
4 The equation with lower order terms – constant coefficients

In earlier sections we have derived a singularity expansion for the operator −∆. We now consider a
problem with lower order terms. Thus, we shall consider in a sector S the problem

Lu : = −∆u+ p1ux1 + p2ux2 + qu = f, in S,(1a)

u = 0 on Γ.(1b)

Our procedure will be to put the lower order terms on the right side of the equation and then apply the results
of the earlier analysis. However the new right hand side now has some singularities, because it depends on
the solution which has singularities. This introduces extra singular functions into the singularity expansion
of the solution of (1a,b). In the case of constant coefficients, which is the case considered in this section, an
alternate procedure can be used which eliminates the need for these extra functions. The present section
describes this, while the following section considers the case of lower order terms with variable coefficients.

In this section, we consider the problem (1a,b) with the assumptions that p1, p2, and q are constants
with q > 0. Using the fact that q > 0, an energy argument shows that if f ∈ L2(S) or H−1(S), then (1a,b)
has a weak solution u ∈ H1

0 (S). We denote by A : f 7→ u the solution operator to the problem (1a,b). A is
a bounded map from H−1(S) to H1

0 (S). Our approach is to write the problem in the form

−∆u = F := f − p1ux1 − p2ux2 − qu, in S,(2a)

u = 0 on Γ(2b)

and then apply Theorem 2.2.1;3. We let N denote the operator N : f 7→ F .
Theorem 2.1.1;3 requires that u vanish for r ≥ 1. In the problem (1a,b), any solution belongs to H1

0 (S).
This fact will allow us to remove the condition that u vanish for r ≥ 1.

We recall some notations connected with Theorem 2.2.1;3. Let sj = jα + 1. Thus, (sj − 1)/α = j, for
j = 1, 2, · · ·, so the sj are the exceptional values that occur in the singularity expansion of −∆. Set s0 = 1.
For a number s with (s− 1)/a 6= integer, let

J(s) = max{j : jα < s− 1}.

The presence of singularities in the solution of (2a,b) is governed by certain linear functionals of the data.
Since the boundary data in (2b) has been taken to be 0, one needs only the linear functionals Λ′′j (F ) defined
in (2.2.1;17b). The linear functional Λ′′j (F ) is well-defined and provided F ∈ Hs−2(S) with s > sj . The
following lemma will prove convenient in the analysis of (1).

Lemma 1. Let s and t satisfy 1 < t < s. Suppose sk < s < sk+1, sj < t < sj+1 for some integers j ≥ 0
and k ≥ j. Let f ∈ Hs−2(S), and let u be the solution of (1a,b). Suppose u vanishes outside S1. If j < k,

then u ∈ Hs′
(S) for any s′ < sj+1. If j = k, then u ∈ Hs(S).

Proof. Suppose first that j < k. Since u ∈ Ht(S), |∇u| ∈ Ht−1(S) so −∆u = F ∈ Ht−1(S). There
are now two possibilities. If t − 1 > sj+1 − 2 then F ∈ Hs′−2(S) for any s′ < sj+1. If t − 1 ≤ sj+1 − 2,
then t − 1 < s − 2, so F ∈ Ht−1(S). In either case, if k ≥ 1, the linear functionals Λ′′l (F ) are well
defined for l = 1, · · · , j. Since u ∈ Ht(S) with t > sj one concludes from Theorem 2.2.1;3 that if j ≥ 1
Λ′′1(F ) = · · · = Λ′′j (F ) = 0. Hence, again from Theorem 2.2.1;3,

u ∈ Hs′
(S) for s′ < s, if t− 1 > sj+1 − 2,

u ∈ Ht+1(S) if t− 1 ≤ sj+1 − 2.
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In the first case the proof is complete. In the second case we repeat the argument with t replaced by t+ 1,
and eventually we conclude that u ∈ Hs′

(S) for any s′ < sj+1.
Now suppose that j = k. Thus, sk < t < s < sk+1. We argue as above, but in this case, the regularity

in u cannot be increased beyond s, so we obtain u ∈ Hs(S).

We now apply the lemma. Suppose f ∈ Hs(S) for some large value of s. The solution u ∈ H1(S). From
Lemma 1 with t = 1 we conclude that

(3) u ∈ Hs′
(S), F ∈ Hs′−1(S), for s′ < s1

Suppose for convenience that the sector S is convex. This means that ω < π, α > 1, and s1 = α + 1 > 2.
Also one sees that s1 + 1 < s2. Using Theorem 2.2.1;3 we write

(4) u = Λ′′1(F )v1 + u1 with u1 ∈ Hs′
(S) for s′ < s1.

