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Abstract

A singularly perturbed convection-diffusion equation with constant coefficients is considered in a half
plane, with Dirichlet boundary conditions. The boundary function has a specified degree of regularity
except for a jump discontinuity, or jump discontinuity in a derivative of specified order, at a point. Precise
pointwise bounds for the derivatives of the solution are obtained. The bounds show both the strength of
the interior layer emanating from the point of discontinuity and the blowup of the derivatives resulting
from the discontinuity, and make precise the dependence of the derivatives on the singular perturbation
parameter.

1 Introduction

Singularly perturbed convection-diffusion problems (e.g., linearized Navier-Stokes equations at high Reynolds
number) arise in many applications and the precise determination of the behavior of their solutions is of
great interest. In particular, the numerical analysis of these problems has attracted the attention of many
researchers during the last two decades—see [3, 7] and their bibliographies—and to carry out such analyses
one needs to know a priori how the derivatives of the solution u of the problem depend on the singular
perturbation parameter. Much research has gone into the provision of such estimates. For elliptic convection-
diffusion problems on bounded domains, estimates of global Sobolev norms of u and some pointwise bounds
are given in [2], while in [5] pointwise bounds are proved. Further related references are given in the discussion
below.

The solution u to an elliptic convection-diffusion problem in a two-dimensional domain can in general
exhibit boundary and interior layers. Thus the bounds on derivatives of u in [5] show that u has exponential
boundary layers along two sides of the rectangular domain considered, certain bounds in [8] show a parabolic
boundary layer in u, and the bounds in [6] show both exponential and parabolic boundary layers. Our earlier
paper [4] extended the results of [6] by also considering the effects of incompatibilities in the problem data
at corners of the domain.

Despite the wealth of information provided by the papers cited, none of them gives any information about
the pointwise behavior of the solution u near interior layers. Such issues are examined in [9, Chapter IV],
but many details are omitted and it is difficult to ascertain the precise assumptions made. The purpose of
the present paper is to derive carefully pointwise bounds for the derivatives of the solution u of a simple
singular perturbation problem whose solution contains an interior layer. We study a convection-diffusion
problem on a half-plane. The interior layer is produced by a discontinuity in the boundary function, or a
derivative of the boundary function, at a particular point of the boundary.

When solving a classical (non-singularly perturbed) elliptic boundary value problem in which the bound-
ary function has a jump discontinuity, one obtains a solution whose derivatives become infinite near the
point of discontinuity. The situation is illustrated by the function tan−1(y/x), which is harmonic in the right
half-plane but whose boundary values are π/2 for y > 0 and −π/2 for y < 0. If in addition the boundary
value problem is singularly perturbed, to what extent does the pointwise behavior of its solution derivatives
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depend on the singular perturbation parameter? We shall answer this question in the case of a singularly
perturbed convection-diffusion equation in a half-plane.

We study the half-plane problem

(1.1a) Lu := −ε∆u + p1ux + p2uy + qu = f for x > 0,

(1.1b) u(0, y) = h(y) for y ∈ R.

Here, p1, q and ε are positive constants with 0 < ε ≤ 1. The coefficient p2 is also constant but no assumption
is made regarding its sign; it may even be zero. We denote by α = [p1, p2] the subcharacteristic direction and
by β = [−p2, p1] the direction normal to α. The function h is smooth on [0,∞) and has a smooth extension
from (−∞, 0) to (−∞, 0], but is allowed to have a jump discontinuity at 0. An integer-valued parameter
ν ≥ −1 is used to indicate the degree of discontinuity that h has at the origin: the value ν = −1 means that
h(+0) 6= h(−0), while a value ν ≥ 0 means that

(1.2) Dkh(+0) = Dkh(−0) for k = 0, · · · , ν.

Our aim in this paper is to establish pointwise bounds for all derivatives of the solution u of (1.1) in
terms of the smoothness of h(y) for y 6= 0 and in terms of the degree ν to which h is discontinuous at y = 0.
Furthermore, we shall make explicit the dependence of these bounds on the point of evaluation and on the
small diffusion parameter ε. The solution of (1.1) will typically have an interior layer in its higher-order
derivatives that lies along the subcharacteristic p1y = p2x that passes through the origin in R2. Along such a
layer the behaviour of the solution in the subcharacteristic direction (i.e., the direction of the characteristics
of the reduced differential operator defined by v 7→ p1vx +p2vy + qv) is expected to be very different from its
behaviour in a direction perpendicular to those subcharacteristics. Thus we shall express our results using
“subcharacteristic” derivatives defined by Dα = p1Dx + p2Dy and “cross-characteristic” derivatives defined
by Dβ = −p2Dx + p1Dy.

