1. The tools

We start with some facts and formulas that will be used in the analysis.

Fourier transform

A good reference is [Yosida, Chapter 6]. Let u be defined on R = (—o00,00). We denote the Fourier
transform of u by Fu or @. The basic formulas are

i) = (Fu)§) = 7= / e~ (a)d,
(@) = (Fla)(z) = m/ ¢ (E) d,

Fluxv)(§) = vara()o(s),

where (uxv)(z) = [*_u(s)v(z — s)ds. For transforms in the complex plane, with ¢ = £ + in we have

—1(1 )dx,

9= 7w L

ua) = —== / O
F(ePu(x)) () = a(¢ + Bi),
F(eP! ())(C) = (¢ + Bi)a(¢ + Bi),
i'(¢) = —iF (wu())(C).

Mellin transform

The Mellin transform of a function is defined by first making a change of variable and then applying
the Fourier transform. Let u be defined on Ry = (0, 00). Consider the change of variable

—T

r=e
T=—Inz
S0
dr = —e 7dr, uy = —€u’, Upe = ¥ [ul + ul].
x T
0 00
1 0
00 —00
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We use the notation u* to express this change of variables, and we write u(z) = u*(7). Let 4(¢) =
F(u*(7))(¢) be the Fourier transform of u* with respect to 7. Then Mu = 4 is the Mellin transform of w.
Thus, the Mellin transform is given by the formula

MO = —= / e () = / £ () dr,

1{7’A df

m/ de= = [

We have
(Mug)(C) = —i(C +8)a(¢ + ),

(Muge)(C) = —(C 4 20)(¢ +9)a(¢ + 20).

If u € L2(0,00), we have
/ u(z)?dr = / u*(1)%e Tdr :/ [a(¢ — 3i)[2dé < oo,
0 —o0o —oo
If u, € La(0,00), we have

/000 Uy (x)de = /OO w(T)%eTdr = /_O; 1€+ Sil*|a(€ + $9)[PdE < oo,

— 00

If z71u € Ly(0,00), we have
/ " 2u(z)?dx 7/ u*(7)%e7dr :/ [a(€ + 3i)2dé < oo,
0 oo o
Hence, if u, and 27 1u € Ly(0,00) and if u # 0, we have
(e.¢] o 1 ) 112
o u@ide =4- [ Sjage + 1o)de
0 —00
<t e dilace+ 0P
N 2
74/ Uy (x)*de,
0

which is Hardy’s inequality. To be precise, Hardy’s inequality contains the additional assertion that if
u' € Ly(0,00) and if u(0) = 0, then 27 u € Ly(0,00). A proof of this is given below.

=~

Kondrat’yev transform

We use the term “Kondrat’yev transform” to denote the Mellin transform applied in a two dimensional
setting. If u(z) is a function of 2 variables, let (r,#) denote the corresponding polar coordinates and we write
u#(r,0) = u(r cos §,rsin ). Make the change of independent variable r = exp(—7), 7 = — Inr as above, and
write u*(7,0) = u?(r,0). Let 0(¢,0) = F(u*(7,0))(¢,0) be the Fourier transform of u* with respect to 7.
We define Ku = 4 to be the Kondrat’yev transform of u. Thus, the Kondrat’yev transform is defined by the
formula

K(u)(¢, e Tu’ (1, 0)dr

" r/
27
= — i~ Yu(r cos 0, r sin §)dr.
V2T /0 ( )
2
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The following formulas are often useful in connection with the Kondrat’yev transform.

|D | = uZ + ui = +r 2l = ¥ [ur? + up?,

212 L =2l 12 .2 -2 2 4,2 —2, 2 | 4 2
| D=u|* + r~?|D u|” ~ uy, + 1" “urg + 1 “uge + 7 Cun + 17 "ug,

~1 -2 2
AU = Upp + 77U + 177 ugp = €T Ul + upg),

//suzd /Oom/owu e drdf
[ [ e sopacan
[ [roa= [T [ eeopan i
- / "Jote+ (3 s )P,
[ [1ppas = [ [ s iz
/ / [(€,0)[* + lao (&, 0)|*]dde.

In the integrals, S denotes the sector with angle w defined by the inequality 0 < 6 < w.

8

We obtain from these formulas an inequality analogous to Hardy’s inequality given above. Let u €
H'(S), and suppose further that u = 0 on a side of I'; say, u(z1,0) = 0. Then 4(¢,0) = 0. From
consideration of the eigenvalue problem z”(6) + Az(0) = 0 with boundary conditions z(0) = 2’(w) = 0 one

w 2
[ tateoa <25 ["lase.oppas
0 0

so one obtains the “Poincaré inequality” for the sector:

//Sr2u2dx:/oo /w |a(€,0)|2dode
/ / o(€,0)2d0d¢
—2//S|Vu\2dx.

