2.2.1 Formulas for the singular functions and linear functionals

In the representation u = V +w of the solution u of the boundary value problem (I1.2.2;1), the function
w is smooth and vanishes to a certain order at the origin. The function V arises from the residues coming
from the poles in a contour integration, and is a sum of terms, one for each pole in each of the integrands
appearing in (I1.2.2;4). Each of these terms consists of a coefficient, which is a bounded linear functional of
the data of the boundary value problem (I1.2.2;1) times a function, which is independent of the data of the
problem. The function either has a certain singularity at the origin, or is a polynomial of a certain degree.
We now derive formulas for these linear functionals and functions.

As was mentioned in §I1.2.2; the poles of the integrands in (II1.2.2;4) that lie within the region of the
contour integration consist of the points ;0 = joi, j =1,---,J(s), and the points (o, = ki, k =0,---,n—1.
Here, the number s is determined by the regularity of the data of the problem (11.2.2;1), n = |s] is the integer
part of s, and J(s) = max{j : joe < s — 1}. The poles all lie on the imaginary axis. The points (; ¢ are zeros
of sinh (w, and in some sense are intrinsic to the boundary value problem. These poles give rise to singular
terms in the function V. The points (o are poles of the functions f7 Jo, and g;. Thus, these poles are
determined by the data of the problem, specifically, the degree of non-vanishing of the data at the apex of
the sector. The poles (o i give rise to polynomial terms in the function V. It may happen that (;o = (o for
some j and k. In this case, which we refer to as the confluent case, the formulas for the singular functions
are more complicated.

To calculate the function V(z,s — 1), we write

J(s) [s]—1

8—1 Zﬂjo +Zv0k

where v o(z) is the contribution to V arising from the pole at (o, and vg () is the contribution to V'
arising from the pole at (. The calculation is divided into the cases when the poles (;o and (o are
distinct, and the confluent case when (o = (o, for some j and £,

Calculation of v;o in the case of distinct poles

To calculate the residues at the points ¢; o we use the formula sinh (w ~ (—1)?w(¢ — jai) near ;. We
obtain

)sinhC(w —0) Siﬂh(cpeiCT (—1)%i ,

lim (¢ —¢j, 0 f(¢—2 = f((jo — 2)i, ) sin ja(w — 0) sin joe 7T,

¢—Gj0 ’ (sinh Cw g
(i (€= G ¢ 2 SRR = (o -2 s ot = 17
i (€= G0)a0(Q) = tér — (1 L) sin o — 0)e
i (¢ = Go)d(€) S €7 = (<1 L () sin jade 7,

The function ’U;-:O is calculated from the formula

1
Vig= —- 27+ lim = v2mi- lim .
0T o ¢=Cio ¢=Cio
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Using this and the fact that sin ja(w — ) = (—=1)7*sin jaf, we obtain

1 /2 . “ o
vjo(x) :j\/;rjo‘ sinja9/0 f((Ja — 2)i, ) sin jopdp

1 , )
0 + \/Tz?rm sin jaf|go(joi) + (—1) g1 (jaui))
:Aj{f7 gOagl}rja Sinja07
where
(2a) Ai{f, 90,91} = Nj(g0) + (=1 T A (g1) + AT (f),

and where the linear functionals A’; and A are given by

X(9) = Y2
NI(f) = ;\/Z/Ow F((Ga = 2)i, @) sin japdep.

Calculation of vo i, in the case of distinct poles

(2b)

To calculate the residues at the points (p ;, we use the formulas

cos gasm’C 2=t

i f Prml k—2-1
ng;k(c — Co.k) f(C — 21, ¢) \ﬁ Z —o ) (DL DE-271£(0,0)],

. . —i 1
Jim (¢ = Cor)an(C) = \/zz?ﬁgl(k) (0).