Inserting this decomposition of u into the formula for F , we obtain

(5) F = f − p1u1,x1 − p2u1,x2 − p1Λ′′1(F )v1,x1 − p2Λ′′1(F )v1,x2 − qu.

We see that there are two terms in the right side of (5) that are in Hs′−1(S), namely the terms involving
v1,x1 and v1,x2 . To continue to a higher order expansion, these terms must be removed. For this we pick a
function v1,1 ∈ H1

0 (S) such that −∆v1,1 = χ(p1v1,x1 +p2v1,x2), where χ is a smooth function which vanishes
for r > 1 and which is = 1 in a neighborhood of the origin. Then u1,1 = u− Λ′′1(F )v1,1 satisfies

−∆u1,1 = F1,1 := f − p1u1,x1 − p2u1,x2 − (1− χ)(p1v1,x1 + p1v1,x1)− qu ∈ Hs′
(S) for s′ < s1

Thus F1,1 has higher regularity and the expansion can be continued using Theorem 1. The function v1,1 is
a new singular function that arises from the presence of the lower order terms. One has v1,1 ∈ Hs(S) for
s < s1 + 1.

Proceeding along the lines sketched above, it would be possible to develop a corner singularity expansion
for the solution of (1) plus the associated bounds on u. Instead, an alternate approach is developed, which
relys on the assumption that the coefficients in the operator L are constant. We will find a function ζj such
that Lζj = 0 near the origin, ζj = 0 on Γ, and Λ′′j (−∆ζj) = 1. Using the function ζ1 for example, we can
define u1 by the decomposition u = Λ′′1(F )ζ1 + u1. Then Λ′′1(−∆u1) = 0, but now Lu1 = f − Λ′′1(F )Lζ1 has
the same regularity as f , so the expansion can be continued without recourse to an extra singular function
as v1,1.

To find such functions ζj , make the substitution u = e(p1x1+p2x2)/2z. Then Lu = [−∆z + (q + 1
4 (p2

1 +
p2
2))z]e

(p1x1+p2x2)/2, so if Lu = 0 then z satisfies

−∆z + (q + 1
4 (p2

1 + p2
2))z = 0.

Set k2 = q + 1
4 (p2

1 + p2
2). If z is a function of the form z(x, y) = R(r) sin jαθ we obtain

Lu = −e(p1x1+p2x2)/2(MjR) sin jαθ,

where the differential operator Mj is defined by

MjR = R′′ + r−1R′ − (j2α2 + k2r2)r−2R.
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Thus, to find functions u with Lu = 0, we select functions R with MjR = 0. Noting that R(r) = Ijα(kr) or
R(r) = Kjα(kr) solves this equation, we see that the functions

u = e(p1x1+p2x2)/2Ijα(kr) sin jαθ,(6a)

u = e(p1x1+p2x2)/2Kjα(kr) sin jαθ,(6b)

satisfy Lu = 0. Regarding Ijα and Kjα recall that

(7)

Ijα(t) ∼ Ajt
jα +O(t(j+1)α), Kjα(t) ∼ Bjt

−jα +O(t(−j+1)α), for t small,

Ijα(t) ∼ t−1et, Kjα(t) ∼ t−1e−t, for t large.

The numbers Aj , Bj are given in [AS, (9.6.7), (9.6.9)].
To define our singular function ζj , let ψj be a smooth function such that ψj = 0 in (0, 1) and ψj(r) = 0

outside (0, 2). An additional condition on ψj is given below. Let Rj(r) satisfy the two point boundary value
problem

MjRj = ψj(r), Rj(0) = 0, Rj(r) → 0 as r →∞.

Let

(8) ζj(x, y) = e(p1x1+p2x2)/2Rj(r) sin jαθ

so

(9) Lζj = − 1
4e

(p1x1+p2x2)/2ψ(r) sin jαθ.

Since ψ = 0 near r = 0, Rj(r) ∼ Ijα(kr) so

(10a) ζj ∼ rjα near r = 0.

Since ψ = 0 near r = ∞, Rj(r) ∼ Kjα(kr) so

(10b) ζj ∼ r−1 exp
{
−

(
[q + 1

4 (p2
1 + p2

2)r]
1/2 − 1

2 (p1x1 + p2x2)
)}

near r = ∞.