If u = 0, on both sides of S, the inequality can be improved. We obtain

2
// rutde < %// |Vul*d for u € Hy (S).
s T s

It will be seen, later, that such inequalities are true with considerably weaker assumptions on u; u need

obtains the inequality

only lie in a certain space, arising from the interpolation of two Sobolev spaces. On the other hand, the
inequality does not hold for any smooth function in S which vanishes in a neighborhood of the origin and
which vanishes for r > 1. The reason is that this class of functions includes the functions z( ) which vanish
near v = 0 and for r > 1. The inequality in question then becomes fol Lz(r)2dr < C fo rz,(r)2dr. Upon
changing to 7, this inequality reads fooo 2*(1)%dr < C f )2dr, for functions z* which vanlsh near 7 =0

7-

and 7 = co. This latter inequality is false, so the above 1nequahty does not hold for such functions u, with
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a constant C' independent of u. (In fact, this latter, invalid, inequality is exactly the inequality [HLP, 330]
in the critical case, when it is not valid.) Our conclusion is that the above displayed inequality requires the
vanishing of u on at least one of the sides of S.

Paley Wiener theorem

Let a and b be real numbers with a < b. If e*®*u(z) € La(R) and e*®u(z) € La(R), then for a < n < b,
e"u(z) € La(R) the integral defining @ (€ 4 ni) is absolutely convergent and 4(¢) is an analytic function in
the strip a < nn < b. Furthermore,

/DO )22 d = / e +ia)de = limy / (e + i) 2de,
(1) . o
[ () 262" dr = / (e + )P = lim / a(e + in)Pde.

Also, from Schwarz’s inequality we have the three lines inequality, valid for 0 < 0 <1,

oo [ee) 170 o0 0
@ [ i+ - oaromipas< | [~ jateranpas| | [ jateroipae]
Conversely, if 4(¢) is analytic in the strip a < n < b, and if [ |a(¢ 4 in)|?d§ < oo for a < n < b, then for
a < n < b the inverse transform

e a(C)dg

UIE

\/ﬂ/\fé n

is absolutely convergent and independent of n. Furthermore, (1) and (2) hold. If a < , 8 < band o+ = 27,

then [ e*®u(z)e’*v(x)dr = [ e"u(z)e"v(x)dz. Taking the Fourier transform of this equality, we obtain
®) [t v anile A = [ a4 miliE T ailde. a+ 5=
— 00

If u € Ly(R) and u(x) = 0 for 2 < 0, the integral defining 4(() is absolutely convergent and 4 is analytic
in the half plane n < 0. Furthermore, for < 0, [ |a4(£ + in)|?d¢ is an increasing function of n and

| ks = [~ laoRas = tim, [ fate + P

Conversely, if 4(¢) is analytic for n < 0, and if

sup / (€ + i) [2dE < oo,

n<0.J—

then u(x) = (F~1a)(x) vanishes for x < 0. If v € Lo(R) and v(z) = 0 for = < z1, setting u(z) = v(z + x1),
we have u € Ly(R), u(x) = 0 for z < 0, and 9(¢) = e~ *®154(¢). Hence ©(¢) is analytic for n < 0 and

sup 6_2”””7/ [9(& + in)|?d¢ < oo.
n<0 —00

If u € Lo(R) we may write u = v + w where v(z) =0 for z < 0 and w(z) =0 for > 0. The functions
v and w are orthogonal and v = Pu where P is the orthogonal projection of La(R) onto Lo(Ry). It is of
importance to determine the Fourier transform of this projection. We have @& = © 4+ w where 0(() is analytic
for n < 0 and w(¢) is analytic for n > 0. For £ > 0,

(e — ei) = \/% / e~ (HE DTy (1) dg.
™ Jo
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Let 1 )
L —(e+ &)
e , x>0,
x(@) =4 V2

0, z <0,

so x € Lo(R) and its the Fourier transform is given by

1

O s eon

By Parseval’s formula

— [ aeR@ae
_ Lo e
R T
In other words,
(4) (¢ = % /jo C?(E)ﬁdé’ if v € Ly(R) and v(x) =0 for x < 0.

Since w(¢) is analytic for n > 0, the Cauchy integral theorem may be used to show that

< w(©) _
/_m5+(£,_£)2d5—07 =0
Hence we obtain

) o) = potim [ S

Equation (5) gives the desired formula for the Fourier transform of P.