We therefore obtain

. P . sinh{(w — ) sinh (yp
1 - ) i
C‘l’rcf)l,k(c CO,k)f(C Z? ) C Slnh Cw
—i sink(w—0)sinkp _,_ =2 cos! psin" 27ty

~ Ver  ksinkw ¢ mel Dy 271 (0,0,

. . sinh{fsinh((w —¢) ;o
ng;k(é Co.k).f(C = 2i,¢) Csinh(w e

o . k—2 . k_2_
i smk@smk(w—gp)e,kTZM[Dl Dk 2-1£(0,0)]

\Vor k sin kw — Nk —-2-1)
. o osinhQw—0) ;00 —i 1sink(w—0) . &)
gggk(c Cox)90(C) sinh (w © = Vor k! sinkw ¢ 90 (0),
. . sinh (0 .. —i 1 sinkf _,.
lim (¢~ Go)da(Q) S e et = 791 (0),

¢—Co,k ’ SiHwae N \/QFHsinkw

The function v(’;,k is calculated from the formula

Vo = <2m - lim =2 lim

V2T ¢—Co,k ¢SCon
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Since e~ *7 = r*, we therefore obtain

rk sin k(w — ) ~=2 DL pk—2-1 0,0
'U[) k( ) ( ) Z X1 o ( )

0
k=2 =1 / sin ke cos! psin® =27 pde

ksin kw 0

k o3 k6O k-2 D! pE—2-1 070 w
Lom Z ST ( )/ sin k(w — ¢) cos psin® 27! pdy

ksin kw ME-2-0N 0

rEsink(w —0) ()

F sin k6
g{B(0) + m2 k)

(0).

k!sin kw k!'sin kw”?

Evidently the coefficients of g(()k)(()) and ggk)(O) are homogeneous polynomials of degree k in 2. We now
assert that

0
P(x) —rk gin k(w—0) / sin kg cos! (,OSink_Q_l odyp
0

+rFsin k@/ sink(w — ) cos’ <psink_2_l odi
0

k—2—1

is a homogeneous polynomial of degree k in z. Since cos! ¢ sin  is a trigonometric polynomial of degree

k — 2, and is therefore a linear combination of polynomials of the form cos((k — 2)¢ + «), it suffices to show
that

0
Py(x) =rF sink(w — 0) / sin kp cos((k — 2)p + a)dp
Jo
+ ¥ sin k9/ sink(w — @) cos((k — 2)p + a)dy
0
is a polynomial in . Writing
sin kg cos((k — 2)¢ + o) = 3 sin((2k — 2)¢ + ) + 3 sin(2p — a),
sink(w — @) cos((k — 2)¢ + ) = $sin(kw — 2¢ + @) + & sin(kw — (2k — 2)p — @)
and evaluating the integrals, we obtain P, = P, — P53 where
Py(x) =Cyr" sin k(w — 0) + Cor¥ sin k6,
1
Ps(x) :irk (sink(w — ) cos(20 — a) + sin k6 cos(kw — 20 + o))
1

+ mr’“ (sink(w — 0) cos((2k — 2) + ) + sin k6 cos(kw — (2k — 2)0 — @v)).

Here C; and Cy are constants independent of . Evidently P»(x) is a polynomial of degree k in z. Since
sink(w — 0) cos(26 — a) + sin k6 cos(kw — 20 4+ «)
= 1sin((k —2)0 + kw + a) — 1 sin((k — 2)0 — kw + )
sin k(w — ) cos((2k — 2)0 + «) + sin k6 cos(kw — (2k — 2)0 — «)
= Lsin((k —2)0 + kw + ) — S sin((k — 2)0 — kw + «)

we see that P3(x) is a polynomial in = of degree k. We conclude that

R‘
l\')

(3) vor() = SIDL, DA £(0,0)]Pos(x) + 82 (0) PO (2) + 1 (0)PD (),

N
I
=3

where Py, P}go)’ and P,gl) are homogeneous polynomials in z of degree k.
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Calculation of vjo in the confluent case (jo = Cok-

We suppose that ja = k for some integers j and k. In this case, the integrand has a double pole at (j .
To calculate the residues of the four integrals appearing in (11.2.2;4), we use the following simple fact. Let

B(¢) and y(¢) be meromorphic near ¢ = 0, and let §(¢) be analytic near { = 0, with expansions
BCO) = B1¢" + Bo+ ¢+ -+,

Q) =71 T 0+l + -,
8(¢) =60+ 61¢ + 6207 + - -

Setting pu = (vd, we have
p(C) = poC + pa T o+,

where
(4) p—1 = B_17d0 + Bov-100 + B-17-101.

