
2. Mellin transforms of Sobolev spaces on R+

We are concerned with determining the Mellin transform of some Sobolev spaces. We start with the
spaces Hs(R+). We recall from [Lions-Magenes, 1968, §10.3] that if 0 < s < 1, ||u||2Hs(R+) = ||u||2L2(R+)+|u|

2
s,

where

|u|2s =
∫ ∞

0

∫ ∞

0

|u(x + y)− u(x)|2

y1+2s
dxdy.

Our first concern is with the seminorm |u|s. To transform |u|s we require a lemma, which will also be used
later.

Lemma 1. Let 0 < ν < 2 and let ζ = ξ + ηi be complex with 2η < ν. Let

k(ζ, ν) =
∫ ∞

0

|e−iζγ − 1|2

[eγ − 1]ν [1− e−γ ]
dγ.

Then the integral is convergent, and k satisfies the inequality

c(η, ν)(|ξ|ν + 1) ≤ k(ζ, ν) ≤ C(η, ν)(|ξ|ν + 1),

where c(η, ν) and C(η, ν) are positive constants which depend only on η and ν.

Proof. If η ≤ 0 the integrand behaves like e−νγ near γ = ∞, whereas if η > 0 the integrand behaves
like e−(ν−2η)γ near γ = ∞. The integrand behaves like γ1−ν near γ = 0. Hence the integral that defines k

is finite under the stated conditions. Using the identity |e−ai+b − 1|2 = (eb − 1)2 + 4eb sin2(a/2), we obtain
k = k1 + k2 where

k1(η, ν) =
∫ ∞

0

[eηγ − 1]2

[eγ − 1]ν [1− e−γ ]
dγ,

k2(ζ, ν) =
∫ ∞

0

4eηγ sin2(ξγ/2)
[eγ − 1]ν [1− e−γ ]

dγ.

Since the integral defining k1 is convergence for η and ν in the allowed range, k1(η, ν) is a finite positive
number. To bound k2(η, ν) we use the inequalities

c1
γ

γ + 1
≤ 1− e−γ ≤ C1

γ

γ + 1
,

c1
γeγ

γ + 1
≤ eγ − 1 ≤ C1

γeγ

γ + 1
,

which are valid for γ ≥ 0 and with c1 = e−1, C1 = 2. We then obtain

4C−ν−1
1 B(ζ, ν) ≤ k2(ζ, ν) ≤ 4c−ν−1

1 B(ζ, ν),

where

B(ζ, ν) =
∫ ∞

0

(γ + 1)ν+1

γν+1
e−(ν−η)γ sin2 ξγ

2
dγ.

From the hypotheses, ν − η > 0. Hence (γ + 1)ν+1e−(ν−η)γ ≤ C and we obtain

B(ζ, ν) ≤ C

∫ ∞

0

sin2 ξγ
2

γν+1
dγ = C|ξ|ν

∫ ∞

0

σ−ν−1 sin2(σ/2)dσ.
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On the other hand,

B(ζ, ν) ≥
∫ 1

0

γ−1−ne−(ν−η)γ sin2 ξγ

2
dγ

≥ e−(ν−η)

∫ 1

0

γ−1−n sin2 ξγ

2
dγ

= e−(ν−η)|ξ|ν
∫ |ξ|

0

σ−1−ν sin2 1
2σdσ

≥
{

c|ξ|ν , |ξ| ≥ 1,
c|ξ|2, |ξ| ≤ 1.

The result follows from these inequalities.

We now give a formula for the Mellin transform of the semi-norm |u|s. In fact, we shall consider the
quantity

As,a(u) =
∫ ∞

0

∫ ∞

0

|u(x + y)− u(x)|2

y1+2s
xadxdy,

which, in the case a = 0, equals |u|s.

Lemma 2. Let 0 < s < 1, 1 + a > 0. Let u be a function on R+ which satisfies
∫∞
0

xa−2su(x)2dx < ∞.

Then the Mellin transform û(ξ+ηi) is defined and square integrable on the line η = s− 1
2−

1
2a. Furthermore,

ξsû(ξ + (s − 1
2 −

1
2a)i) is square integrable on R if and only if As,a(u) < ∞, and in this event, there are

positive numbers c(s, a) and C(a, s) such that

(1) c(s, a)As,a(u) ≤
∫ ∞

−∞

[
|ξ|2s + 1

]
|û(ξ + (s− 1

2 −
1
2a)i)|2dξ ≤ C(s, a)As,a(u).