Hardy’s inequality

We use the Mellin transform to give a proof of Hardy’s inequality.

Theorem 1. Let u € H*(R,) with u(0) = 0. Then 2~ 'u € La(R,) and if u # 0,

(6) /000 v %u(x)?dr < 4/000 u'(x)?dx.

Proof. Since v may be approximated in H'(R, ) by functions with compact support, we may suppose
that u(x) = 0 for x > xo. Since the inequality remains unchanged under a change of scale, we may replace
u(z) by u(z/xo) and suppose that u(z) = 0 for x > 1. Since u € Ly(Ry), we find that 4(¢) is analytic for
n < —% and satisfies

sup /|ﬂ(£ +in)|?d¢ < oo.

n<—1/2

Similarly, since u’ € Ly(R.), we find that (@(() is analytic for n < 1 and satisfies

sup / € + in2la(€ + in)Pdé < oo
n<1/2

1.1 The tools ) 8/1/03



Hence 4 is analytic for n < % except possibly for a simple pole at ( = 0. Let & = a/¢ + 2 where £ is analytic

for n < % Then 2 satisfies

sup /|é(§—|—in)\2d£ < 0,

n<—1/2

/ |2(€ + in)|?d¢ < oo for each 7 # 0.

By the three lines inequality (2), we have for —% <n< %,
oo oo 1/2—n ) 1/2+n
e ripaes | [ et sopag | [ e sopag
—0o0 —0o0 — 00

Hence

sup /|é(§+in)\2d£ < 0.

n<1/2

Hence z = M~!% is a function which vanishes for z > 1 and for which
/ 2 2(x) dr = / |26 + 14)|%d¢ < .
0 0
A computation shows that M{1} is analytic for n < 0 and satisfies M{1}(¢) = —i/(v/27¢). Hence
u(z) = V2mai + z(x).

Since u also vanishes for > 1, we have a = 0 and u = z, so 7 u € Ly(R,). The proof of (6) is given
above. m

Weighted inequality in two dimensions
Let S C R? be the sector of angle w defined, in terms of polar coordinates, by 0 < 6 < w. We use
the Kondrat’yev transform to give a proof of the following weighted inequality. An improved form of the

inequality will be given in Lemma 3;9.

Theorem 2. Let 0 < 8 < 1. Then there is a constant Cg > 0 such that if u € H'(S), then
[ hu@)Pds < Collul s

Proof. Let x € C§°(R?) with y =1 for r < §, x =0 for 7 > 1. Let u € H'(S), and let v = xu. Let S*
be the strip in the 76 plane defined by the inequalities —oco < 7 < 00, 0 < 8 < w. Then e~ "v* € Ly(S*), v*
has weak derivatives v} and vy with v¥, vy € Lo(S*), and

lolfts = [ [ 70 (00 + im0 + vi 0Pl

Since v = 0 for r > 1, v* = 0 for 7 < 0, and from the Paley-Wiener theorem, ¢((, ) is analytic for
n < —1. Similarly, F(v})(¢,6) and F(v})(¢,6) are analytic for n < 0. Since v} is the weak derivative of v*,
FE)(C,0) =iCo(¢,0). Similarly, F(v})(¢,0) = 0e(¢,0) is the weak derivative of 0(¢,6). Hence ((¢,0) has
an analytic extension from the half plane n < —1 to n < 0, so 9(¢, §) has a meromorphic extension to n < 0

with at most a simple pole at ¢ = 0. Also, ¥ has a weak derivative 9y in n < 0, and
sup{ [ ["15(6-+ 0= 0300 + 1€+ iPlo(e + i, O + loa(e-+ i, 0) e ol 5
—o0 JO
< Cllulff 5 < 0.
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In particular, -
|| e+ - viopasas < -9 [ Dtofa
—c0 JO S

Transforming this inequality,
(6) / r~202dg < (1 — 6)‘2/ \DLo|2da,
s s

Since v = u for r < %,

1/2 w
[ [ e < 0 -0l < 00 - 5) 2l s

Since

o0 w
/ / r=ulde < 2%/ wdr < 2°7||u|[} o,
172 Jo & ’

we obtain the result. m

The inequality is not valid with 3 = 1 unless u satisfies some more conditions. For example, if u € HZ(.9),
or if u vanishes on a side of S, the inequality with 3 = 1 is proved above. The weakest condition on u € H*(.5)
that guarantees [ r~?u?dz < oo is that u belong to the interpolation space [H}T(9), H'¢(S)]1 /2 for some
e € (0,1), where H't2(S) is the closed subspace of H'*¢(S) consisting of functions which vanish at z = 0.
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