Notation. Throughout the analysis, c and C are used to denote generic constants that are independent of
ε, u, x, y and ν. They can take different values in different places, even within the same argument. We also
use the Sobolev Hilbert spaces Hn(R) and Hn(R±), Hn(R2) and Hn(R2

+), where we write R+ and R− for
the intervals (0,∞) and (−∞, 0) respectively, where R± = R+ ∪ R−, and where R2

+ is the right half-plane
x > 0.

To state the main result of the paper, let r =
√

x2 + y2 and let d(x, y) denote the distance from a point
(x, y) to the line p1y = p2x. That is, d(x, y) = |p2x− p1y|/|α|2 where |α| =

√
p2
1 + p2

2.

Theorem 1.1. Let m and n be non-negative integers. Let h ∈ H2m+n+1(R±), f ∈ Hm+n+2(R2
+). Let ν be

an integer with −1 ≤ ν < n and suppose that either ν = −1 or h satisfies (1.2). Then there is a constant C
such that for 0 < ε ≤ 1 the solution u of (1.1) satisfies

(1.3a) |Dm
α Dn

βu(x, y)| ≤ C(1 + r−m−n+ν+1) for r ≤ 2ε,

(1.3b) |Dm
α Dn

βu(x, y)| ≤ C
(
1 + ε(−n+ν+1)/2r−m+(−n+ν+1)/2e−cd2/ε + r−m−n+ν+1e−cr/ε

)
for 2ε ≤ r ≤ 1.

The bound (1.3a) shows that the solution u(x, y) of (1.1) has the same singular behavior near the origin as
the solution of the half-plane problem for the Laplace operator with a discontinuity in the (ν+1)th derivative
of the boundary data. (For the case ν = −1, note the behavior of derivatives of the function tan−1(y/x).) The
bound (1.3b) shows a “parabolic” interior layer behavior of u(x, y) on the subcharacteristic line p1y = p2x
when (x, y) is not close to the origin, and it shows how this interior layer changes as it approaches the
singularity at the origin. Note that the bounds are equivalent when r = 2ε. In case the boundary function
h has more regularity at the origin than is allowed by the theorem, derivative bounds for the solution are
given in Lemma 2.1 below. Finally, we mention that derivative results related to the ones obtained here are
obtained in [4] for the equation (1.1a) with p2 = 0 and posed in the unit square, but interior layers were not
considered in that paper.
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2 Bounds on the convective derivatives

This section gives bounds on the convective derivatives of u. The analysis proceeds initially through an
investigation of some special cases of the final result. Then these special cases are combined to obtain the
desired bound.

The first special case is the situation where h has a certain amount of smoothness on all of (−∞,∞).
Then one expects the solution u to be well-behaved, in the sense that its lower-order derivatives should be
bounded independently of ε, and this is borne out by the following result.

Lemma 2.1. Let m and n be non-negative integers. Assume that h ∈ Hm+n+1(R), f ∈ Hm+n+2(R2
+).

Then there exists a constant C such that the solution u of (1.1) satisfies

|Dm
x Dn

y u(x, y)| ≤ C(‖h‖Hm+n+1(R) + ‖f‖Hm+n+2(R2
+))

for 0 < ε ≤ 1 and all (x, y) such that x > 0.

Proof. Let F ∈ Hm+n+2(R2) be an extension of f to R2 such that ‖F‖Hm+n+2(R2) ≤ C‖f‖Hm+n+2(R2
+).

Let U be the solution of the problem LU = F in R2. From the assumption q > 0, an energy in-
equality can be applied to the problems L(Dk

xD`
yU) = Dk

xD`
yF , where k + ` = m + n + 2, to obtain

‖U‖Hm+n+2(R2) ≤ C‖F‖Hm+n+2(R2). Using a Sobolev inequality and the boundedness of the extension it
follows that |Dm

x Dn
y U(x, y)| ≤ C‖f‖Hm+n+2(R2

+). Again using one of the Sobolev inequalities, one has
‖U(0, ·)‖Hm+n+1(R) ≤ C‖U‖Hm+n+2(R2

+) ≤ C‖f‖Hm+n+2(R2
+). Since L(U − u) = 0 on R2

+, it remains to prove
the lemma in the case f = 0.

