2.3 The equation —Au = f in a sector - Neumann conditions

This section treats the Neumann problem

(la) —Au=fin S,
(1b) —uy(z,0) =ho(z), >0
D,u(rcosw,rsinw) := — (sinw)u,(r cosw, rsinw)
(1e) + (cosw)uy(rcosw, rsinw) = hy(r), r > 0.

in a sector S with angle w. The data {f, ho, h1} is assumed to have a certain amount of regularity, and is
assumed to satisfy the compatibility condition

@) /Lﬁm+4ﬂ%@wwmmm_a

There is obtained an expansion of a weak solution of (1) into a set of singular functions plus a smooth
remainder.
We shall use the data space V3 (S) defined in §II.1. That is, for s > 2, V5/(S) is the subset of triples
{f, ho,h1} € H*2(S) x H*=3/2(T') x H*=3/(T) which satisfy (2). A function u € H'(S) is defined to be a
weak solution of (1) if u satisfies
// Vu-Vedr = / [ho(r)e(r,0) + hy(r)e(r cosw, rsinw)]dr + // fodx for ¢ € H'(S).
s 0 s

We shall consider weak solutions which also satisfy

u(z) =0 for r = /a3 + 23 > 1.

If s > 2 and if w 7'é T or W 7é 27, for any pair {ho,hl} S H573/2(R+) X H573/2(R+), there is a function
He HS(S) such that —Hy = hg on I'g and D, H = hj on I'1. Thus, there is no issue of incompatibility of the boundary
data at 0 in these cases. If w = 7, the sector S is the half plane Ri. The boundary conditions (1b) and (1c) may be
interpreted as Neumann boundary conditions on ¢y = 0 with a possible jump in the boundary data at the origin. In this case,
in order for there to be a function H &€ HS(S) such that —Hy(m, 0) = ho(a;) for z > 0 and —Hy(x, 0) = hy (x) for
z < 0, the Neumann data {ho, hl} S H873/2(R+) X HsfS/z(R_,_) must satisfy the compatibility condition

/ z7Hho(x) — hi(—z)?de < 0 if 5 = 2,
0

Similar conditions hold in the case w = 2. Here, S is the slit plane § = R? \ {(l‘, 0) x> 0}. In this case, in order for
there to be a function H &€ H‘S(S) such that —Hy(l‘, +0) = ho(ﬂ;‘) for x > 0 and Hy(l', —0) = hl(:c) for z > 0, the
Neumann data {hg, h1} € H*=3/2(R,) x HS_3/2(R+) must satisfy the compatibility condition

/ 2V ho(x) — hn()2dz < oo if 5 = 2,
0

ho(0) = hy(0) if 5 > 2.

As will be seen, the singular expansions will introduce singular functions to remove these incompatibilities in the Neumann

boundary data at the origin in the special cases w = T and w = 2.

Since u € H*(S1) for 0 < s < 1, 4(¢, 9) is analytic in the half plane n < 0. From Lemma I1.1;3, ¢ = Ku
satisfies the two point boundary value problem

(3a) —iigg(C,0) + C*a(C,0) =f(¢ —2i,0), n <0,
(3b) 9(¢,0) = — ho(¢ — i), (¢, w) = h (¢ —1i), n<O0.
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The compatibility condition (2) transforms to
(4) / F(=20,0)6 + ho(—i) + h (—i) = 0.
0

The equation (4) is a consequence of (3a,b) at ¢ = 0.
The problem (3a,b) can be solved exactly. The solution is given by the formula

o o
(¢, 0) =/ f(<—2i7<p)COShC( G)Coshcspd(p

0 ¢ sinh Cw
W . cosh 6 cosh ((w — @)
(5) + / (¢ —2i,9) (sinh (w dy
cosh((w—0) . cosh (6
+ho(C —i )W hl(C")m'

Note that each term in (5) becomes singular as ¢ — 0. Because of the compatibility condition (4), the
singularities in the various terms cancel, and a finite limit is obtained for (0, 6).
Now suppose {f, ho, h1} € Y% (S) with s > 2. Suppose s # integer, and write s = n+ o with 0 < o< 1.