We first apply (4) with

(5a) B(¢) = f(¢ —2i,9),
(5b) (3 p——
&)= Csinh (o
(5¢) 5(¢) = €7 sinh ¢(w — 0) sinh (o,

and with expansions at ( = (j,0 instead of expansions at ( = 0. This choice enables us to calculate the
contribution to the first integral on the right side of (II.2.2;4) arising from the confluent pole (;0 = (o k-
Notice that 6g = —r* sin k(w — 6) sin k. Using this fact, one sees after a computation that the contributions
to the first integral in (I1.2.2;4) coming from the first two terms in (4) are homogeneous polynomials in x of
degree k. These terms do not contribute to the singular functions arising from this pole. To determine the

contribution to the integral coming from the term 8_1v_1d1, we calculate

B = lim (¢~ ki) f(¢ — 2i, )

271
COS (IOSIII —9_
Z 27[ [DinD];zQ : (070)]7

o C—jai (<1t
lim - = ’
¢—¢j0 ¢ sinh (w Jm
§'(¢) = €7 (ir sinh {(w — ) sinh y + (w — 0) cosh ((w — ) sinh (i + @ sinh ((w — 0) cosh (),
61 =0"(C0) = (1) Lir® ((Inr) sin k6 sin ke + 0 cos kb sin ko + ¢ sin k6 cos kyp)

V-1 =

)

+ a homogeneous polynomial in x of degree k.

Using these formulas, we see that the contribution to the first integral in (11.2.2;4) is

0 0
Ark [(In7) sin k@/ sin ke cos! ¢ sin®* =27t pdyp + 0 cos k@/ sin ke cos! ¢ sin* 27! pdyp
(6) 0 0

2—1

0
+ sin k6 / @ cos kg cos' @ sin®~ @dcp] .
0
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where

k—2
A=""Cy[D., DE 271 £(0,0)].
1=0
Next, we apply the formula (4) with 8 and ~ given by (5a,b), and with ¢ replaced by
(5¢*) 5*(¢) = €7 sinh ¢ sinh ((w — @),

This choice will enable us to calculate the contribution to the second integral on the right side of (11.2.2;4)
arising from the confluent pole (o = (o x. Notice that 6*(¢) can be obtained from 6(¢) by interchanging ¢
and ¢. Therefore, 07 = 0*/((j,0) can be obtained from d; by interchanging 6 and ¢. Using this, we see that

the contribution to the second integral is

w

Ark [(ln ) sin k6 / sin ke cos! ¢ sin®* 27! pdyp + 0 cos k6 / sin k¢ cos! ¢ sin* =27 pdyp
0 0

(7) w
+sink0/ pcos ke cos' psin® 2 pdyp].
0

Adding the expressions (6) and (7), we find that the contribution to the first two integrals in (I1.2.2;4) is
AJ(f)[(nr)rk sin k@ 4 Or* cos k0], where

k—2
(8) AJ(f) = CralDL, D527 £(0,0)], k = ja = integer.
=0

2—1 QDdQD

Next we consider the residues coming from the third integral in (11.2.2;4). We apply (4) with

The coefficient Cj,; = C’k’l f; sin k¢ cos! <psink_

B(C) = §o(C),
Q) = sinlll (w’

8(¢) = €7 sinh ¢(w — 6).

