2.4 The equation —Au = f in a sector - mixed boundary conditions

This section treats the mixed problem

(la) —Auy =fin S,
(1d) u(z,0) =go(x), >0
Dyu(rcosw,rsinw) = — (sinw)u, (r cosw, rsinw)
(1c) + (cosw)uy(r cosw, rsinw) := hy(r), r > 0.

in a sector with angle w. The data {f, go,h1} is assumed to have a certain amount of regularity. There is
obtained an expansion of a weak solution of (1) into a set of singular functions plus a smooth remainder.

We shall use the data space Vj,(S) for the problem (1) defined in §II.1. That is, for s > 2, V35,(5) is
the set of all triples {f, go, h1} € H*"2(S) x H*"/2(R,) x H*73/2(R,). A function u € H'(S) is defined to
be a weak solution of (1) if u = gg on I'g and if u satisfies

//Vu-Vgpda:z/ hl(r)go(rcosw,Tsinw)dr—l—//f(pdx for o € H'(S) with ¢ = 0 on T'g.
S 0 S

We shall consider weak solutions which also satisfy

u(z) =0 for r = /a3 + a3 > 1.

If w # 71'/2 or w # 37‘1’/27 for any pair {go, hl} IS HS_1/2(R+) X Hs_3/2(R+>, there is a function H € HI(S)
such that H = gg on I'g and D, H = hj on I'y. Thus, there is no issue of incompatibility of the boundary data at 0
in these cases. If w = 7T/2, in order for there to be a function H € HS(S) such that H(x, 0) = 4o (:E) for £ > 0 and
—H, (0, y) =hy (y) for y > 0, the boundary data {go, hl} € Hs—1/2 (R+) x H5—3/2 (R+) must satisfy the compatibility

condition

o0
/ gl () + b () P < oo if 5 = 2,
0

96(0) = —hy(0) if s > 2.

Similar conditions hold in the case W = 371'/2. In this case, in order for there to be a function H € HS(S) such that
H(:c, O) = go(x) forx > 0 and H$(0, y) =hy (y) for y < 0, the boundary data {go, hl} S H571/2(R+) XH373/2(R+)

must satisfy the compatibility condition
o0
/ 7 Ygo () — hy(z)]Pdr < o0 if 5 = 2,
0

gh(0) = Ry (0) if 5 > 2.

As will be seen, the singular expansions will introduce singular functions to remove these incompatibilities in the boundary
data at the origin in the special cases W = 7T/2 and w = 371'/2.

Since u € H*(S) for 0 < s < 1, (¢, 0) is analytic in the half plane < 0. From Lemma II.1;5, @ = Ku
satisfies the two point boundary value problem

(2a) —ige(C, 0) + C2a(C,0) =f(¢C — 2i,0), n <0,
(2b) ﬁ(<7 0) :gO(C - i)? ’EL(va) = }ALI(C - i), n < 0.

The problem (2) can be solved exactly. The solution is given by the formula

) B o cosh {(w — ) sinh Cyp
0.0 = [ flc—2ip) REE TR g,
+ [ ic2i)

sinh (6 cosh {(w — @)
¢ cosh Cw

cosh {(w — 0)
cosh (w

sinh ¢6

+ 0(¢)
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Now suppose {f, go, h1} € V3,;(S) with s > 2. Suppose s # integer, and write s =n+o0 with 0 < o < 1.

Note that s — % =n+o— %, and -1 < o — % < 1. Hence n is the closest integer to s — 2. Since

2 2 2
go € H*~Y?(R,), from Theorem 1.2;6, §o(¢) has a meromorphic extension to the half plane n < s — 1 given
by
90(¢) = Ton-1(¢) + Ron-1(C),
where
Z g”(0) 1
= Vo prs Kl ¢ —ki’

TO,n 1

and where Royn,l(g‘) is analytic in n < s — 1 and is given by

Rona(©) = o= [ la5(0) = T (e ar.