Note that the function rβ ∈ Hs(S1) if and only if s < β + 1. Hence, using (10a) and (10b), ζj ∈ Hs(S)
if and only if s < jα + 1 = sj , which conforms with the assertion of Theorem 2.2.1;3 regarding vj . Since
−∆ζj = Lζj − p1ζj,x1 − p2ζj,x2 − qζj and Lζj is smooth, −∆ζj ∈ Hs(S) for s < sj − 1. Hence Λ′′j (−∆ζj)
is well-defined. To calculate Λ′′j (−∆ζj), we use the formula (2.2.1;17b). This formula requires the Taylor
polynomial of degree bjαc− 2 of −∆ζj . Since Lζj ≡ 0 near r = 0, its Taylor polynomial is zero. From (10a)
it is seen that the Taylor polynomials of ζj , ζj,x1 , and ζj,x2 are zero. Hence the Taylor polynomial of −∆ζj
is zero and we have

(11) Λ′′j (−∆ζj) =
1
jπ

∫ ∫
S

(−∆ζj)r−jα sin jαθdx.

We now assert that

(12) Λ′′j (−∆ζj) =
−1
jπ
Cj

∫ ∫
S

(Lζj)e(−p1x1−p2x2)/2Kjα(kr) sin jαθdx,
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where Cj = kjαB−1
j and Bj is the constant occuring in (7). In the proof of (12) we use the adjoint operator

L∗, defined by
L∗u := −∆u− p1ux1 − p2ux2 + qu.

To show (12) write Λj(−∆ζj) = Λj(Lζj − p1ζj,x1 − p2ζj,x2 − qζj) = Λj(Lζj) − Λj(p1ζj,x1 + p2ζj,x2 + qζj).
Also, define K̃(x, y) = e(−p1x1−p2x2)/2Kjα(kr). We must show that

(13)

∫ ∫
S

Lζj{r−jα sin jαθ − CjK̃ sin jαθ}dx

=
∫ ∫

S

r−jα sin jαθ(p1ζj,x1 + p2ζj,x2 + qζj)dx.

For this we write∫ ∫
S

Lζj{r−jα sin jαθ − CjK̃ sin jαθ}dx

= lim
δ→0

∫ ∫
Sc

δ

Lζj{r−jα sin jαθ − CjK̃ sin jαθ}dx

= lim
δ→0

∫ ∫
Sc

δ

ζj{L∗(r−jα sin jαθ)− CjL
∗(K̃ sin jαθ)})dx

− lim
δ→0

∫
r=δ

ζj,r{r−jα sin jαθ − CjK̃ sin jαθ}δdθ

+ lim
δ→0

∫
r=δ

ζj{−jαr−jα−1 sin jαθ − CjK̃r sin jαθ}δdθ

− lim
δ→0

∫
r=δ

(p1 cos θ + p2 sin θ)ζj{r−jα sin jαθ − CjK̃ sin jαθ}δdθ.

As in the calculation that leads to (6a,b), one sees that L∗(K̃ sin jαθ}) = 0. Also, using (7) we see that the
integrals over r = δ tend to zero as δ → 0. We therefore get∫ ∫

S

Lζj{r−jα sin jαθ − CjK̃ sin jαθ}dx

= lim
δ→0

∫ ∫
Sc

δ

ζjL
∗(r−jα sin jαθ)dx.

Since r−jα sin jαθ is a harmonic function L∗(r−jα sin jαθ) = −p1(r−jα sin jαθ)x1 − p2(r−jα sin jαθ)x2 +
qr−jα sin jαθ. Hence∫ ∫

S

Lζj{r−jα sin jαθ − CjK̃ sin jαθ}dx

= lim
δ→0

∫ ∫
Sc

δ

ζj{−p1(r−jα sin jαθ)x1 − p2(r−jα sin jαθ)x2 + qr−jα sin jαθ)}dx

= lim
δ→0

∫ ∫
Sc

δ

(p1ζj,x1 + p2ζj,x2 + qζj)(r−jα sin jαθ)dx

+ lim
δ→0

∫
r=δ

(p1n1 + p2n2)ζjr−jα sin jαθ)δdθ.

Again it is seen that the integral over r = δ tends to zero as δ → 0. This completes the proof of (13), and
hence of (12).
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Using (12) we have

(14) Λj(−∆ζj) =
1

4jπ
Cj

∫ ∫
S

ψj(r)Kjα(kr) sin2 jαθdx.

The function ψj is chosen so that the integral in (14) is non-zero, and is normalized so that

(15)
∫ ∫

S

ψj(r)Kjα(kr) sin2 jαθdx = 4jπC−1
j .

Then Λj(−∆ζj) = 1.