Finally,

(1a) c(s, a)As,a(u) ≤ ||e(s− 1
2−

1
2a)τu∗||2s,R ≤ C(s, a)As,a(u).

Proof. The existence and square integrability of the Mellin transform on the line η = s− 1
2 −

1
2a follows

from the Parseval formula and the formula∫ ∞

0

xa−2su(x)2dx =
∫ ∞

−∞
e(2s−a−1)τu∗(τ)2dτ

∫ ∞

−∞

(
e(s− 1

2−
1
2a)τu∗(τ)

)2
dτ.

Set x = exp(−α), y = exp(−β). We then obtain

As,a(u) =
∫ ∞

−∞

∫ ∞

−∞
|u(e−α + e−β)− u(e−α)|2e2sβ−(1+a)αdβdα.

Let γ = ln(1+eα−β). For fixed α, γ is a decreasing function of β with limβ→−∞ γ = ∞, limβ→∞ γ = ln 1 = 0.
Hence the map (α, β) → (α, γ) is (1-1) and sends R2 onto R×R+ with limβ→−∞ γ = ∞, limβ→∞ γ = ln 1 = 0.
Also, from the definition of γ,

e−α + e−β = eγ−α, eβ = eα/(eγ − 1), ∂γ/∂β = −[1− e−γ ].

Since u(e−α) = u∗(α) and u(e−α + e−β) = u∗(α− γ), we obtain

As,a(u) =
∫ ∞

α=−∞

∫ ∞

γ=0

|u∗(α− γ)− u∗(α)|2 e(2s−1−a)α

[eγ − 1]2s[1− e−γ ]
dγdα.
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Since e(s−1/2−a/2)αu∗(α) ∈ L2(R),

F(e(s−1/2−a/2)α[u∗(α− γ)− u∗(α)])(ξ) = [e−iγ[ξ+(s−1/2−a/2)i] − 1]û(ξ + (s− 1
2 −

1
2a)i),

and we may use Parseval’s formula to obtain

As,a(u) =
∫ ∞

−∞
|û(ξ + (s− 1

2 −
1
2a)i)|2k(ξ + (s− 1

2 −
1
2a)i, 0, 2s)dξ.

Here, k is the function given in Lemma 1. Applying Lemma 1 with η = s − 1
2 −

1
2a, ν = 2s, we obtain the

first result. The converse statement follows in a similar way, using Parseval’s formula. To prove (1a), let
z∗(τ) =

(
F−1û(·+ (s− 1

2 −
1
2a)i))

)
(τ). Then z∗ ∈ Hs(R) and, using (1), the quantity ||z∗||2s,R is equivalent

to As,a(u). Since
(
Fe(s− 1

2−
1
2a)τu∗

)
(ξ) = û(ξ + (s − 1

2 −
1
2a)i), one has z∗(τ) = e(s− 1

2−
1
2a)τu∗(τ), and (1a)

follows.

For 0 < s < 1 we define the subspace Hs
0(R+) by interpolation:

Hs
0(R+) = [H1

0 (R+), L2(R+)]1−s.

We recall from Lions-Magenes [1968, Chapter 1, Theorem 11.1] that if 0 < s < 1
2 , Hs

0(R+) = Hs(R+), and if
1
2 < s < 1, Hs

0(R+) is the closed subspace of Hs(R+) consisting of functions which vanish at 0 [ibid, Chapter
1, Theorem, 11.5]. Thus, the relation

(2) ||u||2Hs(R+) ∼ |u|2s,R+
+ ||u||2L2(R+), s 6= 1

2 ,

provides an equivalent norm in Hs
0(R+). We also know from the same source that if u ∈ Hs

0(R+),

(3)
∫ ∞

0

1
x2s

|u(x)|2dx ≤ C||u||2Hs(R+), 0 < s < 1, s 6= 1
2 .

The inequality (3) is not true at s = 1
2 , and an extra weighting is required at x = 0 to describe the norm of

H
1/2
0 (R+). In fact, we have [ibid, Chapter 1, Theorem 11.7]

(4) ||u||2
H

1/2
0 (R+)

∼ |u|21/2,R+
+

∫ ∞

0

1
x
|u(x)|2dx.

