3 Decomposition of the solution in a polygon

The equation —Au = f is considered in a polygonal domain ) with either a Dirichlet condition or
a Neumann condition imposed on each side of the boundary. An expansion of the solution into a sum of
singular functions plus a smooth remainder is given. As a consequence, the solution has a certain smoothness
if and only if certain linear functionals vanish. A priori inequalities for the remainder and the coefficients of
the expansion are given. The result is a consequence of the results given for boundary value problems on a
sector in §§11.2.2, 11.2.3, and 11.2.4.

Let Q be a plane domain with polygonal boundary I". We require some notation. Let the sides of €
be I'y,---,T'as, and let the vertices be Pj,--- Py, arranged in a counterclockwise order with P, and P4
the two vertices of T'j, so I'; and T';_; are the two sides emanating from P,. Let n; = [nj1,n2] denote the
outward pointing normal vector to side I';, and let w; denote the interior angle of I' at P, measured in a
counterclockwise direction from I'; to I';_;. We assume that 0 < w; < 27. Thus, the case of a slit domain
(w; = 2m) is included. Let d; be the length of T';, and let dpi, = min; dj, dmax = max; d;. These quantities
are shown in the figure.

Py

If g is a function on T, let g; denote the restriction of g to the side T';, and write g = {g;}. We also
consider g; as being defined on the interval [0, d;], with g;(0) = ¢;(F;) and ¢;(d;) = ¢i(Pi4+1). We let y; denote
the trace map associated with the side I';; thus, y;u = ¢; denotes the restriction of u to the side I';. w, is
the outward pointing normal derivative of u. Thus, on the side I';, u,, = yn; - Vu. Let (r,0;) denote polar
coordinates centered at the vertex P;, with I'; lying on 6; = 0 and therefore with I';_; lying on 0; = w;. If
w; = 27, the domain includes a slit, and P; is the tip of the slit. If w; = 7, the vertex P, lies in the interior
of a side of €2, but there is a possible change of boundary condition or a jump in the boundary data at P,.

Let M ={1,---, M} denote the first M integers, partitioned into two subsets, M = Mp U My, with
Mp N My = 0. We consider the mixed boundary value problem

(la) —Au= fin Q,
(1d) u=g only, € Mp,
(1e) Dpu=honly, leMpy.

If My =0, (3.1) is the Dirichlet problem. If Mp = ), (3.1) is the Neumann problem, and in order to have
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a solution the data f,h must satisfy the compatibility condition [ [, dz + [ hds = 0. We say that a vertex
P, is of Dirichlet type if [,1 — 1 € Mp; P, is of Neumann type if [, — 1 € My; P, is of mized type if P,
is neither of Dirichlet type or of Neumann type. We shall use the sector analysis given in the 3 preceding

sections. Thus, we set oy = w/w;, and we define Ji(s) by

Ti(s) — max{j : joy < s— 1}, P, is of Dirichlet or Neumann type,
i(s) = max{j : (j — %)al < s—1}, P is of mixed type,

and we let A;l) denote the linear functionals appropriate to the vertex P, as defined in one of the preceding
sections. We also need the singular functions associated with each vertex, which we write ”U](D. From the
preceding sections, these singular functions are given by the following formulas.

P, of Dirichlet type

v(l)(z) _ leal sin joy 0y, _ jag # integer,
J [0; cos jou0; + (Inry) sin jey 6]}, joy = integer.

P, of Neumann type

v(-l)(x _ rljo” cos jou by, 4 joy # integer,
J [0;sin jou 0 — (Inry) cos jaudy]r]™,  joy = integer.
Py of mized type withl € Mp,l—1€ My
G- . . 0 - -
v(-l)(x) _J)"N sin(j — 3)oubl, X (j — 5)au # integer,
j Ly
[0, cos(j — )by + (Inry) sin(j — %)alﬁl]rl(j 2) ', (j — 1)y = integer.
Py of mized type withl € My, l—1€ Mp
G- . 0 - -
SOy cos(j — 5)ouby, ) (J — 3)ou # integer,
j L .
[0, sin(j — )by + (Inry) cos(j — %)alﬁl]rl(j 2) oG- 3)ou = integer.