We use the Fourier transform

û(x, ŷ) =
1
2π

∫ ∞

−∞
u(x, y)e−yŷidy.

Denoting by ĥ the Fourier transform of h, the problem (1.1) with f ≡ 0 transforms to

(2.1) −εûxx + p1ûx + (εŷ2 + q + p1ŷi)û = 0, û(0, ŷ) = ĥ(ŷ).

To solve (2.1) write û = ĥ(ŷ)erx where

(2.2) εr2 − p1r − (εŷ2 + q + p2ŷi) = 0.

Let ∆ =
√

p2
1 + 4ε2ŷ2 + 4εq + 4εp2ŷi. The square root is defined in the cut plane with the cut along the

negative real axis, and producing positive values on the positive real axis. Since <(p2
1+4ε2ŷ2+4εq+4εp2ŷi) >

0, one has arg ∆2 ∈ (−π/2, π/2), so arg ∆ ∈ (−π/4, π/4) and <∆ > 0. We shall use the root

r =
p1 −∆

2ε
= −2εŷ2 + 2q + 2p2ŷi

p1 + ∆

of (2.2). Write ∆ = ∆1 +∆2i; then ∆2
1−∆2

2 = <(∆2) = p2
1 +4ε2ŷ2 +4εq so ∆1 > max{p1, 2εŷ} ≥ p1. Hence

<(r) ≤ 0. Furthermore, it follows that

(2.3) |r| =
∣∣∣∣2εŷ2 + 2q + 2p2ŷi

p1 + ∆

∣∣∣∣ ≤ 2εŷ2 + 2q + 2p2|ŷ|
max{p1, 2εŷ}

≤ C(ŷ + 1).

From Parseval’s formula,

(2.4)
∫ ∞

−∞
|Dm

x Dn+1
y u(x, y)|2 dy =

∫ ∞

−∞
r2m|ŷ|2(n+1)|ĥ(ŷ)|2|e2rx| dŷ ≤

∫ ∞

−∞
r2m|ŷ|2(n+1)|ĥ(ŷ)|2 dŷ,

and Dm
x Dn+1

y u(x, ·) ∈ L2(R) provided that the right-hand side of this inequality is finite.
Using (2.3) in (2.4),

(2.5)
∫ ∞

−∞
|Dm

x Dn+1
y u(x, y)|2 dy ≤ C

∫ ∞

−∞
(1 + |ŷ|)2m+2n+2|ĥ(ŷ)|2 dŷ ≤ C

∫ ∞

−∞
|Dm+n+1h(y)|2 dy.
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The integrations are only over y; the solution behaves continuously with respect to x. Therefore, applying
Sobolev’s inequality in one dimension, for all (x, y) one has

|Dm
x Dn

y u(x, y)| ≤ C‖u‖Hm+n+1(R) ≤ C‖h‖Hm+n+1(R),

where the second inequality is a restatement of (2.5). This completes the proof of the Lemma.

Next we return to the more general situation where h(y) has only the degree of smoothness at y = 0 that
is specified by (1.2). Under the additional hypothesis that h(y) vanishes for y < 0, a bound is proved for the
convective derivatives of u(x, y) at those points (x, y) that lie below the subcharacteristic line y = p−1

1 p2x
passing through the origin.

Lemma 2.2. Let ν ≥ −1 be an integer. Let h ∈ Hν+2(R+) and suppose that h(y) = 0 for y < 0. Suppose
that either ν = −1 or h satisfies (1.2). Assume that (x, y) satisfies the inequalities

(2.6) x > 0 and p2x− p1y ≥ 0.

Then for 0 < ε ≤ 1 and each non-negative integer n there is a constant Cn such that the solution u of (1.1)
with f = 0 satisfies

(2.7a) |Dn
βu(x, y)| ≤ Cn(1 + r−n+ν+1) for r ≤ 2ε,

(2.7b) |Dn
βu(x, y)| ≤ Cn

(
1 + ε(−n+ν+1)/2r(−n+ν+1)/2e−cd2/(εr) + r−n+ν+1e−cr/ε

)
for r ≥ 2ε.

Proof. The proof is in a series of steps.

(i) Suppose ν ≥ 0 and n ≤ ν. From (1.2), h ∈ Hν+1(R). Then Lemma 2.1 shows that |Dn
βu(x, y)| ≤ C for

all n ≤ ν.