Again, since §y = r¥ sin kf, the terms in (4) that contain &y lead to homogeneous polynomials in x of degree
k. To determine the contribution to the integral coming from the term (5_1v_1d1, we calculate

—i 1 (%
5—1:\/%59(())(0)’

C—jai (c1p
lim = =
¢—¢j,0 sinh Cw w

§'(¢) = oiCT (iTsinh C(w—10)+ (w—0)cosh ((w— 6’))7

T-1=

b

61 =0"(¢o) = (=17 (Inr)r* sin kO + 0rF cos ko).

Using these formulas, we see that the contribution to the third integral in (I1.2.2;4) is
A’ (g0)[(In r)r¥ sin k6 4 6r* cos k),

where the linear functional A’,(g) is defined by

9) Ni(g) = Cjg™(0), k = jo = integer.

11.2.2.1 Singular functions ) 5/24/00



A calculation shows that the analogous contribution to the fourth integral in (I1.2.2;4) is
(=17 A () [(Inr)r® sin k6 + 0r* cos k6]
Combining these formulas, we have
(10) vi0(x) = Aj{f, g0, g1 }(Inr)r* sin kO + 0r* cos k6] + vo 1 (), k = jo = integer,

where A;{f, go, g1} is defined by (2a) with A’; and A’/ given by (9) and (8), and where v x () is a homogeneous
polynomial of degree k.
The following theorem is an immediate consequence of Theorem I1.2.2;1 and the above formulas.

Theorem 1. Suppose {f,g0,91} € Y5 (S) with s > 2, s # integer, (s —1)/a # integer. Let u be the
solution of (I1.2.2;1), and suppose u = 0 for r > 1. Then u(x) = V(x,s — 1) + w(x,s — 1) where w is given

by (I1.2.2;4), where
J(s) [s]-1

Viz,s—1) Zvjo Z o,k (),

k=1
k/a#integer

and where the functions v o and vo i are given by (1), (3), and (10). The functions V (x,s—1) and w(x, s—1),
regarded as functions of (z,w) with x € S(w), are jointly continuous in these variables. For each a > 0,
w € H*(S,) and

(11) [[w(-, 8 = Dllgs(s.) < C(@)|[{f, 90,91 Hlys (),

where S, is the truncated sector of radius a. Also,
w(0,s—1)=0for 0 <m < [s] —2.

Finally, w € H*(S) if and only if either J(s) = 0 or Aj{f,go,g1} =0 for j =1,---,J(s) and, if ja =k =
integer, D*=2£(0,0) = 0, g(k) 0) = ggk) (0) = 0.

In Theorem 1, the hypothesis (s — 1)/a # integer is needed to prevent a pole of csch aw from lying on
the line of integration. This hypothesis probably cannot be removed. The hypothesis s # integer is needed
because f(( — 24, ¢) and §;(¢) may have poles when 3¢ = integer, so w*(7,6, s — 1) may not be defined when
s = integer. We know that the singularities in the solution u do not arise from the poles (p , unless they
are confluent poles. It is natural to seek a decomposition of the solution in the case {f, go, g1} € Y5 (S) for
s = integer. This is done in the next theorem.

Let
oy Jri*sinjad, jo # integer,
(12) vi{#) = { (In7)rk sin k@ + Or* cos kO, jo = k = integer,
J(s)
(13) (@, s =1) = A{f.90.91}vj0(2),
1

[s]-1

(14) P(z,s—1) Zka
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Thus, we have
V(z,s —1)=v(z,s — 1)+ P(z,s — 1),

and we define
W(z,s—1) =w(x,s — 1)+ P(z,s — 1).

Using these functions, there is obtained two representations of w:

v(z,s — 1)+ P(z,s — 1) + w(z,s — 1)
v(z,s — 1)+ W(z,s — 1)
V(z,s = 1) +w(z,s —1).