In any event we have

(5) ||u||2Hs
0 (R+) ∼ |u|2s,R+

+ ||u||2L2(R+), 0 < s < 1.

Note that when s = 1
2 our notation differs from customary usage. What we denote by H

1/2
0 (R+) is

called H
1/2
00 (R+) in Lions-Magenes [1968].

These results conform with the Sobolev imbedding theorem: if s > 1
2 , functions in Hs(R+) are contin-

uous on R+, whereas if s < 1
2 , there are functions in Hs(R+) which are not continuous. (A step function

provides an example.) The transition exponent, s = 1
2 , is a special case, and in that case the interpolated

norm is given by (4).
The following theorem identifies the Mellin transform of functions in Hs

0(R+).
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Theorem 1. Let 0 < s ≤ 1. The Mellin transform of Hs
0(R+) consists of all functions û(ζ) which are

analytic in the strip − 1
2 < η < s − 1

2 and which are square integrable with respect to ξ on each line

η = const ∈ [− 1
2 , s− 1

2 ]. The quantity X(û) defined by the formula

(6) Xs(û)2 ≡
∫ ∞

−∞
|û(ξ − 1

2 i)|2dξ +
∫ ∞

−∞
[ξ2 + 1]s|û(ξ + (s− 1

2 )i)|2dξ < ∞.

provides an equivalent norm on Hs
0(R+).

Proof. Let u ∈ Hs
0(R+). Since u ∈ L2(R+), e−τ/2u∗ ∈ L2(R). Since

∫
x−2s|u|2dx < ∞ (in the

case s = 1/2 this follows from (4)), e(s−1/2)τu∗ ∈ L2(R). Hence û(ζ) is well defined and analytic in the
strip −1/2 < η < s − 1/2. Using Lemma 2, we obtain Xs(u) ≤ C||u||Hs

0 (R+). Conversely, suppose û is
analytic in the strip −1/2 < η < s − 1/2, and satisfies the hypotheses of the theorem. Then from the
Paley-Wiener theorem, the integral that defines u∗ = F−1û is absolutely convergent, u∗ is independent of
η ∈ (−1/2, s− 1/2), and ||u||Hs

0 (R+) ≤ CXs(u) < ∞.

It is in certain respects more convenient to work with Sobolev spaces on I = (0, 1) instead of on R+.
For 0 < s < 1 we define the space Hs

0(I) by interpolation:

(7) Hs
0(I) = [H1

0 (I), L2(I)]1−s.

(In the case s = 1
2 , this is again not the customary usage.) Again, if 0 < s < 1

2 , Hs
0(I) = Hs(I), and if

1
2 < s < 1, Hs

0(I) is the closed subspace of Hs(I) consisting of functions which vanish at x = 0 and x = 1.
Since functions in Hs

0(I) vanish both at x = 0 and at x = 1, weights may be included at both these points
to describe the norm of Hs

0(I), in the case s 6= 1
2 , and these weights must be provided to describe the norm

of H
1/2
0 (I). That is, if u ∈ Hs

0(I),∫ 1

0

1
x2s(1− s)2s

|u(x)|2dx ≤ C||u||Hs(I), s 6= 1
2 .

On the other hand, this inequality is not true for s = 1
2 , but we have the norm equivalence

(8) ||u||2
H

1/2
0 (I)

∼ |u|21/2,I +
∫ 1

0

1
x(1− x)

|u(x)|2dx.

The functions in Hs
0(I) have a convenient extension property. If u ∈ Hs

0(I), and if we extend u by 0 for
x > 1 (we shall also call the extended function u), then u ∈ Hs

0(R+) and ||u||s,R+ ≤ C||u||s,I . In fact, for
0 < s < 1,

(9) ||u||2s,I ∼ |u|2s,R+
+

∫ 1

0

1
x2s

|u(x)|2dx.

The right side of (9) gives the norm in Hs
0(I) that is of most convenience for us.

Comparing (8) and (9), we see that by making the extension, we are able to drop the weight in the integral at x = 1.

This is expressed by the inequality that if u(x) ≡ 0 for x > 1, then∫ 1

0

1
1− x

|u(x)|2dx ≤ C

[∫ 1

0

|u(x)|2dx +
∫ ∞

0

∫ ∞

0

|u(x)− u(y)|2

|x− y|2
dxdy

]
.
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If u ∈ Hs
0(I), by Mu we mean M applied to the extended function. Thus,

(Mu)(ζ) =
1√
2π

∫ 1

0

xiζ−1u(x)dx.