(ii) Suppose n > ν ≥ −1. Since h ≡ 0 for y < 0, the solution formula for (1.1) is (see, e.g., [4, (3.4)])

(2.8) u(x, y) =
x

2πε

∫ ∞

0

h(t)ζ1(t)
1
r1

K1(κr1(t)/(2ε))dt for x > 0,

where K1 is a modified Bessel function of the second kind [1] and we have set r1(t) =
√

x2 + (y − t)2,
κ =

√
p2
1 + p2

2 + 4εq and ζ1(t) = e(p1x+p2(y−t))/(2ε). (The square integrability of h and its derivatives
guarantees the convergence of this and subsequent integrals.) Define the integral operator I by

I(F )(t) =
∫ ∞

t1=t

F (t1)dt1.

Then ν + 1 integrations by parts in (2.8) give

u(x, y) =
x

2πε

∫ ∞

0

h(ν+1)(t)Iν+1

(
ζ1

1
r1

K1(κr1/(2ε))
)

(t) dt,

where we used the property (1.2). To calculate Dn
βu, note that Dβ commutes with I and that Dβζ1 = 0.

Setting

Bn =
∫ ∞

0

h(ν+1)(t)Iν+1

(
ζ1D

n
β

[
1
r1

K1(κr1/(2ε))
])

(t) dt,

we obtain

(2.9) Dn
βu(x, y) =

x

2πε
Bn −

p2n

2πε
Bn−1.

It is therefore of interest to obtain bounds for Bn, and we pursue this next.
Iterations of the operator I give the formula

Iν+1(F )(t1) =
1
ν!

∫ ∞

t=t1

(t− t1)νF (t)dt.
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Using this formula in Bn,

Bn =
1
ν!

∫ ∞

t1=0

∫ ∞

t=t1

h(ν+1)(t1)(t− t1)νζ1(t)Dn
β

[
1

r1(t)
K1(κr1(t)/(2ε))

]
dt dt1.

Interchange the orders of integration and take absolute values, recalling that ν < n and noting that from
Sobolev’s inequality, |h(ν+1)(·)| ≤ C‖h‖Hν+2(R+) is bounded on R+. One obtains

(2.10) |Bn| ≤ C

∫ ∞

0

tν+1ζ1(t)
∣∣∣∣Dn

β

[
1

r1(t)
K1(κr1(t)/(2ε))

]∣∣∣∣ dt.

To calculate the integrand we will use the formula [1, (9.6.28)]

(2.11)
(

λ−1 d

dλ

)n [
λ−1K1(λ)

]
= (−1)nλ−n−1Kn+1(λ).

Set λ = κr1/(2ε) and define the operator D(·) = λ−1Dλ(·). Noting that r−1
1 = (κ/(2ε))λ−1, λx = κx/(2εr1),

λy = κ(y − t)/(2εr1), and setting µ(x, y) = −p2x + p1(y − t), we get

Dβµ = |α|2,

Dβ =
κ

2ε

µ

r1
Dλ =

κ2

4ε2
µD,

Dβ

[
1
r1

K1(κr1/(2ε))
]

=
κ3

8ε3
µD

(
λ−1K1(λ)

)
.

Let [j, k, `] denote a term of the form Cε−jµkD`
(
λ−1K1(λ)

)
, where j, k and ` are non-negative integers.

Then

(2.12) Dβ [j, k, `] = k[j, k − 1, `] + [j + 2, k + 1, ` + 1].

If k = 0, the first term on the right hand side of (2.12) is not present. The following general formula is easily
proved by induction:

Dn
β

[
1
r1

K1(κr1/(2ε))
]

=
bn/2c∑
`=0

[2n− 2` + 1, n− 2`, n− `],

where bn/2c denotes the largest integer m that satisfies m ≤ n/2. Applying this formula in (2.10) then
invoking (2.11), we obtain

|Bn| ≤ C

bn/2c∑
`=0

ε−(2n−2`+1)

∫ ∞

0

tν+1|µ|n−2`(r1/(2ε))−(n−`+1)ζ1(t)Kn−`+1(κr1/(2ε)) dt.

We make the change of variable t = 2ετ in the integrals. Set ξ = x/(2ε), η = y/(2ε), ρ1 =
√

ξ2 + (η − τ)2

and ρ =
√

ξ2 + η2, so r = 2ερ. Let µ̃ = −p2ξ + p1(η − τ), so µ = 2εµ̃. We obtain

(2.13) |Bn| ≤ Cε−n+ν+1

bn/2c∑
`=0

∫ ∞

0

τν+1|µ̃|n−2`ρ
−(n−`+1)
1 ep1ξ+p2(η−τ)Kn−`+1(κρ1) dτ.