Similarly, n — 1 is the closest integer to s — % Since hy € H*=3/%(R,), from Theorem 1.2;6, iLl(C) has a

meromorphic extension to the half plane < s — 2 given by

hi(C) = T1n—2(C) + Rin—2(C),
where (k)
] (0) 1
\ﬁ kzo k' ¢ — ki’

Tl,n 2(Q) =

and where Rlyn_Z(g) is analytic in n < s — 2 and is given by

Rlﬁn 2 C \/ﬂ/ Tln 2( )] 7iCTdT'

Finally, since f € H*~2(S), Theorem 1.4;6 implies that f (¢, 0) has a meromorphic extension to the half plane
n < s — 3 given by
f(C 0) n 3(< 9) +Rn 3(< 9)

where

—1 cos” §sin™ 6 1
>, —— DD f(0,0)] ——,
Vo o<k in k'm! ¢—(k+m)

and where Rn,g(g, 0) is analytic in { < s — 3 and is given by

Tn73(<—7 9) =

n 3(< T’ln 2(7’ 9)]671{7—6[7'.

9@/

Suppose s is chosen so that s # integer and 2(s — 1)/« # odd integer. Then the integrands in (3) are
finite on n = s—1, and are meromorphic in n < s—1, with poles at the points ;o = (j — %)ai, j=1,---,J(s)
and (o = ki, k=0,---,n — 1. Here we define

J(s) =max{j: (j — })a <s—1}.
For n < s—1, n # integer, 2n/a # odd integer, define a function w*(r,6,7n) by

. 1 O . ycosh((w—0)sinhCp ;e
wirtm =g [ fcoi g PRI g

1 Y . sinh¢fcosh((w —¢) o,
4 v [ fei TR P e
cosh ((w — 0) sinh ¢6

1 oo
+ — — hi(( —1)————
V21 /§=—oo Bol€ cosh (w V2m /5:_00 1(6 )Ccoswa
where the integral is taken on the line 3¢ = 1. The integrals in (4) are well defined by the conditions on s.

We define V*(7,0,n) = u*(7,0) — w*(7,60,n). As usual, we let V(z,n) and w(x,n) denote the corresponding
functions in the z-variable. The following lemma gives some properties of the decomposition u =V + w.

elTde + e de.
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Lemma 1. Suppose {f, go,h1} € Vi;(S) with s > 2, s # integer, 2(s — 1)/« # odd integer. Let u be the
solution of (1), and suppose u = 0 for r > 1. Then u(z) = V(z,s — 1) + w(z,s — 1) where w is given by
(4), and where V is the sum of the residues of the integrals in (4) arising from the poles of the integrands
in the strip 0 < 3¢ < s — 1. The functions V(x,s — 1) and w(x,s — 1), regarded as functions of (z,w) with
x € S(w), are jointly continuous in these variables. For eacha >0 andj =0,---,n, r"=*Diw € H°(S,) and
ri="Diw € H(S,), where S, is the truncated sector of radius a. There is a constant C(s,a) > 0 such that

17772 DIw (-, s = 1)llo,s, < C(@)l[{f, g0, ha}llys,cs)

7" DIy s = Dllos, < C@)l[{f, g0, 1}

Y3 (8):
Also,

(8) D7w(0,s—1)=0for 0 <m <n—2.

Proof. Since 4 solves (2),
u*(1,0) = \/% /m (¢, 0)e’?de = w* (16n) for n < 0.