We now determine the image MHs
0(I). For this we define a space Hs of analytic functions as follows. Let

s ∈ R and let Hs consists of the functions û(ζ) which are analytic in the half space η < s− 1
2 , and for which

(10) sup
η<s− 1

2

∫ ∞

−∞
[1 + ξ2]s|û(ξ + ηi)|2dξ < ∞.

We make Hs into a Hilbert space, defining a norm |||û|||s by

|||û|||2s =
∫ ∞

−∞
[1 + ξ2]s|û(ξ + (s− 1

2 )i)|2)|2dξ.

The spaces Hs form a decreasing family: if s < t, then Hs ⊃ Ht. We have

Theorem 2. Let 0 ≤ s ≤ 1. Then MHs
0(I) = Hs and M : Hs

0(I) → Hs is an invertible map. The quantity

|||û|||s provides an equivalent norm on Hs
0(I). If s < t, then Ht is a dense subset of Hs.

Proof. Let u ∈ Hs
0(I). Since

∫∞
0

x−2s|u|2dx < ∞, e(s−1/2)τu∗ ∈ L2(R). Since u(x) = 0 for x > 1,
u∗(τ) = 0 for τ < 0. From the Paley Wiener theorem, û(ξ + ηi) = F(e(s−1/2)τu∗(τ))(ζ) is analytic for
η < s− 1

2 and ∫ ∞

−∞
|û(ξ + ηi)|2dξ ≤

∫ ∞

0

x−2s|u|2dx for η ≤ s− 1
2 .

Also, using Lemma 2,

sup
η≤s−1/2

∫ ∞

−∞
[1 + ξ2]s|û(ξ + ηi)|2dξ ≤ C(s)||u||2s,I .

Conversely, suppose û ∈ Hs. From the Paley Wiener theorem, e(s−1/2)τu∗ ∈ L2(R) and u∗(τ) = 0 for τ < 0.
Hence u = M−1û vanishes for x > 1 and

∫ 1

0
x−2su2dx ≤ C|||û|||2s. Using Lemma 2 and (9) we find that

||u||Hs
0 (I) ≤ C|||û|||s.

As a consequence of Theorem 2 we obtain

Theorem 3. The spaces Hs, 0 ≤ s ≤ 1 form an interpolating family:

(11) [H1,H0]1−s = Hs, for 0 < s < 1.

Proof. Since M : Hs
0(I) → Hs is an isomorphism for 0 ≤ s ≤ 1, the result follows from (7).

As a corollary to this result, we obtain an interpolation result, that will be of use in §I.4, for another
family of spaces. Let Hs,σ consist of the functions û(ζ) which are analytic in the half-space η < s + σ and
for which

sup
η≤s+σ

∫ ∞

−∞
[1 + ξ2]s|û(ξ + ηi)|2dξ < ∞.

The norm in Hs,σ is defined by

|||û|||2s,σ =
∫ ∞

−∞
[1 + ξ2]s|û(ξ + (s + σ)i)|2dξ.

We have
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Corollary. The spaces Hs,σ, 0 ≤ s ≤ 1, form an interpolating family:

Hs,σ = [H1,σ,H0,σ]1−s for 0 < s < 1.

Proof. From the definition, Hs = Hs,−1/2. The map T defined by

(T û)(ζ) = û(ζ − (t + 1
2 )i)

defines an isomorphism THs → Hs,σ. The result then follows from Theorem 3.

Our next concern is with the spaces H−s(I). Recall that H−1(I) is defined to be the set of distributions
on R which are bounded linear functionals on H1

0 (I). Of course, the Riesz representation theorem identifies
the bounded linear functionals on H1

0 (I) with H1
0 (I) itself. That is, if v ∈ H1

0 (I) the map u →
∫

u′v̄′dx is
a bounded linear functional on H1

0 (I), and any bounded linear functional on H1
0 (I) can be obtained in this

way. Writing
∫

u′v̄′dx = −〈u, v′′〉, we see that the linear functional associated with v is also given by the
distribution f = −v′′. The norm of the distribution f is

||f ||H−1(I) = sup
{
〈f, v〉
||v||1

: v ∈ H1
0 (I)

}
.

