
2.2.3 Solution formula

The formula (2.2;3) gives a formula for the solution u of the problem (2.2;1a,b,c) in terms of the
Kondrat’yev transform û. Here, the inverse transform is taken to derive a formula for u.

Equation (2.2;3) may be written û = ûi + û0 + û1 where

ûi(ζ, θ) =
∫ θ

0

f̂(ζ − 2i, ϕ)
sinh ζ(ω − θ) sinh ζϕ

ζ sinh ζω
dϕ

+
∫ ω

θ

f̂(ζ − 2i, ϕ)
sinh ζθ sinh ζ(ω − ϕ)

ζ sinh ζω
dϕ,

û0(ζ, θ) =ĝ0(ζ)
sinh ζ(ω − θ)

sinh ζω
,

û1(ζ, θ) =ĝ1(ζ)
sinh ζθ

sinh ζω
.

It is shown in Section I.2.2 that this formula is valid for =ζ = η ≤ 0 if f ∈ H1(S) and {g0, g1} ∈ H−1/2(Γ).
With more regularity on the data, the formula is valid for η < α.

Since u∗l (τ, θ) is the inverse Fourier transform of ûl(ξ, θ), l = 0, 1, i, one has

u∗0(τ, θ) =
1√
2π

∫ ∞

−∞
û0(ξ, θ)eiξτdξ

=
1√
2π

∫ ∞

−∞
ĝ0(ξ)eiξτ sinh ξ(ω − θ)

sinh ξω
dξ.

Since r and τ are related by the formula r = e−τ , this gives

u0(r cos θ, r sin θ) =
1√
2π

∫ ∞

−∞
ĝ0(ξ)r−iξ sinh ξ(ω − θ)

sinh ξω
dξ.

From Section I.1,

ĝ0(ξ) =
1√
2π

∫ ∞

0

siξ−1g0(s)ds.

We therefore obtain

u0(r cos θ, r sin θ) =
1
2π

∫ ∞

ξ=∞

∫ ∞

s=0

g0(s)siξ−1r−iξ sinh ξ(ω − θ)
sinh ξω

dsdξ

=
∫ ∞

0

g0(s)G0(r, s, θ)ds,

where

(1)

G0(r, s, θ) =
1
2π

∫ ∞

−∞
siξ−1r−iξ sinh ξ(ω − θ)

sinh ξω
dξ

=
1
2π

∫ ∞

−∞
siξ−1r−iξ e(ω−θ)ξ − e−(ω−θ)ξ

eωξ − e−ωξ
dξ

=
1
πs

∫ ∞

0

cos (ξ ln(r/x))
e(ω−θ)ξ − e−(ω−θ)ξ

eωξ − e−ωξ
dξ.
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Similarly,

u1(r cos θ, r sin θ) =
1
2π

∫ ∞

ξ=∞

∫ ∞

s=0

g1(s)siξ−1r−iξ sinh ξθ

sinh ξω
dsdξ

=
∫ ∞

0

g1(s)G1(r, s, θ)ds,

where

(2)

G1(r, s, θ) =
1
2π

∫ ∞

−∞
siξ−1r−iξ sinh ξθ

sinh ξω
dξ

=
1
2π

∫ ∞

−∞
siξ−1r−iξ eθξ − e−θξ

eωξ − e−ωξ
dξ

=
1
πs

∫ ∞

0

cos (ξ ln(r/x))
eθξ − e−θξ

eωξ − e−ωξ
dξ.

Finally,

ui(r cos θ, r sin θ) =
1
2π

∫ θ

0

∫ ∞

ξ=∞

∫ ∞

s=0

f(s cos ϕ, s sinϕ)siξr−iξ k(ξ, ω − θ)k(ξ, ϕ)
k(ξ, ω)

sdsdξdϕ

+
1
2π

∫ ω

θ

∫ ∞

ξ=∞

∫ ∞

s=0

f(s cos ϕ, s sinϕ)siξr−iξ k(ξ, θ)k(ξ, ω − ϕ)
k(ξ, ω)

sdsdξdϕ

=
∫ ω

0

∫ ∞

0

f(s cos ϕ, s sinϕ)Gi(r, θ, s, ϕ)sdsdϕ,

where

(3)

Gi(r, θ, s, ϕ) =
1
2π

∫ ∞

−∞
siξr−iξ sinh ζ(ω − θ) sinh ζϕ

ζ sinh ζω
dξ

=
1
2π

∫ ∞

0

cos (ξ ln(r/x))
[e(ω−θ)ξ − e−(ω−θ)ξ][eϕξ − e−ϕξ]

ξ[eωξ − e−ωξ]
dξ for 0 < ϕ < θ,

Gi(r, θ, s, ϕ) =
1
2π

∫ ∞

−∞
siξr−iξ sinh ζθ sinh ζ(ω − ϕ)

ζ sinh ζω
dξ

=
1
2π

∫ ∞

0

cos (ξ ln(r/x))
[eθξ − e−θξ][e(ω−ϕ)ξ − e−(ω−ϕ)ξ]

ξ[eωξ − e−ωξ]
dξ for θ < ϕ < ω.

Summarizing the above formulas, the solution u of (2.2;1a,b,c) is given by

(4)
u(r cos θ, r sin θ) =

∫ ∞

0

g0(s)G0(r, s, θ)ds +
∫ ∞

0

g1(s)G1(r, s, θ)ds

+
∫ ω

0

∫ ∞

0

f(s cos ϕ, s sinϕ)Gi(r, θ, s, ϕ)sdsdϕ,

where the functions G0, G1, and Gi are given respectively by (1), (2), and (3).
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