We move the line of integration in (4) from ¢ =71 < 0 to S¢ = s — 1. Using the Cauchy integral formula
and an estimate for some integrals on the lines 8¢ = +Z, it is seen that V*(7,0, s — 1) is the sum of residues
of the four integrals in (4) at the poles. The continuity of V and w as a function of w follows from the
fact that the location of the poles and residues of the poles are continuous functions of w. The proof of the
remaining properties of w follows the corresponding portion of the proof of Theorem I1.2.2;1. m

We now calculate the function V(z,s —1). Write

J(s) [s]—1

,s—1) Zvjo Z vo, k()
0

where v; o(z) is the contribution to V arising from the pole at (o, and vo () is the contribution to V'
arising from the pole at (. The calculation is divided into the cases when the poles (;o and (o are
distinct, and the confluent case when (;o = (o, for some j and £,

Calculation of v; o in the case of distinct poles

To calculate the residues at the points ¢; o we use the formula

o C—Go G
CLCN coshéw = DJw'
We have
lim (¢ = G0) (G — 2iyp) L ZIVINLE o

¢—¢; ¢ cosh Cw

= (1P Gy £ (G = 3= 2)p)e 072 con( = S — ) cos(s — e
lim (¢ — CJO).]E(C 2i7¢)sinhg9coshg(wfcp)eicT

¢—¢C0 ¢ cosh w

= (1 Gy £ (G = $)a =2 p)e™0 72 sin — Hadeos(j — balw o),

lim (¢ — & o)io(Q) W =0 ier _ (qy

-1 aT .
=G0 " cosh(w 90((G = 5)ad)e” U720 cos(j — J)a(w — 0),

E‘N.
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sinh (6 . 24 “ (il
li h DT = (=1 ——} i — Do —1)i)e U2 gin(j — Had.
Jm (= Gl (€= 1) ST = (21) (G S e sin(j — 4)a
The function Uj,O is calculated from the formula

" 1 omi i 5 i

vig= — 2w+ lim =+v2mi- lim .

7,0 V2T ¢—¢j0 ¢—¢j0

Using this and the fact that cos(j — §)a(w — ) = (=1)7 " sin(j — 3)ab, we obtain

2 2
, - 2= _1
vj0(T,0) 55— 1\/;7“ *sin(j a@/ FU(( — 2)i, ) sin(j — 3)opdyp
iy V2T . .
(5) +r0=2) sin(j — )aﬂ[—go(((] 1)a)i)
. 2 ~
Y DV o SN el i— Do — 1)
T (st
1
=N {f, go,hl}r(in)a sin(j — %)a@,
where
(6a) Aj{f, 90, n} = Ajo(g0) + (1) THAS 1 (ha) + A (f),
and where the linear functionals A’ ;, A’ ;, and A’ are given by
V2T
A' ol9) = 79((3—1)0”)
2 - .
(6h) 320 = 52y 2HG ~ B 1,

N0 = o2 [ G - a2t - oo

Calculation of vo i in the case of distinct poles

To calculate the residues at the points (y  we proceed as in the cases of Dirichlet and Neuman boundary

conditions and obtain

R . ycosh((w — 0)sinh (p iCT
Cgm (€ = Cor)f(C —2i,0) ¢ cosh Cw

i cosk(w—0)sinky _,_ =2 cos! @sinf~1=2
g e

Prpl pk—i—2
- PR _¥Piplp 0,0)], k=2,---,n—1
ot ksinkw 2k — 1~ 2)! [Day D, F(0,0)] T
P . sinh (A cosh(w — )
1 2 (T
Jim (€= Cor) (S = 2ir) Coosh Cw e
o k—2 o k—l—2
i sinkfcosk(w—p) _, cos! psin Ol kel
- TNCEEEER ¥ipl p k=2 n—1
o ksinkw l; k1) PnDeSO0L =2n =,
. . cosh((w—10) , —i 1 cosk(w—10) _.. &)
| — . bt AP = — T 0 k‘ =0, —1
Cﬁlg}yk(c C0,k)90(C) Cooshiw € 5w hooshy © 90 (0), yryn =1,
. sinh (0 . i 1 sinkf _ E—1
1 h ST el = FRE0), k=1, n—1
C:}H(}k(f Co)la(C )Ccoshgwe V2 (k= 1) kcos kw r 0, e
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If k=0 or 1, the right side of the formulas involving f must be replaced by 0, and if £ = 0, the right side
of the formulas involving h; must be replaced by O.
The function v, is calculated from the formula