In particular, if f ∈ L2(I), then ||f ||H−1(I) < ∞ and H−1(I) is the closure of L2(I) under this norm.
We wish to give the Mellin transform of this construction. Let f̂ ∈ H−s, and let Λf̂ be the linear

functional defined by

(12) Λf̂ (û) =
∫ ∞

−∞
û(ξ + (− 1

2 + s)i)f̂(ξ + (− 1
2 − s)i)dξ.

If û ∈ Hs

|Λf̂ (û)| ≤
∫ ∞

−∞
|û(ξ + (− 1

2 + s)i)||f̂(ξ + (− 1
2 − s)i)|dξ

≤
(∫ ∞

−∞
(1 + ξ2)s|û(ξ + (− 1

2 + s)i)|2dξ

)1/2 (∫ ∞

−∞
(1 + ξ2)−s|f̂(ξ + (− 1

2 − s)i)|2dξ

)1/2

= |||û|||s|||f̂ |||−s

so Λf̂ (û) is well defined for û ∈ Hs and Λf̂ is a bounded linear functional on H with norm ‖Λf̂‖(Hs)′ ≤
|||f̂ |||−s. In fact, we have ‖Λf̂‖(Hs)′ = |||f̂ |||−s. To show this, let δ ∈ (0, 1) and let

ûδ(ζ) = [1 + (ζ + ( 1
2 − s− δ)i)2]−sf̂(ζ − 2si).

Writing ζ = ξ + ηi, if η ≤ −1
2 + s the imaginary part of ζ + ( 1

2 − s− δ)i is −(− 1
2 + s− η− δ) ≤ 0 so ζ 6= 0 so

the factor in front of f̂ is well-defined and analytic in the half-space η < − 1
2 + s. Also the imaginary part of

ζ − 2si is η− 2s < − 1
2 − s, so f̂(ζ − 2si) is analytic in this half-space. Hence ûδ is analytic in this half-plane

and
|||ûδ|||2s =

∫ ∞

−∞
(1 + ξ2)s|ûδ(ξ + (− 1

2 + s)i)|2dξ

=
∫ ∞

−∞
(1 + ξ2)s|1 + (ξ − δi)2|−2s|f̂(ξ + (− 1

2 − s)i)|2dξ

=
∫ ∞

−∞
(1 + ξ2)s[(1 + ξ2 − δ2)2 + 4δ2ξ2]−s|f̂(ξ + (− 1

2 − s)i)|2dξ

≤ C

∫ ∞

−∞
(1 + ξ2)−s|f̂(ξ + (− 1

2 − s)i)|2dξ = C|||f̂ |||2−s.
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Also Λf̂ (ûδ) =
∫∞
−∞[1 + (ξ − δi)2]−s|f̂(ξ + (− 1

2 − s)i)|2dξ. Hence

‖Λf̂‖(Hs)′ = sup
û∈H2

Λf̂ (û)

|||û|||s

≥ sup
δ>0

∫∞
−∞[(1 + ξ2)s[(1 + ξ2 − δ2)2 + 4δ2ξ2]−s|f̂(ξ + (− 1

2 − s)i)|2dξ[ ∫∞
−∞[1 + (ξ − δi)2]−s|f̂(ξ + (− 1

2 − s)i)|2dξ
]1/2

≥ lim
δ→0

∫∞
−∞[(1 + ξ2)s[(1 + ξ2 − δ2)2 + 4δ2ξ2]−s|f̂(ξ + (− 1

2 − s)i)|2dξ[ ∫∞
−∞[1 + (ξ − δi)2]−s|f̂(ξ + (− 1

2 − s)i)|2dξ
]1/2

=
[ ∫ ∞

−∞
[1 + (ξ)2]−s|f̂(ξ + (− 1

2 − s)i)|2dξ
]1/2

= |||f̂ |||−s.

Hence ‖Λf̂‖(Hs)′ = |||f̂ |||−s. Finally we remark that if f̂ ∈ H0 then

(13) Λf̂ (û) =
∫ ∞

−∞
û(ξ − 1

2 i)f̂(ξ − 1
2 i)dξ = (û, f̂)H0 .

The above arguments prove

Theorem 4. If s ∈ [0, 1], the map f̂ → Λf̂ is an isomorphism from (Hs(0, 1))′ to H−s. In particular, this

map provides an identification of H−1(0, 1) with H−1.