We need a data space for the problem (1). For s > 2 we define Y*(€2) to be the collection of triples
{f,g,h} where f € H*~2(Q2) and where

g={g e H*YX D)) :le Mp}, h={h € H3/*T)) : 1 € My},

and such that for each [ such that P, is a vertex of Dirichlet type, ¢;(0) = g;—1(d;j—1). We require a partition
of unity associated with the polygon I'. Let U; and V;, I = 1,---, M, be open sets with P, € U; CC V.
Suppose also that I' ¢ UV} and that V;NV,, = @ unless m = [4&1 mod M. Finally, suppose that U;NV,,, =0
for each | # m. Let x; € C§°(V;) with x; = 1 on and such that Ziw xi =1onT. Thus, x1, -, xum IS a
partition of unity on I'. We set I'g =1 — Ziw X1, so that xo € C§°(Q).

Theorem 1. Let s > 2. Suppose that (s — 1)/« # integer in the case that there is at least one vertex of
either Dirichlet or Neumann type, and 2(s — 1)/« # odd integer in the case that there is at least one vertex
of mixed type. Let {f,g,h} € Y*(Q), and let u € H*(Q) be a solution of (1) (u is unique unless Mp = 0).
Then

M Ji(s
2) u=>"S"AP{f. g} + W

=1 j=1

~

<
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where W € H®(Q) and satisfies the inequality

W lze @) < CI{S, 9, hHIxe

Proof. The proof is divided into a series of steps.

(i) From regularity theory for an elliptic equation in a smooth domain, we know that if Q' CC Q and
ifP g, 1=1,---,M, then u € H*(Y) and ||u||s,or < C||{f,g,h}||x:. The constant C depends on the
regions 2 and §'.

(ii) Let u; = x;u. Then

(3a) —Au; = fi = xif —ulAyx; — 2V Vu in Q,
Since up = 0 near I, (i) implies that ug € H*(2) and
(3) [luolls.0 < Cllfolls—2.0 < [{f, g9, h}|x--

(iii) Let S; denote the sector with apex at P, and whose sides are the rays obtained by extending I'; and
I';—1. The function w; vanishes outside 2\ S;, and without loss of generality it may be assumed that u; = 0
forr; > 1. If | € Mp, then u; = x;g; on I';. We have

) w =gy == xig on Ty, if L € Mp,
Dp,up = hél) = x1h + uDp,x; on Ty, if | € My,
u = gy) =xigi—ron Iy, if I =1 € Mp,

(3¢)

Dy, juj—1 = h(()l) =x1hi—1+uDp,_,xionTj_q, if Il —1€ Mpy.

Thus, w; satisfies the problem (3a,b,c) in S;. Evidently, if [ € Mp, then g(()l) € H*~'Y/2(I'})), and similarly, if
l—1¢e Mp, then gy) € H*~'Y/2(I',_,). If P, is a vertex of Dirichlet type, then g(()l)(()) =q(0) =g—1(di—1) =
ggl)(O), so the compatibility condition is satisfied and {fl.g(()l), gil)} € V3 (S)). If | € My, we note that Dy, x;
) = Iy near Pj. Far from P, wlp, € "2 (T;). Hence elliptic regularity implies that

. !
vanishes near P, so h(() loc

h(()l) € H*3/2(I'}). A similar reasoning applies if I — 1 € My. Hence, if P; is of Neumann type or mixed
type, the data belongs to the appropriate data space. Suppose, for example, that P, is a vertex of mixed
type, with [ € Mp, 1 —1 € My. Applying Theorem I1.2.4;2, we write

Jl(s)
u(@) =Y AP, B ol (@) + Wi, s — 1)
j=1

with W, € H*(Q2). We now define new functionals [\;l) on X*(Q) by

(4) APLE g 0 = AL f g8 1),

Assembling these results, we obtain (2). m
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