Note that s — % =n—1+0— %, and —% <o-— % < =. Hence n — 1 is the closest integer to s — 5. Since
hy € H*=3/2(R,), from Theorem 1.2;6, le(C) has a meromorphlc extension to the half plane n < s — 2 given
by

hl(C) = T‘l7n72(<—) + Rl,n72(g)7

where
(k) 1

Ty )
Lin=2 Z k! g ki
and where ]%l7n_2(<) is analytic in n < s — 2 and is given by

Run-a(Q) = o= [l (0) = Ty (e

Similarly, since f € H*2(S), Theorem 1.4;6 implies that f(g;e) has a meromorphic extension to the half
plane n < s — 3 given by

F(¢,0) = Tos(¢,0) + Riu3(¢,0).

where

—3 cos® 6 sin™ 6 1
Y —DE DI F0,0)] o,
Vo o klm! ¢—(k+m)i

and where Rn,g(g, 0) is analytic in { < s — 3 and is given by

Tn73(<—7 9) =

Rn3(C, = T}y o(7,0))e™ " dr.

"m/

Suppose s is chosen so that s # integer and (s — 1)/« # integer. Then the integrands in (3) are finite
on n = s — 1, and are meromorphic in 7 < s — 1 with poles at the points (;o = jai, j =1,2,---,J(s), and
at the points (o, = ki, Kk =0,1,---,n — 1. Here we define

J(s) = max{j : ja < s—1}.
For n < s — 1, ) # integer, n/a # integer, define a function w*(r,6,7n) by

. _ 1 0 oo 5. cosh((w—0)cosh(yp ;o
wimbn) = —= [ [ fc-2i0) T dd

¢ sinh (w
1 Y . ,cosh(fcosh((w—¢) o,
(© L mf(c—m,so) e
_cosh((w )iCT _ i) cosh(f .,
+ o el -0 SERE et e [ nie - SR
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where the integral is taken on the line 3¢ = 1. The integrals in (6) are well defined by the conditions on s.
We define V*(7,0,n) = u*(r,0) — w*(7,0,n). As usual, we let V(z,n) and w(z,n) denote the corresponding
functions in the z-variable. The following lemma gives some properties of the decomposition u =V + w.

Lemma 1. Suppose {f, ho,h1} € V3, (S) with s > 2, s # integer, (s —1)/a # integer. Let u be the solution
of (1), and suppose v = 0 for r > 1. Then u(z) = V(x,s — 1) + w(x,s — 1) where w is given by (6),
and where V' is the sum of the residues of the integrals in (6) arising from the poles of the integrands in
the strip 0 < ¢ < s — 1. The functions V(z,s — 1) and w(x,s — 1), regarded as functions of (x,w) with
x € S(w), are jointly continuous in these variables. For eacha >0 and j =0,---,n, r"=*Diw € H°(S,) and
ri="Diw € H°(S,), where S, is the truncated sector of radius a. There is a constant C(s,a) > 0 such that

(a)|[[{f; ho, h1}]

177" D7w (e, s = 1)llo,s, < Ca)lI{f. ho, ha}llys s)-

||rj_sDjw(-, s—1)

J/;,(S)7

Also,
w(0,s—1)=0for 0 <m < |s] — 2.

Proof. Since 4 solves (3),

u*(1,0) = (¢, 0)e™?de = w* (16n) for n < 0.

]

We move the line of integration in (6) from S¢ =7 < 0 to S¢ = s — 1. Using the Cauchy integral formula
and an estimate for some integrals on the lines 8¢ = £E, it is seen that V*(7,0,s — 1) is the sum of residues
of the four integrals in (6) at the poles. The continuity of V' and w as a function of w follows from the
fact that the location of the poles and residues of the poles are continuous functions of w. The proof of the
remaining properties of w follows the corresponding portion of the proof of Theorem 2.2.2;1. m

We now calculate the function V(z,s — 1). Write

J(s) [s]-1

,s—1) qu]o Z vo k()
0

where v o(z) is the contribution to V arising from the pole at (0, and v (x) is the contribution to V'
arising from the pole at (p ;. The calculation is divided into the cases when the poles (;¢ and (px are
distinct, and the confluent case when (; 0 = (o,x for some j and &,

Calculation of v;o in the case of distinct poles

To calculate the residues at the points ;o we use the formula sinh (w &~ (—1)/w(¢ — jai) near ;0. We
obtain

lim (¢ = Go) (¢~ 2i9) cosh ((w = 0) cosh & ier _ (FUTH 5y 93 o) cos ja(w — 0) cos jage—o,

¢—¢5 ¢ sinh Cw gm

h (6 cosh ((w — @) 1)t ,
cosh 9 cosh ((w — ¢) e = wf((ja — 2)i, ) cos jab cos ja(w — p)e™ T

43?},0(4 = G,0)f(¢ =21, 9) ( sinh (w Jjm

cosh ((w — 0) picr

lim (¢ —¢j, O)ho(C i) = (- 1)J+17’h0(( jor — 1)i )Cosja(w_9>e—joc‘r7

¢—Cjo0 (sinh (w jm
o cosho e 1)+ L ' Y g —jar
Cl—l}gjl (C Cj O)hl(C )Csinwae - ( ) ] h’l((]a 1)1) COS]CYH@ )