Now we consider higher order spaces. Let k > 1 be an integer and let Hk
0 (I) denote the set of functions

in Hk(I) with

(14) Dju(0) = Dju(1) = 0 for 0 ≤ j ≤ k − 1.

For s = k + σ with 0 < σ < 1, define Hs(I) by interpolation,

Hs
0(I) = [Hk+1

0 (I),Hk
0 (I)]1−σ.

If 0 < σ < 1
2 , then Hs

0(I) is the closure in Hs(I) of smooth functions which satisfy (14), while for 1
2 <

σ < 1, Hs
0(I) is the closure in Hs(I) of smooth functions which satisfy (14) plus the additional requirement

Dku(0) = Dku(1) = 0. (The case σ = 1
2 is special.) It is also true that if u ∈ Hs

0(I), then Dju ∈ Hs−j(I)
for 0 ≤ j ≤ k.

If u ∈ Hs
0(I), we also denote by u the extension by 0 to R+. We have

Theorem 5. MHs
0(I) = Hs. If u ∈ Hs

0(I), then

(15)
∫ 1

0

x−2su(x)2dx ≤ C||u||Hs
0 (I) < ∞.

Proof. If u ∈ Hs
0(I), then u ∈ Hσ

0 (I) so from Theorem 2, û(ζ) is analytic for η < σ − 1
2 . Also,

Dku ∈ Hσ
0 (I), so (MDku)(ζ) = (−1)k(ζ + i) · · · (ζ + ki)û(ζ + ki) ∈ Hσ. It is easily seen from this that û(ζ)

is analytic in the half space η < s− 1
2 , and that |||û|||s < ∞. Hence MHs

0(I) ⊂ Hs. The converse inclusion
is easily shown to hold, so we have equality of the two spaces. Finally, if u ∈ Hs

0(I), then∫ ∞

−∞
|û(ξ + (s− 1

2 )i|2dξ ≤ C||u||Hs
0 (I) < ∞.
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Transforming this into the original variables, we get (15).

Let s > 1
2 , s 6= integer + 1

2 , let u ∈ Hs(R+), and suppose further that u(x) ≡ 0 for x ≥ 1. In particular,
u ∈ Hσ(I) for any σ < 1

2 , so û(ζ) is analytic for η < 0. It is of interest to consider the meromorphic extension
of û to positive values of η, and to determine the poles of this extension. Let n be the nearest integer to
s, and write s = n + σ with − 1

2 < σ < 1
2 . Since s > 1

2 , n > 0. From the Sobolev imbedding theorem u is
(n− 1) – times continuously differentiable on [0,∞), so the Taylor polynomial of u of degree n− 1,

Tn−1(x) =
n−1∑
j=0

1
j!

u(j)(0)xj ,

is well defined. Let Rn−1 = u−Tn−1 be the remainder, and let χI be the characteristic function of I. Thus,
u = χIu = χITn−1 + χIRn−1. As in §I.1.1, with some abuse of notation, we set

T̂n−1(ζ) = M{χITn−1}(ζ) =
1√
2π

∫ ∞

0

T ∗n−1(τ)e−iζτdτ,

R̂n−1(ζ) = M{χIRn−1}(ζ) =
1√
2π

∫ ∞

0

R∗n−1(τ)e−iζτdτ.

Using the formula

M{χIx
k}(ζ) =

1√
2π

∫ ∞

0

e−kτ−iζτdτ =
−i√
2π

1
ζ − ki

, for η < k,

where the integral is absolutely convergent, we obtain

T̂n−1(ζ) =
−i√
2π

n−1∑
k=0

u(k)(0)
k!

1
ζ − ki

, for η < 0.

This formula provides a meromorphic extension of T̂n−1(ζ) to the complex plane. We then have

Theorem 6. Let s > 1
2 , s 6= integer + 1

2 . Let u ∈ Hs(R+), and suppose further that u(x) ≡ 0 for x ≥ 1.

Then R̂n−1(ζ) is analytic in the half plane η < s− 1
2 , so the formula û(ζ) = T̂n−1(ζ) + R̂n−1(ζ) provides a

meromorphic extension of û to the half plane η < s− 1
2 . Furthermore,∫ 1

0

x−2sRn−1(x)2dx ≤ C||u||2s.