The remainder of the proof divides into two cases: r ≤ 2ε and r ≥ 2ε.

(iii) Suppose r ≥ 2ε. Here, ρ =
√

ξ2 + η2 ≥ 1. If ξ ≥ min{1/
√

2, p1/|α|}, then clearly ρ1 ≥ min{1/
√

2, p1/|α|}.
If ξ < min{1/

√
2, p1/|α|}, we claim that η < 0: for if not, then the inequality η ≤ p2ξ/p1 of (2.6) implies that

η2 ≤ p2
2ξ

2/p2
1 so ξ2 + η2 ≤ (p2

1 + p2
2)ξ

2/p2
1 = |α|2ξ2/p2

1 < 1, a contradiction; furthermore η2 ≥ 1− ξ2 > 1/2 so
|τ − η| = τ + |η| ≥ 1/

√
2 and ρ1 > 1/

√
2. Hence in either event κρ1 ≥ c > 0, so we may use the inequality
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Kj(κρ1) ≤ Cρ
−1/2
1 e−κρ1 in (2.13). (See [1, (9.7.2)] for the corresponding asymptotic formula.) With this,

we obtain

(2.14) |Bn| ≤ Cε−n+ν+1

bn/2c∑
`=0

∫ ∞

0

τν+1|µ̃|n−2`ρ
−(n−`+3/2)
1 ζ(τ) dτ,

where ζ(τ) = e−(κρ1−p1ξ−p2(η−τ))

To estimate the integrals in (2.14) two inequalities are needed. Setting ρ2 =
√

ξ2 + s2 one has

κρ2 − p1ξ + p2s =
κ2ρ2

2 − (p1ξ − p2s)2

κρ2 + p1ξ − p2s

=
(p2

1 + p2
2 + 4εq)(ξ2 + s2)− p2

1ξ
2 − p2s

2 + 2p1p2ξs

κρ2 + p1ξ − p2s

=
(p2ξ + p1s)2

κρ2 + p1ξ − p2s
+

4εq(ξ2 + s2)
κρ2 + p1ξ − p2s

.

The Cauchy-Schwarz inequality yields p1ξ − p2s < κρ2, so

0 < κρ2 + p1ξ − p2s ≤ 2κρ2.

Therefore

κρ2 − p1ξ + p2s ≥
(p2ξ + p1s)2

2κρ2
.

Replacing s by τ − η and noting that ρ2 then becomes ρ1, we obtain

(2.15) κρ1 − p1ξ + p2(τ − η) ≥ (p2ξ + p1(τ − η))2

2κρ1
.

Also, since p2ξ ≥ p1η, (p2ξ + p1(τ − η))2 = ((p2ξ− p1η) + p1τ)2 ≥ (p2ξ− p1η)2 + p2
1τ

2. Using this inequality
in (2.15) and setting δ = |p2ξ − p1η|, we get

(2.16) κρ1 − p1ξ + p2(τ − η) ≥ δ2

2κρ1
+

p2
1τ

2

2κρ1
.

Both (2.15) and (2.16) will be used in what follows. Note that δ/|α|2 is the distance from (ξ, η) to the line
p1η = p2ξ in the ξη-plane.

In (2.14) write ζ = ζ1/2ζ1/2. Use (2.15) to bound one of the factors ζ1/2 and (2.16) to bound the other
factor. This yields

ζ(τ) ≤ e−c(p2ξ+p1(τ−η))2/ρ1e−c(δ2+τ2)/ρ1 .

Now use the inequality
|µ̃a|e−c(p2ξ+p1(τ−η))2/ρ1 ≤ Cρ

a/2
1

to obtain
|Bn| ≤ Cε−n+ν+1

∫ ∞

0

τν+1ρ
−(n+3)/2
1 e−c(δ2+τ2)/ρ1 dτ.