The function Uj’o is calculated from the formula

1
Vi =— 27 lim =+V2mi- lim .
70 o ¢SGo ¢>¢jo
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Using this and the fact that cos ja(w — ) = (—=1)7 cos ja#, we obtain

1 2 . W
e =j\[gm cos jaf / F((Gor — 2)i, ) cos jagdss

© 1 2 cos jodlhu( (e~ 1)+ (-1 (G~ 1)
:Aj{fa ho, hl}rja cos jad,

where

(s0) A F.hos B} = N (ho) + (=1 (k) + AL,

and where the linear functionals A’; and A/ are given by

350 = 2 2iGio -,
A (f \f/ F((ja = 2)i, ¢) cos japdyp.

Calculation of vok in the case of distinct poles

(80)

To calculate the residues at the points ¢y ;, we use the formulas

k—1-2

s r COS QDSIH I k—1—2
lim (¢~ 2i,¢) D. D E=2 . m—1
i (€= Gou) f(¢ —2i FZ . _z_z)!%[ L DF2 (0,0, en—1,

P A S A (o 1 A T
Cl{m (C COk) (C )_\/ﬂ(k—l)'hl (O)v k_17 ’ L

We therefore obtain

A . cosh((w —0)cosh(p oicr
Jim (¢ G f(C— 20, 9) RS

k—1-2

_ i cosh{w ) coskp g cos osin ™ Py gy o)
= \/ﬁ ksin kw = ll(k_l_2)| T T2 ’ )

p h (6 cosh — .
Cl{m (¢ — Cok) f(C — 24, @)COS CC(;iSlhngw @)ech

k—1-2

i coskfcosk(w— ) _j. lg cos! psin
= e

COS YSI P yk—1-2
B \/% k sin kw l'(k_l_Q)l [DI1D12 (an)]a

=0

lim (C CO k)hO(C_ )Meic‘r _ i 1 COSk(W_0)e—kq-h(()kfl)(o)7

¢—Cox (sinh Cw  V2r(k—1)! ksinkw
. cosh(O . i 1 coskf _ k—1)
1 h [ — T = kTh( O .
girlgk(c Co)hn(C = )Csinhgwe Vor (k—l)!ksink‘we ! 0)
If £k = 0 or 1, the first two formulas must be modified since f is analytic at ¢ = 0 and { = —1, so

lim(¢ — goyk)f(g —2i,¢) = 0 for k = 0,1. Similarly, in the case k = 0, the last two formulas must be
modified, since h; is analytic at ¢ = 0, so im(¢ — Cox)hi(¢ — i) = 0 for k = 0.
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The function US,k is calculated from the formula

Vo = \/%7 - 271 - CEICI(?;C = V/2mi - (Ergr(}k .
Since e *™ = ¥ we obtain
)« - PR SEOLPETIO [ o i

k kO k—2 Dl pk—i=2 070 w
_ rcos Z wlll(k;m— — 2()' ) /9 cos k(w — @) cos! psin®* =172 pdy

ksin kw

1=0
¥ cosk(w—6) (k1 ¥ cos kb | (_1
Whé )(0)+m D0, k=2, n -1

Evidently the coefficients of h(()k_l)(O) and hgk_l)(O) are homogeneous polynomials of degree k in z. As
in §I1.2.2, we may show that

6
P(x) —rk cos k(w - 9) / cos kg cos! gosinkfzfl ode
0
+ 7% cos k‘@/ cos k(w — @) cos! psin* 2 pdy
6

is a homogeneous polynomial of degree k in . We conclude that

(9) vos(z) = Y [DL, DE271F(0,0)] Py () + bV (0) P (@) + bV (0) P (),

E
[ V)

~
I
o

where Py, PIEO), and Plgl) are homogeneous polynomials in x of degree k.
Calculation of vjo in the confluent case (j0 = Cok-

We suppose that jo = k for some integers j and k. In this case, the integrand has a double pole at (j ¢.
We employ a calculation similar to that in §I1.2.2 to obtain