Theorem 1. There are linear functionals ΛL,j and functions ζj , j = 1, 2, · · ·, with the following properties.

(i) ΛL,j is a bounded linear functional on Hs−2(S) for s > sj , but not for s ≤ sj . (ii) ζj ∈ Hs(S) ∩H1
0 (S)

for s < sj but not for s ≥ sj . Also ζj is smooth everywhere except at the origin, Lζj = 0 in a neighborhood

of the origin, and Lζj = 0 for large r. (iii) If sj < s < sj+1, f ∈ Hs−2(S) and u = Af , then

(16) uj := u−
j∑

l=1

ΛL,l(f)ζl ∈ Hs(S), with ‖uj‖s ≤ C‖f‖s−2.

In case s0 < s < s1, u ∈ Hs(S).

Proof. The proof is given in a series of steps.
(a). Let χ be a smooth function which is ≡ 1 in a neighborhood of the origin and ≡ 0 for r ≥ 1. Since

u ∈ H1(S), χu ∈ H1(S) and L(χu) ∈ Hmin(s−2,0)(S). Hence NL(χu) ∈ Hmin(s−2,0)(S). Lemma 1 implies
that χu ∈ Hs(S). Since (1 − χ)u solves an elliptic problem on a smooth domain, it can be shown that
(1− χ)u ∈ Hs(S). Hence u ∈ Hs(S). This gives the decomposition (16) in the case j = 0.

(b). Suppose that s1 < s < s2. From (a), u ∈ Hs′
(S) for any s′ < s1. Hence χu ∈ Hs′

(S). Hence
F = NL(χu) ∈ Hs′−2(S) for any s′ < s1 +1. Pick a number s′ > s1 with s′ < min(s, s1 +1, s2). Then Λ1(F )
is well-defined. We define ΛL,1(f) = Λ1(F ). Let u∗1 = χu − ΛL,1(f)ζ1. Then ΛL,1(Lu∗1) = Λ1(−∆u∗1) = 0
so from Theorem 2.1.1;3, u∗1 ∈ Hs′

(S). Also Lu∗1 ∈ Hs−2(S). Applying Lemma 1, u∗1 ∈ Hs(S). Since
(1 − χ)u solves an elliptic problem on a smooth domain, it can be shown that (1 − χ)u ∈ Hs(S). Setting
u1 = u∗1 + (1− χ)u, we have u = ΛL,1(f)ζ1 + u1 with u1 ∈ Hs(S). This gives the decomposition (16) in the
case j = 1.

(c) We use an argument by induction and a recursive definition of the linear functionals. Suppose the
linear functionals ΛL,i have been defined for i < j. Let sj < s < sj+1, let f ∈ Hs−2(S), and let u be the
solution of (1a,b). By induction, we may write u =

∑j−1
l=1 ΛL,l(f)ζl + uj−1 with uj−1 ∈ Hs′

(S) for any
s′ < sj−1. Hence χuj−1 ∈ Hs′

(S). Hence F = NL(χuj−1) ∈ Hs′−2(S) for any s′ < sj−1 + 1. Pick a
number s′ > sj−1 with s′ < min(s, sj−1 + 1, s2). Then Λj(F ) is well-defined. We define ΛL,j(f) = Λj(F ).
Let u∗j = χuj−1 − ΛL,j(f)ζj . Then ΛL,j(Lu∗j ) = Λj(−∆u∗j ) = 0 so from Theorem 2.1.1;3, u∗j ∈ Hs′

(S).
Also Lu∗j ∈ Hs−2(S). Applying Lemma 1, u∗j ∈ Hs(S). Since (1 − χ)uj−1 solves an elliptic problem on
a smooth domain, it can be shown that (1 − χ)uj−1 ∈ Hs(S). Setting uj = u∗j + (1 − χ)uj−1, we have
u = ΛL,j(f)ζj + uj with uj ∈ Hs(S). This gives the decomposition (16) in the general case.
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**********************
It is of interest to give a formula for the constant K(s, ε) and the norm of the linear functional ‖Λ̃j‖.

This is done in the following lemma.

Lemma 2. Let u ∈ Hs+2(S) ∩H1
0 (S) and suppose that u = 0 in Sc

1. Then

(15) ‖u‖s+2 ≤ K(s, ε)‖Lu‖s

where K(s, ε) = Cε−s−3/2. Also

(16) |Λ̃j(f)| ≤ Cε−sj−3/2+δ‖f‖sj+δ.

