be removed? To
investigate this, consider the transformation of independent variable

T =ax, y=ay, r=ar, ﬂ(‘i’ag) = U((E,y), f(‘i.7g) = f(m>y)
so Au = a?Ad, so (15) implies that

(18) Ni:=—-Au+a?qi=a"2f, u=0onT.

Suppose u =0 for r > 1, so u =0 for 7 > a. Let (; be a non-normalized singular function for the problem
(17). Let (F) = lr), C;(F) = ¢;(r). Tt is then seen from (11) that

PR} + TR, + (j20® + 4qa*F*)R = ¢, R;(0) =0, R;(p) — 0 as ¥ — oo.

Therefore the function ¢  satisfies

The decomposition

J
(19) u=_a;iG+uj, [lujllsras, < KOs,
=1

then becomes
j —_
(20) w=Ya;(+ ;.

To estimate the remainder %; we note the formulas

// \DS+2uj\2d:17dy:a2(5+2)a72// |DS+2ﬂj|2d.’fd’y7
S S
// |Dsf\2dxdy:a25a_2// |D* f|?dzdy.
S S

Hence the estimate for u; in (19) becomes

// |D¥"24; ) dzdy = a=**~*a*a**a™? // |D* f|*dzdy
S S
:a_4// |D* f|?dzdy
S
— [ [[1D°(@ 27 Pdadg
S

Thisis the appropriate estimate for the decomposition (20).
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