(10) v;0(x) = A {f, ho, ha Y [—(nr)r® cos kO + OrF sin k0] + vo 1 (2), k = ja = integer,

where Aj{f, ho,h1} is defined by (8a) with A} and A’ given by

(11) N(h) = C;R*1(0), k = ja = integer,
k—2

(12) AJ(F) =D Cral DL, D27 £(0,0)], k = jor = integer,
1=0

and where vg () is a homogeneous polynomial of degree k.
The following theorem is an immediate consequence of Lemma 1 and the above formulas.
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Theorem 1. Suppose {f, ho,h1} € Y3 (S) with s > 2, s # integer, (s — 1)/a # integer. Let u be the
solution of (1), and suppose u =0 for r > 1. Then u(x) = V(x,s — 1) + w(x,s — 1) where w is given by (6),

where
J(s) [s]—1

V(z,s—1) Zvjo Z v,k (),

k=1
k/a#integer

and where the functions vjo and voy, are given by (7), (9), and (10). The functions V(xz,s — 1) and
w(x,s — 1), regarded as functions of (x,w) with x € S(w), are jointly continuous in these variables. The
function w satisfies the conditions given in Lemma 1. In particular, for each a > 0, w € H*(S,) and

(13) lw(- s = Dllge(s,) < C@){f, ho, b}

where S, is the truncated sector of radius a. Finally, uw € H?*(S) if and only if either J(s) = 0 or
A{f ho,hn} =0 for j =1,---,J(s) and, if jo = k = integer, D*=2£(0,0) = 0, h* " (0) = n{* 7 (0) = 0.

Y3 (8)>

In Theorem 1, the hypothesis s # integer is needed because f(¢—2i, ¢) and k(¢ —i) may have poles when
¢ = integer, so w*(7,0,s — 1) may not be defined when s = integer. On the other hand, the singularities
in the solution u do not arise from the poles (p %, unless they are confluent poles. It is natural to seek a
decomposition of the solution in the case {f, ho,h1} € V3 (S) for s = integer. This is done in the next
theorem.

Let

oy Jri®cosjad, ja # integer,
(14) vi{#) = { —(In7)r* coskf + OrF sinkf), ja = k = integer,

(15) v(z,s —1) ZAUJO

[s]—1

(16) P(z,s—1) Zv()k

Thus, we have
V(z,s—1)=v(z,s — 1)+ P(z,s — 1),

and we define
W(z,s—1)=w(x,s — 1)+ P(z,s — 1).

Using these functions, there is obtained two representations of wu:

u(z) =v(z,s — 1)+ P(z,s — 1) + w(z,s — 1)
(17a) =v(z,s—1)+W(z,s—1)
(17b) =V(zr,s —1)+w(x,s—1).

The properties of the representation (17b) are established in Theorem 1, and the properties of (17a)
are established in Theorem 2 below. Each of the representations (17a) and (17b) have advantages and
disadvantages. The principal advantage of the representation (17a) lies in the fact, established in Theorem
2, that this representation is also valid when s = integer. Also, (17a) clearly displays the fact that u € H*(S)
if and only if all the linear functionals A;{f, ho, h1} = 0. On the other hand, the linear functionals A; become
infinite when w is varied so that jo — integer, and the function v(x, s — 1) is not continuous as a function of
w. The representation (17b) remedies this defect. The function V' = v+ P is continuous in w, the singularity
in v being balanced by a singularity in P. This advantage comes at the cost of a greater complexity in the
singular expansion V.

In the next theorem, the case s = integer is allowed.
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Theorem 2. Suppose {f, ho,h1} € V% (S) with s > 2, (s — 1)/« # integer. Let u be the solution of (1),
and suppose u = 0 for r > 1. Then
J(s)
z) = ZAj{f, ho, hi}v;(x) + W(z,s — 1),
1

where Aj{f, ho,h1}, j =1,---,J(s) are bounded linear functionals on Y3 (S), v; is given by (14), and, for
eacha >0, W ¢ HS( w). There is a constant C(a) > 0 such that
(18) W (s = Dllae(s.) < Cla)ll{f, ho, bty s)-

Proof. If s > 2 and s # integer, the result follows from Theorem 1. Suppose s = k > 2 is an
integer, and (s — 1)/« # integer. Let € > 0 be such that jo # (k — e,k +¢) for j = 1,---. Thus,

J(s—e)=J(s+¢),sov(x,k—ec—1)=v(k+¢ec—1), and therefore, W(x,k —e —1) = W(z,k+ec—1). We
define W(z,k —1) = W(x,k —e —1). From Theorem 1, for each a > 0,

HW(v k—e— 1)||Hk—5(Sa) < C(a)H{fv h07h1}||y5f]—5(5’)7

[W(,k+e—1Dllgres,) < Cla)l{f ho,h1}||y1kv+5(s)-
Hence, by interpolation,
W (s k= Dllaes,) < C@){f, ko, ha}lye (s)-

If2<s<l+a,J(s)=0,u=W(,s—1), and the bound for u follows from (13). In the case s = 2, the
proof is a little different. Let {f,ho,h1} € Y¥(S), let € > 0, and let {f*, hf, hi'} € Y32(S) be a sequence
with [[{f# = f, hty = ho, By — h1}||y2 (s) — 0 as p — oco. Let u* be the Solutlon of (1) with data {f*, hj, h'}.