Proof. Let f = Lu, F = −∆u = ε−1(f − px − qu). Since u ∈ Hs+2(S), Λl(F ) = − for l = 1, 2, ·, ∗ ∗ ∗∗,
so we have from Lemma 1,

‖u‖s+2 ≤ ε−1(‖f‖s + C1‖u‖s+1).

Since s+ 1 = θ(s+ 2) + (1− θ) with θ = s/(s+ 1) an interpolation inequality gives

‖u‖s+1 ≤ C2‖u‖θ
s+2‖u‖1−θ

1 .

Note the inequality aθb1−θ ≤ a+ b. Hence

ab = (δ1/θa)θ · (δ−1/(1−θ)b)1−θ ≤ δ1/θa+ δ−1/(1−θ)b.

Applying this with a = ‖u‖s+2, b = ‖u‖1, we obtain

‖u‖θ
s+2‖u‖1−θ

1 ≤ δ1/θ‖u‖s+2 + δ−1/(1−θ)‖u‖1

so
‖u‖s+1 ≤ δ1/θC2‖u‖s+2 + δ−1/(1−θ)C2‖u‖1

so
‖u‖s+2 ≤ ε−1‖f‖s + δ1/θε−1C1C2‖u‖s+2 + δ−1/(1−θ)ε−1C1C2‖u‖1.

Choosing δ so that δ1/θε−1C1C2 = 1
2 we obtain

‖u‖s+2 ≤ 2ε−1‖f‖s + C3ε
−1−s‖u‖1.

From an energy inequality and the fact that u = 0 outside S1 one obtains ‖u‖1 ≤ C4ε
−1/2‖f‖0. We therefore

have
‖u‖s+2 ≤ 2ε−1‖f‖s + C5ε

−3/2−s‖f‖0.

which proves (15).
To show (16) we write

|Λ̃j(f)| = |Λj(Fj)|

≤ Cε−1[‖fj‖sj+δ + ‖uj‖sj+1−δ]

≤ C1ε
−1[‖f‖sj+δ + ε−sj−1/2+δ‖f‖sj+δ]. [using (15)]

Next we consider the problem

(17) Nu := −∆u+ qu = f in S, u = 0 on Γ.
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In this case, ε = 1, k2 = 4q,
MjR = r2R′′ + rR′ + (j2α2 + 4qr2)R,

and ζ∗j = Rj(r) sin jαθ. We ask: can the condition of Theorem 2, that u ≡ 0 outside Sc
1, be removed? To

investigate this, consider the transformation of independent variable

x̄ = ax, ȳ = ay, r̄ = ar, ū(x̄, ȳ) = u(x, y), f̄(x̄, ȳ) = f(x, y).

so ∆u = a2∆̄ū, so (15) implies that

(18) N̄ ū := −∆̄ū+ a−2qū = a−2f̄ , ū = 0 on Γ.

Suppose u ≡ 0 for r ≥ 1, so ū ≡ 0 for r̄ ≥ a. Let ζ∗j be a non-normalized singular function for the problem
(17). Let ψ̄(r̄) = ψ(r), ζ̄∗j (r̄) = ζ∗j (r). It is then seen from (11) that

r̄2R̄′′j + r̄R̄′j + (j2α2 + 4qa−2r̄2)R̄ = ψ̄, R̄j(0) = 0, R̄j(ρ) → 0 as r̄ →∞.

Therefore the function ζ̄∗j satisfies

−∆̄ζ̄∗j + a−2qζ̄∗j = −ψ̄(r̄) sin jαθ.

The decomposition

(19) u =
j∑

l=1

ajζj + uj , ‖uj‖s+2,Sb
≤ K(b)‖f‖s,

then becomes

(20) ū =
j∑

l=1

aj ζ̄j + ūj .

To estimate the remainder ūj we note the formulas∫ ∫
S

|Ds+2uj |2dxdy = a2(s+2)a−2

∫ ∫
S

|D̄s+2ūj |2dx̄dȳ,

∫ ∫
S

|Dsf |2dxdy = a2sa−2

∫ ∫
S

|D̄sf̄ |2dx̄dȳ.

Hence the estimate for uj in (19) becomes∫ ∫
S

|D̄s+2ūj |2dx̄dȳ = a−2s−4a2a2sa−2

∫ ∫
S

|D̄sf̄ |2dx̄dȳ

= a−4

∫ ∫
S

|D̄sf̄ |2dx̄dȳ

=
∫ ∫

S

|D̄s(a−2f̄)|2dx̄dȳ.

Thisis the appropriate estimate for the decomposition (20).
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