Hence |Bn| ≤ Bn,1 + Bn,2 where the two terms refer to integrations over (0, ρ) and (ρ,∞) respectively.
If η > 0, since p2ξ ≥ p1η one has ξ bounded below by Cρ. Hence for all τ ≥ 0 and all η,

√
2ρ1 ≥ ξ + |τ − η|

≥

{
Cρ + |τ − η| if η > 0
ξ + τ + |η| if η ≤ 0

≥ Cρ.(2.17)
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First consider Bn,1. For τ ≤ ρ, one has ρ1 ≤ ξ + |τ − η| ≤ ξ + ρ + |η| ≤ Cρ. Invoking this inequality and
(2.17),

Bn,1 = Cε−n+ν+1

∫ ρ

0

τν+1ρ−(n+3)/2e−c(δ2+τ2)/ρ dτ = Cε−n+ν+1ρ−(n+3)/2e−cδ2/ρ

∫ ρ

0

τν+1e−cτ2/ρ dτ.

Making the change of variable z = τ2/ρ we obtain

Bn,1 = Cε−n+ν+1ρ(ν−n−1)/2e−cδ2/ρ

∫ ρ

0

zν/2e−cz dz

≤ Cε−n+ν+1ρ(ν−n−1)/2e−cδ2/ρ

= Cε(−n+ν+3)/2r(−n+ν−1)/2e−cδ2/(εr).(2.18)

Next consider Bn,2. For τ ≥ ρ one has ρ1 ≤ ξ + τ + |η| ≤
√

2ρ + τ ≤ Cτ , so e−cτ2/ρ1 ≤ e−cτ . Invoking
this inequality and (2.17),

Bn,2 ≤ Cε−n+ν+1

∫ ∞

ρ

τν+1ρ−(n+3)/2e−cτ dτ

≤ Cε−n+ν+1ρ−(n+3)/2ρν+1e−cρ

= Cε(3−n)/2rν−(n+1)/2e−cr/ε

≤ Cεr−n+νe−cr/ε,(2.19)

since (r/ε)n/2e−cr/ε ≤ C and ε1/2 ≤ (r/2)1/2. From (2.18) and (2.19),

|Bn| ≤ Bn,1 + Bn,2 ≤ Cε(−n+ν+3)/2r(−n+ν−1)/2e−cd2/(εr) + Cεr−n+νe−cr/ε.

Therefore, recalling (2.9),

|Dn
βu(x, y)| ≤ C(xε−1Bn + ε−1Bn−1)

≤ Cε(−n+ν+1)/2r(−n+ν+1)/2e−cd2/(εr) + Cr−n+ν+1e−cr/ε

+Cε(−n+ν+2)/2r(−n+ν)/2e−cd2/(εr) + Cr−n+ν+1e−cr/ε

≤ Cε(−n+ν+1)/2r(−n+ν+1)/2e−cd2/(εr) + Cr−n+ν+1e−cr/ε,

since ε1/2 ≤ (r/2)1/2. This proves (2.7b).

(iv) Suppose r ≤ 2ε. In this case, ρ ≤ 1. Using (2.13) we write Bn ≤ Bn,1 + Bn,2 where the two terms refer
to integrations over (0, 4) and (4,∞) respectively. Now |µ̃|n−2` ≤ Cρn−2`

1 since n− 2` ≥ 0 in the summation
of (2.13), so it follows that

Bn,1 ≤ Cε−n+ν+1

bn/2c∑
`=0

∫ 4

0

τν+1ρ−`−1
1 ep1ξ+p2(η−τ)Kn−`+1(κρ1) dτ

and

(2.20) Bn,2 ≤ Cε−n+ν+1

bn/2c∑
`=0

∫ ∞

4

τν+1ρ−`−1
1 ep1ξ+p2(η−τ)Kn−`+1(κρ1) dτ.

Consider first the bound on Bn,1. When τ ∈ (0, 4), one has ρ1 ≤ C so Kn−`+1(κρ1) ≤ Cρ−n+`−1
1 (see [1,

(9.6.9)] for the corresponding asymptotic formula). As ep1ξ+p2(η−τ) ≤ C, we have

Bn,1 ≤ Cε−n+ν+1

∫ 4

0

τν+1ρ−n−2
1 dτ.
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Now ρ1 ≥ c(ξ + |τ − η|). If η < 0 one has ρ1 ≥ c(ξ + |η| + τ) ≥ c(ρ + τ). If η > 0, then using (2.6) one
has η < Cξ so ξ ≥ cρ; hence ρ1 ≥ c(ρ + |η − τ |). Therefore in either event we get ρ1 ≥ c(ρ + |b− τ |) where
0 ≤ b ≤ η ≤ ρ. Since ν < n,