Proof. Let χ be a smooth function on [0,∞) which is ≡ 1 near 0 and ≡ 0 outside (0, 1
2 ). Let v = χRn−1.

Then v ∈ Hs(I), v(k)(0) = 0 for 0 ≤ k ≤ n − 1, v(k)(1) = 0 for 0 ≤ k ≤ n − 1. Since s 6= integer + 1
2 ,

v ∈ Hs
0(I) and from Theorem 5, v̂ ∈ Hs, so v̂ is analytic in the half plane η < s− 1

2 and∫ 1

0

x−2sv2dx ≤ C||v||2s ≤ C||u||2s.

Hence ∫ ∞

0

x−2s(χIRn−1)2dx ≤ C||u||2s,

so ∫ ∞

0

e2sτ−τR∗n−1(τ)2dτ ≤ C||u||2s.
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Hence e(s−1/2)τχ[0,∞)R
∗
n−1 ∈ L2(R), so R̂n−1(ζ) is analytic in the half plane η < s− 1

2 , as asserted.

The extension formula of û(ζ) given in Theorem 6 has a disadvantage: it does not provide a convenient
way to take the inverse Mellin transform of û(ζ) on lines =ζ = η > 0 that do not contain a pole. We
therefore give another formula for the meromorphic extension of û(ζ) to η < s− 1

2 . Suppose, as above, that
u ∈ Hs(R+), and suppose further that for some a < 1, u(x) ≡ 0 for x > a. Let χ ∈ C∞

0 (R) satisfy χ(x) ≡ 1
for 0 < x < a and χ(x) ≡ 0 for x > 1. Thus, u = χu = χTn−1 + χRn−1. Setting

T̂
(1)
n−1(ζ) = M{χTn−1}(ζ) =

1√
2π

∫ ∞

0

χ∗(τ)T ∗n−1(τ)e−iζτdτ,

R̂
(1)
n−1(ζ) = M{χRn−1}(ζ) =

1√
2π

∫ ∞

0

χ∗(τ)R∗n−1(τ)e−iζτdτ.

we have

(16) û(ζ) = T̂
(1)
n−1(ζ) + R̂

(1)
n−1(ζ).

In order to use (16) to define a meromorphic extension of û(ζ), a meromorphic extension of each of the terms
on the right side of (16) must be given. One sees that χRn−1 ∈ Hs

0(I), so M{χRn−1}(ζ) is analytic in the
half-plane η < s − 1

2 . To understand the domain of analyticity of M{χTn−1}(ζ), it is convenient to make
some definitions. For x ≥ 0 define

ak(x) = χI(x)xk, a0
k(x) = (1− χI(x))xk,

bk(x) = χ(x)xk, b0
k(x) = (1− χ(x))xk,

ck(x) = (χI(x)− χ(x))xk.

One has
b̂k(ζ) = M{bk}(ζ) =

1√
2π

∫ ∞

0

χ∗(τ)e−(k−η)τe−iξτdτ,

and the integral is absolutely convergent for η < k. Since χI(x) = χ(x) outside of (a, 1) we have, with
a∗ = ln a−1,

ĉk(ζ) = M{(χI − χ)xk}(ζ) =
1√
2π

∫ a∗

0

(1− χ∗(τ))e−(k−η)τe−iξτdτ.

The integral defining ĉk is absolutely convergent for all ζ, so ĉk is an entire function. Also, an integration
by parts shows that ĉk(ζ) satisfies the inequality

|ĉk(ζ)| ≤ C(η)|ξ|−1 as |ξ| → ∞.

A simple integration gives

âk(ζ) =
1√
2π

∫ ∞

0

e−(k+iζ)τdτ =
−i√
2π

1
ζ − ki

, for η < k.

Since bk = ak − ck,

(17) b̂k(ζ) =
−i√
2π

1
ζ − ki

− ĉk(ζ), for η < k.

Eqn (17) expresses b̂k(ζ) as a difference of a meromorphic function and an entire function in the half-plane
η < k. Hence (17) provides a meromorphic continuation of b̂k(ζ) into the entire complex plane. The extended
function, which we also denote by b̂k(ζ), has a single simple pole at ζ = ki.
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To gain more understanding of this meromorphic extension, we ask: is there a function whose Mellin
transform equals b̂k(ζ) for η > k, and with the transform given by an absolutely convergent integral? The
answer is yes, and the function is given by b0

k(x). To show this, note first that since 1− χ(x) = 0 for x < a,

b̂0
k(ζ) = M{b0

k}(ζ) =
1√
2π

∫ a∗

−∞
(1− χ∗(τ))e(η−k)τe−iξτdτ, for η > k.