Suppose, without loss of generahty, that u#(x) = 0 for r > 1. Suppose ¢ is so small that 2+¢ < (J(2)+ 1)a,
so J(2+¢) = J(2). Applying Theorem 2 with s = 2 4+ ¢, we have the decomposition

ut(x) = v (x,s+e—1)+ WH(x,s+e—1).
The singular expansion v* is given by

J(2)

via,s+e—1) =Y A hl R ().
1

Since each A; is a bounded linear functional on Y% (S), v* — v as u — oo where

J(2)
1) = Z A {f, ho, hi}ri® cos jad.
1

Since Av* =0 and v¥ =0 on I'g and I'y, AW* = f# and W/ = k' on T, [ = 0,1. From Theorem 2 in the
case s > 2, WH € H?*¢(S,). Hence we may apply (2.1;26) to W# — W" to obtain |[[W* — W"||p2(s) — 0
as i,v — oo. Hence W* converges in H2(S) to a function W € H?(S). We therefore obtain the desired
decomposition of u in the case s = 2. m

Calculation of A; in the case of distinct poles

In the confluent case, when ja = k for some integers j and k, the linear functionals A;(h) and A7(f)
are given by (11) and (12). It is of interest to obtain formulas for these linear functionals in the case ja #
integer. For this, we must evaluate f(ni,6) for n > —1 and h;(ni) for n > 0. We have

> . - . 1 ° k T
ha (i) =Ty (i) + f / R, y(r)e" dr

_q =2 h(k) )
[hi(z) — Ti e 7
S bt [ ) - T
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-1 cosk 6sin™ 0
== (D3, Dy, £(0,0)]
var o<k fmin_g Kmi(n = (k +m))

+\/%/ [f(rcosB,rsinf) — T,,_3(rcosf,rsind)|r =L,
™ Jo
Hence from (8b),

, SR 1 v
(19a) A () = _72 Ga—k—1k +]7T/ [hi(x) = T p—a(x)]z™7%dz, jo # integer,

1 Ak m(w)
N(f)=—— : DY D™ £(0,0

(19b) ) Jm O<k+;<n73 k!m!(ja—(k+m+2))[ w1 D2, /(0,0)]

1 .
— // [f(z) = Th—3(x)]r~7 cos jabdz, ja # integer,
i S1
where
w
A (w) = / cos® psin™ ¢ cos japdp.
0

From the construction, if jo # integer, { f, ho, b1} — A’ (ly) and {f, ho, 1} — A7 (f) are bounded linear
functionals on Y%,(S). We verify this directly. Since hy € H*~3/2(Ry) and s = n 4o with 0 < o < 1, hy is

(n — 2)-times continuously differentiable on R, so h; — hl(k) is a bounded linear functional on H*~3/2(R,)
if £k <n —2. Also, from Theorem 1.2;6,

1
| = Ty oPde < CllbE
0
Since ja < s —1,

1 1
| @) = Ti-a@o e < [ a3 () - Ti-afa)| - 25/ 97da
0 0

1
s—ja— 1/2
S(/ g?(373073/2) 4y / 17| s—3/2
0

<Cl[hi|s—3/2-

Hence A’(h;) is a bounded linear functional on H s=3/2(R,), and so is a bounded linear functional on Y (S).

Similarly, since f € H*72(S), f has n — 3 continuous derivatives, provided s > 3. Hence f — D} D2 (0,0)
is a bounded linear functional on Y%, (S) for k + m < n — 3, provided s > 3. Also, from Theorem 1.4: ;6,

//Tawmg_nﬁﬁmgcwﬁq
S1
Since ja < s —1,

| / [f - Tn73]r_ja sinjagodx| < // 7“_(5_2)|f _ Tn73| LpTiats=2 4,
S1 S
SC(// rz(*jt)kl*sf?)dm) 1/2||f||372
S1

<CI[f]s—2-

Hence A’/(f) is a bounded linear functional on Y3 ().

From the formulas, it is seen that A;{f, ho, h1}, and hence, v} o, becomes singular if jo — integer. This
does not contradict the assertion in Theorem 1 that v is a continuous function of w, because, as will be seen,
the singularity in v; o that appears when jo — integer is cancelled by a singularity of opposite sign in v k.
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