1
vy = —— 2w~ lim =27 lim .
0.k s ¢—Co.k ¢—Co.k
Since e %7 = r*_ we therefore obtain
rcos(w — ) rsinf
0) =————2g((0 hi1(0
voa(r,0) =" =0 g0y 0, (),
r¥ cos k(w — 0) =2 DL DE-1=2£(0,0) [0 I k12
vo,(7,8) = — Py Z 0k 1= 2)] /0 sin k¢ cos’ @ sin pdp

7 sin k6 ’“f DL DE==2£(0,0

) (¥ kel
0 —1-2) /0 cos k(w — ) cos! psin®* 172 pdyp

k cos kw
1=0

¥ cos k(w — 0) (k) r¥ sin k6 (k—1)

g0 (0) + 0), k=2,---,n—1.

k! cos kw klcoskw

Evidently the coefficients of gék)(O) and hgkfl)(O) are homogeneous polynomials of degree k in x. As in
611.2.2, we may show that

0
P(z) =rF cos k(w — ) / sin ko cos! @ sin* =2~ pdyp
0
+ ¥ sin kf)/e cos k(w — ) cos! psin® 27 pdy

is a homogeneous polynomial of degree k in . We conclude that
k—2
o k 0 k-1 1
(M) vo(@) = D[4, DI F(0,0)] Pra(e) + 657 ()P (@) + 1" (0) AV (),
1=0
where Py, P}go)’ and P,gl) are homogeneous polynomials in x of degree k.
Calculation of v in the confluent case (jo = Cok-

We suppose that (5 — %)a = k for some integers j and k. In this case, the integrand has a double pole
at (j,0. We employ a calculation similar to that in §I1.2.2 to obtain

(8) vj0(x) = Aj{f, go, h1 }[0 coskf + (In7) sink6]r*, (j — 3)a = k = integer.
where Aj{f, go, h1} is defined by (6a) with A} o, A’ ;, and A7 given by
(9a) Ajo(9) = Cj09™(0), k= (j — 3)a = integer,
(9b) A (h) = C;h*F7D(0), k= (j — $)a = integer,
k—2
(10) AJ(f) = CraDL, DE>71£(0,0)], k= (j — 3)a = integer,
1=0

and where vg () is a homogeneous polynomial of degree k.
The following theorem is an immediate consequence of Lemma 1 and the above formulas.
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Theorem 1. Suppose {f,go, h1} € V5,;(S) with s > 2, s # integer, 2(s — 1)/a # odd integer. Let u be the
solution of (1), and suppose u = 0 for r > 1. Then u(x) = V(x,s — 1) + w(x,s — 1) where w is given by (4),
where

J(s) [s]—1
Viz,s—1) Zvjo Z vo,k(T),
k=1

2k /a#oddinteger

and where the functions v; o and vo i are given by (5), (7), and (8). The functions V (x,s—1) and w(z,s—1),
regarded as functions of (x,w) with x € S(w), are jointly continuous in these variables. The function w
satisfies the conditions given in Lemma 1. In particular, for each a > 0, w € H*(S,) and

(11) llw(-s = Dllass.) < Cla)ll{f; g0,

where S, is the truncated sector of radius a. Finally, u € H?®(S) if and only if either J(s) = 0 or
Ai{f go,h} =0 for j=1,---,J(s) and, if jo = k = integer, D*=2f(0,0) = 0, g(k)(O) = ggk)(O) =0.

s (S)

In Theorem 1, the hypothesis s # integer is needed because f(C — 2i,¢) gi(¢) and iLl(g — i)may have
poles when ¢ = integer, so w*(7,0,s — 1) may not be defined when s = integer. On the other hand, the
singularities in the solution u do not arise from the poles (g, unless they are confluent poles. It is natural
to seek a decomposition of the solution in the case {f, go, h1} € V3,;(S) for s = integer. This is done in the
next theorem.

