2. Expansion of the solution in a sector — preliminary results

In the theory of elliptic equations with smooth coefficients, an important tool is the analysis of equations
with constant coefficients in a half-plane. When the Fourier transform is taken, the resulting system of
ordinary differential equations can be solved exactly, and important features of the original problem can
be found in the solution to this transformed problem. The study of an elliptic equation in a sector plays
a similar role in the theory of piecewise smooth elliptic problems. The Kondrat’yev transform yields an
ordinary differential equation whose solution shows the corner singularities that are present in the primal
problem. In §II.1, the transformed equation was derived, and §§I1.2.2-11.2.4, contains the most important
properties of the transformed problem: the analytic continuation with respect to the parameter ¢. In this
section, the analytic continuation is presented in a simplified way for Dirichlet boundary conditions. The
simplification comes in not making minimal assumptions on the regularity of the data. Instead of requiring
the data to belong to certain Sobolev spaces, it is merely required that they are continuously differentiable
up to a certain order. The resulting expansions are somewhat simpler to derive, and it is hoped that the
derivation will provide a useful preparation for the following sections.

Let S be the sector of angle w defined, in terms of polar coordinates, by S = {(z,y) : 0 < 6 < w}.
Let I' = T'g UT'; be the boundary of S, where I'y and I'; are the two sides of S. We shall also consider the
truncated sector, S, of radius a, with boundary I'g , UT'1 4 U f‘a, where I'; 4,1 = 0,1 are the two straight
sides of S, and T', is the curved side of S. We consider the problem

(la) —Au = fin S,
(1d) u(z,0) = go(z), x>0
(1e) u(rcosw, rsinw) = gi(r), r > 0.

We assume that the functions f and g; are sufficiently smooth and that go(0) = ¢1(0). We also suppose that

(2) ue HY(S), u(z,y)=0forr = /a2 +y2>1.
From Lemma I1.1;1 we know that & = Ku satisfies

3) —iige(C,0) + C2a(¢,0) = f(¢ —2i,0), n <0,
7:”((70) = g0(€)7 f”(gw) =0 (C)a n < 0.

From the development in §I.1, in particular the Paley-Wiener theorem, we have
(¢, 0) is defined and holomorphic for 7 < 0,

£(¢,0) is defined and holomorphic for n < —1,
§1(¢) is defined and holomorphic for n < 0, I =0, 1.

Furthermore, each of these functions is square integrable on any line ¢ = const in the appropriate half
plane, as well as the functions (% and .

The two point boundary value problem (3) has constant coefficients and can be solved by the method of
“variation of parameters”. It is readily seen that the problem has a unique solution for any right hand sides,
f, Jo, and g1, if and only if ¢ # +mni/w for n a non-zero integer. We may explicitly write the solution. Let

a be a real number and set
e — @

2¢
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We note that for fixed a, k is an entire function with simple zeros at ( = imn/a, n = £1,4+2,---. Also k is
even in (. Also, for fixed n, |k(§ +1in,a)| ~ (1/2]¢]) exp(|a||€]), as |¢] — oco. Using this function we have

0 _
a«ﬁ)=/’ﬂ<—mﬁﬂ“9“ Ok, 0) g,

KCw)
(@ + [T pHenres =2y,
500 80 g RED

We next take the inverse transform of the right side of (4) to obtain a formula for u. From the asymptotic
behavior of k((,a) we find that for large |¢]

k(G w = 0)k(C 9) —1€](0—¢)
K(Cw) ma P Osesh
k(G w—@)k(C0) 1 o~ l€l(o=0)
How) gt feese
k(Gw—0) o lelo
k(¢ w) ’
k(GO) el
k(¢,w) ’

Let us write, for convenience, @ = 7 4 U + U3 + U4, the 4 terms denoting the 4 integrals on the right side of

(4). Suppose f, go, and g; are smooth functions. Then f is bounded in S, so f* is bounded on [0, c0) % [0, w].

*

Similarly, g; is bounded on [0, c0). Hence the integrals defining f(¢,0) and §(¢) are absolutely convergent
for n < 0. Hence for |£] > 1 and 1 < 2, we get, for fixed ¢ and 6,