(15a)
(15b)

The properties of the representation (15b) are established in Theorem 1, and the properties of (15a)
are established in Theorem 2 below. Each of the representations (15a) and (15b) have advantages and
disadvantages. The principal advantage of the representation (15a) lies in the fact, established in Theorem
2, that this representation is also valid when s = integer. Also, (15a) clearly displays the fact that u € H*(S)
if and only if all the linear functionals A;{f, go, g1} = 0. On the other hand, the linear functionals A; become
infinite when w is varied so that ja — integer, and the function v(x,s — 1) is not continuous as a function of
w. The representation (19b) remedies this defect. The function V' = v+ P is continuous in w, the singularity
in v being balanced by a singularity in P. This advantage comes at the cost of a greater complexity in the

singular expansion V.

Theorem 2. Suppose {f,go, g1} € V5 (S) with s > 2, (s—1)/c # integer. Let u be the solution of (I1.2.2;1),
and suppose u = 0 for r > 1. Then

J(s)
U(SU) = Z Aj{fa gOagl}’Uj(x) + W(ZL’,S - 1);

where Aj{f, 90,91}, j = 1,---,J(s) are bounded linear functionals on Y} (S), v; is given by (1), and, for
each a >0, W € H*(S,). There is a constant C(a) > 0 such that

(16) [IW (s = 1)

me(5.) < C(a)|l{f, 90,91}

V5 (9)-

Proof. If s > 2 and s # integer, the result follows from Theorem 1. Suppose s = k > 2 is an
integer, and (s — 1)/a # integer. Let € > 0 be such that ja # (k — e,k +¢) for j = 1,---. Thus,
J(s—¢e)=J(s+¢),sov(x,k—ec—1)=v(k+ec—1), and therefore, W(x,k —e —1) = W(z,k+ec—1). We
define W (z,k —1) = W(x,k —e —1). From Theorem 1, for each a > 0,

[W( k—e— 1)|\kas(sa) < C(G)H{ﬁ90,91}\|ylgff(s)»

W (k& = Dllizeses,) < C@OILF 00,91} |ysse s

Hence, by interpolation,
W (k= Dllgns,) < Ca)l{f; 90,91}y s)-

If2<s<l+a,J(s)=0u=W(,s—1), and the bound for u follows from (11). In the case s = 2, the
proof is a little different. Let {f, g0, 91} € Y3(S), let € > 0, and let {f*,gl,g!'} € V5 (S) be a sequence
with |[{f* — f, 95 — g0, 9% — g1} ly2 (s) — 0 as p — oo. Let u* be the solution of (1) with data {f* g, g1}
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Suppose, without loss of generality, that u*(z) = 0 for > 1. Suppose ¢ is so small that 2+¢ < (J(2) + 1)a,
so J(2+¢) = J(2). Applying Theorem 2 with s = 2 + ¢, we have the decomposition

u(x) =vi(r,s+e— 1)+ WH(z,s+e—1).

The singular expansion v* is given by

J(2)
vz, s+e—1)= Z A{ 7, gl g Yos(x).
1

Since each A; is a bounded linear functional on Y% (S), v* — v as y — oo where

J(2)
v(z, 1) =Y Aj{f, g0, 91}17% sin jad.
1

Since Av# =0 and v* =0 on 'y and T'y, AW#* = f# and W# = g/ on I';, [ = 0,1. From Theorem 2 in the
case s > 2, Wr € H?*¢(S,). Hence we may apply (2.1;25) to W# — W" to obtain [[W* — W"||y2(s) — 0
as iu,v — oo. Hence W* converges in H2(S) to a function W € H?(S). We therefore obtain the desired
decomposition of u in the case s = 2. m

It may be noted that when « is irrational, the singular functions v; = 77 sin ja are orthogonal on the
arc r = const., and in fact are exactly the functions used in a separation of variables of the Laplace operator
in the sector S. When « is rational, and ja is an integer, 7/ sin ja# is a polynomial and thus is not singular.
As the formula (12) shows, the appropriate singular function no longer occurs in the separation of variables
solution.

In Theorems 1 and 2 it is assumed that (s — 1)/« # integer. It is useful to give a reformulation of
Theorem 2 that highlights these exceptional values. Let s; = ja+ 1. Thus, (s; —1)/a = j, so the s; are the

exceptional values. The following follows directly from Theorem 2.