Let
(=30 gin(j — L o £
(12) vi(x) =4 772 sin( 2).049, . (] %)a # integer,
[0 cos kO 4 (Inr) sin kO]r”, (j — 5)a = k = integer.
J(s)
(13) v(w,s = 1) = Aj{f, g0, b1 }vj0(x),
1

[s]—1

(14) P(z,s—1) Zv()k

Thus, we have
V(z,s—1)=v(z,s — 1)+ P(z,s — 1),

and we define
W(z,s—1) =w(x,s — 1) + P(z,s — 1).

Using these functions, there is obtained two representations of wu:

u(z) =v(z,s — 1)+ P(z,s — 1) + w(z,s — 1)
(15a) =v(r,s—1)+W(x,s —1)
(15b) =V(z,s —1)+w(x,s—1).

The properties of the representation (15b) are established in Theorem 1, and the properties of (15a)
are established in Theorem 2 below. Each of the representations (15a) and (15b) have advantages and
disadvantages. The principal advantage of the representation (15a) lies in the fact, established in Theorem
2, that this representation is also valid when s = integer. Also, (15a) clearly displays the fact that u € H*(S)
if and only if all the linear functionals A;{f, go, h1} = 0. On the other hand, the linear functionals A; become
infinite when w is varied so that jo — integer, and the function v(x, s — 1) is not continuous as a function of
w. The representation (15b) remedies this defect. The function V' = v+ P is continuous in w, the singularity
in v being balanced by a singularity in P. This advantage comes at the cost of a greater complexity in the
singular expansion V.

In the next theorem, the case s = integer is allowed.
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Theorem 2. Suppose {f,go,h1} € Y3,;(S) with s > 2, 2(s — 1)/« # odd integer. Let u be the solution of
(1), and suppose v = 0 for r > 1. Then

J(s)
U(LII) = ZAJ{fa gOahl}Uj(‘r) + W(.’II,S - 1)7
1

where Aj{f,go,h1}, j = 1,---,J(s) are bounded linear functionals on Y3,(S), v; is given by (5), and, for
each a >0, W € H*(S,). There is a constant C(a) > 0 such that

(16) W (s = Dllaes.) < Cl@){f, 90, hdllyg, (s)-

Proof. If s > 2 and s # integer, the result follows from Theorem 1. Suppose s = k > 2 is an
integer, and 2(s — 1)/« # odd integer. Let € > 0 be such that ja # (k — e,k +¢) for j = 1,---. Thus,
J(s—e)=J(s+e¢),sov(x,k—e—1) =v(k+e—1), and therefore, W(x,k —e—1) = W(z,k+ec—1). We
define W (z,k — 1) = W(x,k —e — 1). From Theorem 1, for each a > 0,

W (k=& = Dllszs-e(s,) < C@IH g0} lys-<(s.

W (ke = Dllese(s,) < C@OILF g0,k llysse ).

Hence, by interpolation,
W (k= Dllgrs,) < C@)llf, 9o, hitlyr cs)-

If2<s<l+a,J(s)=0u=W(,s—1), and the bound for u follows from (11). In the case s = 2, the
proof is a little different. Let {f, go,h1} € Y3,(S), let € > 0, and let {f#*, gi, hi'} € Y3°(S) be a sequence
with [[{f* = f,96 — 90,91 — 91}|ly2 (s) — 0 as p — o0o. Let u* be the solution of (1) with data {f*, g5, h7'}.
Suppose, without loss of generality, that u*(z) = 0 for r > 1. Suppose ¢ is so small that 2+¢ < (J(2) +1)a,
so J(2+¢) = J(2). Applying Theorem 2 with s = 2 + ¢, we have the decomposition