. k((,w = 0)k((, p) —i(¢—2i)o
anicon= =t [ 7 ro) e

k(¢ w)
< C/ e %% do
0
< o0

In the same way, we find that the integral defining s is absolutely convergent for fixed ¢ and 6 and

|ti2(¢,0)| < C. For large £ we can get sharper estimates for @; and dp. Assuming that [£] > 1 and 7 < 2 we

use the asymptotic behavior of k to obtain

C 6 &S]
i (¢, 0)] < §|/ / 0 e IE16=0) =20 o

- v ~Igl(6-%) g
e ¢
(2- n)\él /g;:o
C

< —.
s
A similar estimate holds for . We also obtain, for |{] > 1,

|23(¢,0)] < Ce 9, Jay(¢,0)] < Cem 1m0,
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Using these estimates we take the inverse transform,

u*(1,0) a(¢,0)e’Tde

S

= F(C — 926 k(¢ w —0)k((, ¢) it
—m/ / _Oof(C 20 ) dédy
_ (C’ H)k(gaw — SD) eiCT
\/ﬂ/ / . 2i,¢) k(C,w) d¢dyp

L " (Cv — )eiCT 79)
+m/£__mgo<c>k(c,w) d“\/ﬁ/ alOp e

In this formula, ¢ = £ +in. Using the above estimates for 4;, we find that the integrals in (5) are absolutely

convergent for n < 0, n # N, and 0 < § < w, where 0, = mn/w. We write v* = uj + ud + ul + uj,
corresponding to the 4 terms on the right side of (5).

The formula (5) for u* has a curious feature. In the right side of (5), the number n defines the line along
which the integrals are taken. The left side, on the other hand, provides a formula for the solution u of (1),
and so is independent of 7 for n < 0, n # n,. To explain how this can happen, we note that the integrands
that define the functions u; are holomorphic in a strip. Specifically, since f (n,0) is holomorphic in the half
plane n < —1, the integrands in the formulas for u}, I = 0,1, are holomorphic in the strip —7/w < n < 1.
Since g;, | = 1,2, is holomorphic in the half plane n < 0, the integrals in the formulas for u;, I = 3,4, are
holomorphic in the strip —7/w < 1 < 0. It can be shown, using the Cauchy integral theorem, that each of
these integrals is independent of 7 in the appropriate range. Hence the left side of (5) is indeed independent
of n in an appropriate interval.

We now seek to move the line of integration outside the strip of holomorphy of the integrand. For this,

we must make some more assumptions on the data f and g;. Suppose that
(6a) f € C*1(8y) and f(0,0) = D'f(0,0) = --- = D*"?£(0,0) = 0.

Then |f(z,y)| < Cr*~1in S so |f*(7,0)] < Cexp(—(k — 1)7). Recalling that f*(7,0) = 0 for 7 < 0, it
follows that the integral defining f (¢, 0) is absolutely convergent for n < k—1, f (¢, 0) is holomorphic in this
half plane, and |f(¢,0)| < C/(k — 1 —1n) for n < k — 1. Similarly, if

(6b) g € C*1([0,1]) and ;(0) = gj(0) = --- = " (0) = 0,

then |g;(r)| < Cr¥*1 in [0,00), so |g; (7)| < Cexp(—(k + 1)7) on R, §,(¢) is holomorphic in the half plane
n<k+1, and |g,(¢)| < C/(k+1—mn) for n < k+ 1. The constant C' depends on the derivatives of g; of
order < k+ 1 in [0, 1]. Summarizing, we have shown that (6) implies that

C

(7) 1f(¢—2i,0)] < Frion

19:(Q)] < , forn<k+1.

E+1—n
The shift of two derivatives in the requirements (6a) and (6b) is necessitated by the argument ¢ — 2i in (5).
The constant C in (7) depends on |D*~! f(z,y)| and |D*+1g,(r)| for 0 < r < 1.

We now deform the line of integration in the integrals defining u*. For = > 0 let uj =(7,6,7) denote the
integral that defines u;, with the integration carried along the line ( = £ 4 in from { = —E to { = E. (See
the figure.) This function is defined for n < k£ + 1 and for n # n,. Let ' € (—7/w,0) and let n” > 0 with
17" # n,. Then

UT,E(T7 97 77,) = E(T 0 ) + Ul*(Ta 97 77//) + R;:E(Tv 07 77/’ 7]/,) + R?(,—E(Tv 97 7],7 77”)7
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where R} = denotes the integral along the vertical sides { = £= from n = 7' to n = 7", and v denotes
the sum of the residues of the integrand in the rectangle. Since the poles of the integrand are at { = 7,1,
vf is independent of Z. Suppose 0 < § < w. Using (7) and the estimates for k given above, we find
that R .z — 0 as 2 — oo. Hence limuj=(7,0,7") exists. Denoting this limit by w; (7,6,7") and setting
v =>vf, wt =) wj, we obtain
(8) u (1,0) =v*(1,0,n) +w*(r,0,n), 0<n<k+1, n#n,.
As will be seen, (8) provides an expansion of «* into a sum of singular functions, v*, and a remainder w*
that is smoother than u*. We now study the functions v* and w*.