Theorem 3. There are linear functionals A; and functions vj, j = 1,2, .-, with the following properties.
(i) A; is a bounded linear functional on Y, for s > s;, but not for s < s;. (ii) v; € H*(S)NH}(S) for s < s;
but not for s > s;. Also v; is smooth everywhere except at the origin and Av; = 0 in a neighborhood of the
origin. (iii) If s; < s < sj41, {f, 90,01} € V3, u is the solution of (I1.2.2;1), and w = 0 outside Sy, then for
each a > 0,

J
uj=u— ZAl{ﬂ 9o, g1yur € H*(S.),  with ||lujl|gss, < C(a)ll{f, 90,91}
=1

Vi

Calculation of A; in the case of distinct poles

In the confluent case, when jo = k for some integers j and k, the linear functionals A’(g;) and A7(f)
are given by (9) and (8). It is of interest to obtain formulas in the case jo # integer. For this, we must
evaluate f(ni, ) for n > —1 and g;(ni) for n > 0. We have

~ : 7 : 1 > * T
gl(m) :T’l,m—l(nl) + \/72771_/0 Rl,m—l(T)en dr

4 m=1 (k) -
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~ ~ 1 o0
f(ni,0) =T —3(ni, 0) + E/o R (1,0)e"dr
-1 Z cos® fsin' 0

k pl
F e TG — () e Pl (0.0

f(rcosf,rsin@) — Tp,_3(rcos,rsin@)]r— " dr.

\/ 2m /
Since {f, g0, g1} € Y5 (5), these formulas are valid for any integer m which satisfies n < m < s—1. To apply
(2b), we must evaluate these formulas at n = ja. We choose m = [ja] + 1 to obtain

1 [Fa] g(k)(o) 1

(17a) Aj(q) = - Z m + ;/0 [91(x) = T fjo) (2)]z =" 7 ¥da, ja # integer,
0

1 Ayp g(w)
N(f)=—— ’ Dy D, (0,0
(17b) 0<k+i<[ja]-2 ja # integer,
// Tija)—2(2)]r 7% sin jaddz,
where
(17¢) Ap(w) = / cos® psin’ @ sin japdp.
0

From the construction, if ja # integer the mappings {f, go, g1} — A}(gl) and {f,90,91} — A;"(f) are

bounded linear functionals on Y$,(S). We verify this directly. Since g; € H*"'/2(Ry) and s = n + o with

0<o<1,g is (n—1)-times continuously differentiable on R, so g; — gl(k) is a bounded linear functional

on H*~'/2(Ry) if k <n — 1. Also, from Theorem 1.2;6,

1
/ 226Dy Ty Rde < Cllaill—y o
0

Since ja < s —1,

1 1
I/ [91(x) = Th 1 (2)]z ™17 S/ =YD g (2) = Ty (2)] - a7 1790Fs= 120y
0

0
! 2(s—ja—3/2) 7.\ 1/2
S( z dm) llgills—1/2
0
<Cl|gills=1/2-

Hence A’(g;) is a bounded linear functional on H*='/2(R,), and so is a bounded linear functional on Y’$,(S).
Similarly, since f € H*2(S), f has n — 3 continuous derivatives, provided s > 3. Hence f — DF D2 £(0,0)
is a bounded linear functional on Y§ (S) for k +m <n — 3, provided s > 3. Also, from Theorem 1.4;6,

[ [ - tas < il
s
Since ja < s —1,

|//[JC—Tn_3]r*j’JK sin jopdz| S//T*(872)|f_Tn_3|.,rfjaJrszdx
o s
<c(f [ i) P,
s

<C[flls—2-
Hence A’(f) is a bounded linear functional on Y,(S).
From the formulas, it is seen that A;{f, go, 91}, and hence, v; o, becomes singular if joo — integer. This
does not contradict the assertion in Theorem 1 that v is a continuous function of w, because the singularity

in v; o that appears when jo — integer is cancelled by a singularity of opposite sign in vg k.
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