u(x) = v (r,s+e— 1)+ WH(z,s+e¢—1).
The singular expansion v* is given by

J(2)
v (z,s+e—1) = Z A {f", g6, My vs(x).
1

Since each A; is a bounded linear functional on Y3,(S), v — v as u — oo where

J(2)
v(x,1) = Z Ai{f, go, ha}ri%sin jad.
1

Since Av# = 0 and v* = 0 on Iy, v# = 0 on 'y, AWH = f# and WH = g& on 'y, W} = hy on I';.
From Theorem 2 in the case s > 2, W € H?T¢(S,). Hence we may apply (2.1;27) to W* — W" to obtain
[[WH —W¥||g2(s) — 0 as p,v — oo. Hence W converges in H?(S) to a function W € H?(S). We therefore

obtain the desired decomposition of u in the case s =2. m

Calculation of A; in the case of distinct poles

In the confluent case, when (j — 3)a = k for some integers j and k, the linear functionals Al o(9)s

A’ 1 (h), and A7(f) are given by the formulas (9a,b) and (10). It is of interest to obtain formulas for these
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linear functionals when (j — 3)o # integer. For this, we must evaluate f(ni, 0) for n > —1 go(ni), and hy(ni).
We have

15 &0
w & (- Da— kK

1 [t 1
(17a) 4 [ loo(o) = Tonoa @)™ 079 e, (G~ Ha # integer
w Jo

Ajolg) = -

, U N (0 (U
Agh) == (2j — D 2 ((j— $a—k—1)k!

0
(17b) + _t /1[h (x) =T (m)]x_(j_%)o‘_ldx (j — 2)a # integer
(2] — 1)ﬂ_ 0 1 1,n—2 y U 2 ger,
1 1 Ay m(w) kE pm
A - ,
J (f) (23 . 1)71_ ngngnig k'm'((] _ %)OZ — (k +m+ 2)) [Dachaczf(O, O)]
1 7(jfl)a . 1 . 1 s

(17¢) + =1 //S [f(x) = Th—s(z)]r 2)%cos(j — 5)abdx, (j — 5)o # integer,
where

A m(w) = / cos® psin™ psin(j — 1)apdyp.
0

From the construction, if (j — %)oz # integer, {f,g0,h} — A)o(g0), {f, 90,1} — A;(h1), and
1
{f,90,h1} — A (f) are bounded linear functionals on X*. We verify this directly. Since go € H*™ 2 ()

and s =n+ o0 with 0 < 0 < 1, go is (n — 1)-times continuously differentiable on R, so go — gék)(O) is a
1
bounded linear functional on H* 2(Ry) if k # n — 1. Also, from Theorem 1.1;6,

1
/0 5261 g0 _ Ty 1 Pz < Cllgol 2y o

Since (j — $)a <s—1,
1 1 1 2 (i 1
| / [g0(x) = Ton—a())2™"2)%da| < / =T D go(a) — Toa(a)] - 2* 27072
0 0

1 .1
<( [ 0 be D g,
0

<C|golls-1/2-

Hence Ay ;(90) < Cllgolls—1/2 < |{f, g0, h1}|[x=. The other two linear functionals are bounded in a similar
manner.

Another mixed problem on S is obtained by putting the Dirichlet boundary condition on I'; and putting
the Neumann boundary condition on I'g. Thus, we may consider (1a) with the boundary conditions

(10") —uy(z,0) = ho(z), = >0,

(1) u(rcosw,rsinw) = g1(r), r > 0.

The two problems are related by a change of independent variable, / = w — 6. Upon making this change of
variable, one obtains singular functions v; for the problem (la,b’,c’) given by the formula

Ja # integer,

i~y ‘ .
®) iy = {72 eosli — 3 G-
(o) =
i

1
[0sin(j — 3)ad + (In7) cos(j — %)()z@]r“_i)o‘7 (4

N~ N

Ja = integer.

With these functions, Theorem 1 and Theorem 2 are valid for the problem (1la,b’,c’).
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