The function v* depends on the poles ¢, with n, < n. If n < 7w/w, there are no poles in the strip
0< 3¢ <n,and v*(r,0,n) =0. If N = [wn/7] > 0 and wn/m # integer, there are N poles in the strip. A

computation shows that
2

B(Gw) ~ (=)™ (€ = mud) a5 € = G = .

Hence the poles of each of the integrands is simple.We write v (7, 6) instead of v*(7,8,7), and we obtain

(—1)n+t n(w —0) n nwe
—TmT/w _
(1,6) \/>Z - {Sln / f(( " — 2)i, ) sin " de
+ sin — mnf / — —2)i,¢)sin Mdg@}
w =0 w
LV

w

o .. . mn(w—0 .. . nmd
(*1)n+1€77m‘r/w{90(;2) sin ¥ + 91(72) sin 7}

n=1

Since sinn(w — 6)/w = (—=1)"* sin Tnf/w, we obtain

N
2 1 mnf (¥ . 7n Y
* 0) = “ ST /w s, Y 20 9y in —>d
R(m0) =230 Lol T [ AT g T

V2T N / ™6 ™ ™
var —7TnT/w e i ~1 nt+la (707 .
o e T (o) + () ()

To study this expression, it is convenient to define some linear functionals. We set
AT
Aulg) = 9(),

A(f / F(( ——2190)5111—6&,0

Then we have
N

) il 0) = 3 e in T 2 ) V2T ) 1 oyt g,

If the linear functionals are written in terms of the original independent variables, one obtains

1 —(1+7mn/w)
(10a) Xio) = = / o(r)dr,
(100) A(f) = \/%n//r*’m/“ sin 7rTngf(x,y)dacdy.

We want to verify that the linear functionals A/ (g;) and A (f) are finite. Since g; satisfies (6b), |g;(r)| <
Crf*1. Since n < k+ 1 and 7n/w < 7, it follows that k — mn/w > —1, so the integral defining A/, (g;) is
absolutely convergent. A similar argument shows that the integral defining A”(f) is absolutely convergent.

This discussion is summarized in the following lemma.
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Lemma 1. If f and g; satisfy (6), then the function vy is given by

N

(1) () = 3 7 sin T {ﬁAm + “%?Augo) + <—1>"+1j”A;<gl>} .

where the linear functionals are given by (10a,b). The integrals defining these linear functionals are absolutely

convergent.

The function w*(7, 6,n) is given by the right side of (5) with the line of integration taken on ¢ =7 > 0.
Therefore w*(,6,n) = F~10((, 0), where w((, ) is given by (4) or, equivalently, w(¢,6) is the solution of
the problem (3) with n > 0. We use (4) to estimate @ and its derivatives. The result is contained in the

following lemma.

Lemma 2. The function w(z,y,n) depends only on N instead of n. Suppose f and g satisty (6), and
further, suppose that for some m < k — 1, one has gl(])(l) =0for1<j<m-+1and D’/f(x,y)=0onr=1

for 1 <j<m—1. If m = 0 we place no restriction on f. Then wy € C™(S) and

(12) |D™wy (z,y)| < nr”_m forny <np <k+1.

Proof. Referring to (8), since v* depends on N rather than 7, and u* is independent of 7, w* depends
on N rather than n. To prove the inequality we first obtain bounds for §; and f that improve (7). Let
n=m-+2,s0n <k+1. From (6b) we have |gln)(r)| < Ork+1=m_ Since D"g*(7) is a linear combination of
r?Dig(r) for 1 < j < n, it follows that

(13) |DPgr (1) < Ce VT n < k4 1.

Since exp(—i(T) = (—i¢) "D exp(—i(T),

~ 1 * * —iC
= — T)e "“Tdr
21(<) Nor (7)
(_1)n > * —ilT
= V20 Jo g*(r)Dme T dr
1 > )
= Ty )y Prr e
where we have used in the integrations by parts the fact that gj(7) = --- = D?'g*(7) = 0 at 7 = 0, cc.
Using (13) we obtain
(1) (Ol < = for < k41
= Gy T
In a similar way we obtain
o . C
(15) |f(¢C—2i,0)| < , forp <k+1

(k+1=nl¢™ +1]

Recall that the integrals on the right side of (4), when evaluated at I¢ = 7, give the functions w;. We thus

obtain from (15)
C

(k+1—=n)[¢|+2 +1]7

[ (¢, 0)| < n<k+1, 1=1,2,
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and similarly from (14),

C
(k+1—=n)[¢|m+2+1]7

[y (¢, 0)| < n<k+1, =34

It follows that
e "

D™Mw*(1,0,n)| < —————e 7, p<k+1.
Db £ e ™ <k
Since D™wy is a linear combination of e™” Diw%, for 1 < j < m, we obtain |D™wy(z,y)| < C/(k+1 —

n)r"~™. A similar bound is readily obtained for »~™" Dj'wy (x,y). m

We next consider what to do if f and ¢; do not satisfiy the hypotheses (6a,b). For this, it is convenient
to assume that the angle w is not a rational multiple of ; i.e., w/7 is not a rational number. The following

lemma explains the situation.