Bn,1 ≤ Cε−n+ν+1

∫ ∞

0

τν+1

(ρ + |b− τ |)n+2
dτ

≤ Cε−n+ν+1ρ−n+ν

≤ Cεr−n+ν .(2.21)

Next consider Bn,2. For τ ≥ 4 one has ρ1 ≥ τ − |η| ≥ 1, so in (2.20) we can use the inequality
Kn−`+1(κρ1) ≤ Cρ

−1/2
1 e−κρ1 . Also invoking (2.16) we obtain

Bn,2 ≤ Cε−n+ν+1

bn/2c∑
`=0

∫ ∞

4

τν+1ρ
−`−3/2
1 e−(κρ1−p1ξ−p2(η−τ))dτ

≤ Cε−n+ν+1

∫ ∞

4

τν+1ρ
−3/2
1 e−cτ2/ρ1dτ

= Cε−n+ν+1

∫ ∞

4

τν−2

(
τ2

ρ1

)3/2

e−cτ2/ρ1dτ

≤ Cε−n+ν+1

∫ ∞

4

τν−2e−cτ2/ρ1dτ

≤ Cε−n+ν+1

∫ ∞

4

τν−2e−cτdτ

≤ Cε−n+ν+1,(2.22)

where the penultimate inequality follows from ρ1 ≤ ξ + τ + |η| ≤ 2 + τ ≤ 2τ .
From (2.21) and (2.22),

|Bn| ≤ Cεr−n+ν + Cε−n+ν+1 ≤ Cεr−n+ν

as r ≤ 2ε and n > ν. Consequently

|Dn
βu| ≤ C(xε−1Bn + ε−1Bn−1) ≤ Cr−n+ν+1 for r ≤ 2ε.

This completes the proof of (2.7a) and of the lemma.

It will be noted that in Lemma 2.2 the order of the derivative being estimated does not depend on the
regularity assumed by h. This is possible because the vanishing of h for y < 0 and the condition (2.6) imply
that the derivatives are being estimated in a region associated with a zero boundary condition.

Now we give the main result of this section. In it, the inequalities (2.7) are established without requiring
that h satisfy (2.6).

Theorem 2.1. Let n be a non-negative integer. Let h ∈ Hn+1(R±). Let ν ≥ −1 be an integer with ν < n
and suppose that either ν = −1 or h satisfies (1.2). Then there is a constant Cn such that for 0 < ε ≤ 1 the
solution u of (1.1) with f = 0 satisfies the inequalities (2.7a) and (2.7b).

Proof. To start, note that if ν = −1 it suffices to prove the theorem in the two cases h(y) = 0 on (−∞, 0)
and h(y) = 0 on (0,∞), since the general result then follows from the linearity of the problem. The proofs
of these two cases are similar so one can assume that

(2.23) h(y) = 0 for y < 0.

If ν ≥ 0 it also suffices to prove the theorem under the assumption (2.23), as the following argument shows.
Let ha ∈ Hn+1(R) be a function with Dkha(0) = Dkh(±0) for k = 0, · · · , ν, and let ua be the solution to the
problem Lua = 0 for x > 0, ua(0, y) = ha(y). From Lemma 2.1, |Dkua(x, y)| ≤ C for k = 0, · · · , n and all
(x, y) such that x > 0. Therefore it suffices to prove that the function u− ua satisfies the inequalities (2.7a)
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and (2.7b). Thus we may assume that h satisfies Dkh(±0) = 0 for k = 0, · · · , ν. We then write h = h+ +h−
where h+ = 0 when y ≤ 0 and h− = 0 when y ≥ 0, and again the proof has been reduced to the proof under
the assumption (2.23).

Lemma 2.2 yields (2.7) immediately for all (x, y) such that x > 0 and p2x− p1y ≥ 0. It remains to prove
(2.7) for all (x, y) such that x > 0 and p2x − p1y < 0. Let h1 ∈ Hn+1(R) be an extension of h from [0,∞)
to R. Let u1 be the solution of the problem

Lu1 = 0 for x > 0, u1(0, y) = h1(y) for y ∈ (∞,∞).

By Lemma 2.1 we have

(2.24) |Dn
βu1(x, y)| ≤ C for x > 0.

Let u2 = u− u1, h2 = h− h1, so h2(y) = 0 for y > 0. Let u3 and h3 be defined by

u3(x, y) = u2(x,−y), h3(y) = h2(−y).

Then u3 is the solution of the problem

−ε∆u3 + p1u3,x − p2u3,y + qu3 = 0 for x > 0, u3(0, y) = h3(y) for y ∈ (−∞,∞).