The integral defining b̂0
k is absolutely convergent. Furthermore, since χ∗(a∗) = 1 and Dj

τχ∗(a∗) = 0 for
j = 1, 2, · · ·, successive integrations by parts shows that b̂0

k(ζ) satisfies the inequality

|b̂0
k(ζ)| ≤ C(m, η)|ξ|−m for η > k, as |ξ| → ∞.

Similarly

â0
k(ζ) =

1√
2π

∫ 0

−∞
e−(k+iζ)τdτ =

i√
2π

1
ζ − ki

, for η > k,

where the integral is absolutely convergent. Since b0
k = −a0

k − ck,

b̂0
k(ζ) =

−i√
2π

1
ζ − k

− ĉk(ζ), for η > k,

and this coincides with the meromorphic extension of b̂k(ζ) given in (17). Summarizing the above discussion,
we have shown that

(18) b̂k(ζ) =
{
M{χ(x)xk}(ζ), for η < k,
M{(1− χ(x))xk}(ζ), for η > k.

Using linearity, these formulas may be applied to the Taylor polynomial Tn−1(x). The integral defining
T̂

(1)
n−1(ζ) is absolutely convergent for η < 0. Using (17), one obtains

(19) T̂
(1)
n−1(ζ) =

−i√
2π

n−1∑
k=0

u(k)(0)
k!

1
ζ − ki

+ Ŝn−1(ζ), η < 0,

where Ŝn−1(ζ) is an entire function. Eqn (19) provides a meromorphic extension of T̂
(1)
n−1(ζ) to the complex

plane. The extended function, which we also denote by T̂
(1)
n−1(ζ), has a simple pole at ζ = ki, provided

u(k)(0) 6= 0. We obtain from (18) the formula

(20) T̂
(1)
n−1(ζ) =

{
M{χ(x)Tn−1(x)}(ζ), for η < 0,
M{(1− χ(x))Tn−1(x)}(ζ), for η > n− 1.

Also,

T̂
(1)
n−1(ζ) =

n−1∑
j=0

1
j!

u(j)(0)b̂0
j (ζ), for η > n− 1.

Since s 6= integer + 1
2 , |u(j)(0)| ≤ C||u||s, and T̂

(1)
n−1 satisfies the inequality

(21) |T̂ (1)
n−1(ζ)| ≤ C(m, η)||u||s|ξ|−m for η > n− 1, as |ξ| → ∞.

These formulas are used to prove the following theorem.
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Theorem 7. Let the hypotheses of Theorem 6 be satisfied. Let û(ζ) be the meromorphic extension of

M{u}(ζ) to the half-plane η < s − 1
2 , so û(ζ) is analytic everywhere in this half-plane except perhaps at

the points ζ = ki, k = 0, · · · , n − 1. Then û(· + (s − 1
2 )i) is square-integrable on R and, setting u∗1(τ) =(

F−1û(·+ (s− 1
2 )i)

)
(τ), u∗1 ∈ Hs(R). Also,

(22) ||u∗1||2s,R ≤ C(s)
∫ ∞

−∞
(1 + ξ2)s|û(ξ + (s + 1

2 )i)|2dξ ≤ C1(s)||u||2s.

Proof. We use the formula (16). From (21) we see that T̂
(1)
n−1 is square-integrable on the line η = s− 1

2 ,
and F−1T̂

(1)
n−1(·+(s+ 1

2 )i) ∈ Hs(R). As in the proof of Theorem 6, we see that R̂
(1)
n−1 ∈ Hs, and |||R̂(1)

n−1|||s ≤
C||u||s. Hence, from the definition of the norm of Hs, F−1R̂

(1)
n−1(·+ (s + 1

2 )i) ∈ Hs(R) and

||F−1R̂
(1)
n−1(·+ (s + 1

2 )i)||s = |||R̂(1)
n−1|||s ≤ C||u||s.

The inequality (22) then follows from (16) and the triangle inequality.
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