Lemma 3. Let f, go, and g1 be smooth functions. Suppose w/m # integer. Then there is a linear polynomial
P(z,y) such that, setting Go(x) = go(x) — P(2,0), and G1(r) = ¢1(r) — P(rcosw,rsinw), then G;(0) =
G}(0) = 0,1 = 1,2. Furthermore let k > 2 and suppose w/7 is not a rational number of the form p/q with
g < k. Then there is a polynomial P(x,y) of degree < k such that, setting F' = f + AP and letting Gy and
G be as above,

(16a) F(0,0) = D'F(0,0) = --- = D*"2F(0,0) = 0.

(16b) Gi(0) = Gj(0) = --- =GP (0) = 0,

Proof. It is easily seen that A maps polynomials of degree k onto polynomials of degree k—2. Let q(z,y)
be the Taylor polynomial of f of degree < k — 2. Then there is a polynomial Q(z,y) of degree < k such that
—AQ = q. Setting F' = f+ AQ = f —q, we see that F satisfies (16a). Let po(r) be the Taylor polynomial of
go(r) — Q(r,0) of degree < k, and let p;(r) be the Taylor polynomial of g;(r) — Q(r cosw, rsinw) of degree
< k. Let us write po(r) = Yt a;ri, pi(r) = Y6 bjri. Since go(0) = g1(0), it follows that ag = by. Let
Pi(z,y), 1 = 0,1, be the harmonic polynomials defined, in terms of polar coordinates, by

k
P —G,Q Z

7“3 sin j(w — 6),

k
Z T‘J sin j6.
— sin

Since w is not a rational multiple of 7, the denominators do not vanish. Then P(x,y) = Q(z,y) + Po(x,y) +
Py(x,y) is the desired polynomial. We have AP = AQ, so F = f + AQ satisfies (16a). Also Go(r) =
go(r) — P(r,0) = go(r) — Q(r,0) — Zlg a;jrd satisfies (16b), and similarly for G1(r). m

Assembling the above lemmas, we obtain the following theorem.

Theorem 1. Let k be a non-negative integer. If k > 0, suppose f € C*~1(S), g, € C**1([0,00)), and
suppose w/m is not a rational number of the form p/q with ¢ < k. If k = 0, suppose f € C°(S), g; €
C1([0,)), and suppose w # 7 or 2. Let u € H'(S) be a weak solution of (1) withu =0 forr > 1. Let N
be the largest integer such that mN/w < k + 1. Then

(17) u=v+w
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where v is a function of the form (11), and w € C*(S) and satisfies (12) with n € (TN/w,k + 1).

Proof. Let P(z,y) be the polynomial given by Lemma 3. Let v € C§°(R?) with 1) = 1 near the origin
and ¢ = 0 for 22 +y* > 1/2. Let u1 = ¢¥(u — P), so u = u3 + (1 —¢)(u — P) + P. Let fi = —Auy,
g10(x) = u1(z,0), g11(r) = uy(rcosw,rsinw). These functions satisfy (6) and u; satisfies (2). Hence u;
satisfies the hypotheses of Lemmas 1 and 2, so we may write u; = vy v +wi,n, where wy ny € C"“(S) satisfies
(14). Since (1 —¢)u € C*(S), we conclude that

(18) u=vnny+win+(1-¢)(u—P)+P

where vy y is of the form (11) and the other functions are in C*(S) and satisfy (14). m

Notice that this theorem does not provide the full regularity that one expects from an elliptic operator;
if f has k — 1 derivatives and g has k + 1 derivatives, w should have k + 1 derivatives inside S. We will
obtain this full regularity in a later section by paying closer attention to the properties of the boundary value
problem (3).

The decomposition in Theorem 1 was obtained by moving the line of integration 7 = const in (5) to
larger values of 7. One might ask what would result from moving the line of integration to lower values of
n. If, for example, the line of integration were moved below 17 = —n;, the residue of pole of the integrand
at ¢ = —ni would give a term of the form v = r~7/¢ sin(nf/w). This term becomes infinite at r» = 0. On
the other hand, the integral along the lower line gives a “remainder” term that is not smooth, and has a
singularity at » = 0 that cancels the singularity of v. This deformation of the line of integration does not

produce any information concerning the solution wu.
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