By its definition, h3(y) = 0 for y < 0. Applying Lemma 2.2 to u3 while noting that the coefficient of u3,y in
the above differential equation is −p2, we see that |(p2Dx + p1Dy)nu3(x, y)| is bounded by the right-hand
sides of (2.7) for x > 0 and −p2x − p1y ≥ 0. Hence Dn

βu2 satisfies (2.7) for all (x, y) such that x > 0 and
−p2x + p1y ≥ 0. Using the triangle inequality and (2.24), it follows that Dn

βu satisfies (2.7) for all (x, y)
with −p2x + p1y ≥ 0. This completes the proof of the theorem.

3 Bounds on all derivatives

This section contains the proof of Theorem 1.1. One can subtract from u the solution ũ of the problem
Lũ = f for x > 0, ũ(0, y) = 0 for y ∈ R, and apply Lemma 2.1 to bound the derivatives of ũ. Thus it suffices
to prove Theorem 1.1 in the case f = 0.

Note that the inequality (1.3b) of Theorem 1.1 is slightly different from the inequality (2.7b) of Lemma 2.2
and Theorem 2.1 in two respects: in (1.3b) there appears the factor e−cd2/ε, whereas the corresponding
factor in (2.7b) is e−cd2/(εr); also, the inequality (1.3b) is asserted only for a bounded range of r, which is
(arbitrarily) taken to be r ≤ 1. Since e−cd2/(εr) ≤ e−cd2/ε for r ≤ 1, the inequality (2.7b) implies (1.3b) if
m = 0. The proof of Theorem 1.1 is by induction on m; the case m = 0 is covered in Theorem 2.1. Let M
be a non-negative integer, and assume (1.3) holds true for m = M and all n ≥ 0.

One has D2
α + D2

β = |α|2(D2
x + D2

y), so the differential equation is −ε|α|−2(D2
αu + D2

βu) + Dαu + qu = 0.
Let (x, y) be given with x > 0. For s > 0, define w(s) = DM

α Dn
βu(x+p1s, y+p2s) and F (s) = (εDM

α Dn+2
β u+

|α|2qDM
α Dn

βu)(x + p1s, y + p2s). The differential equation gives

(3.1) −εw′′ + |α|2w′ = F.

The proof is now divided into two cases.

The case r ≥ 2ε. Using the integrating factor e−|α|
2s/ε, one obtains

(3.2) w′(s) = w′(1)e−|α|
2(1−s)/ε + ε−1

∫ 1

s

F (t)e−|α|
2(t−s)/εdt.

Integrating (3.2) over (0, 1) and then solving for w′(1), one obtains

(3.3) w′(1) =
|α|2

ε(1− e−|α|2/ε)

[
w(1)− w(0)− ε−1

∫ 1

s=0

∫ 1

t=s

F (t)e−|α|
2(t−s)/εdtds

]
.
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Taking s = 0 in (3.2) gives

w′(0) = w′(1)e−|α|
2/ε + ε−1

∫ 1

0

F (t)e−|α|
2t/εdt.

Using (3.3) to replace w′(1) in this formula, one obtains

w′(0) =
|α|2e−|α|2/ε

ε(1− e−|α|2/ε)

[
w(1)− w(0)− ε−1

∫ 1

s=0

∫ 1

t=s

F (t)e−|α|
2(t−s)/εdtds

]
+ε−1

∫ 1

0

F (t)e−|α|
2t/εdt.

Taking max |F | out of the integrals yields

(3.4) |DM+1
α Dn

βu(x, y)| = |w′(0)| ≤ C
[
|w(0)|+ |w(1)|+ max

s∈[0,1]
|F (s)|

]
.

Let r(s) =
√

(x + p1s)2 + (y + p2s)2, so r(0) = r. For s ≥ 0, one can show that r(s) ≥ cr. Since ν + 1 ≤ n,
the bounds on the right hand sides of (1.3b) are bounded by a constant times the corresponding bounds at
s = 0. (This observation uses the fact that the distance d(s) from the point (x + p1s, y + p2s) to the line
p1y = p2x is independent of s.) Therefore, using the inductive assumption, if r ≥ 2ε

|DM+1
α Dn

βu(x, y)| ≤ C(|w(0|+ |w(1)|+ |F (0)|)

≤ C
(
1 + ε(−n+ν+1)/2r−M+(−n+ν+1)/2e−cd2/ε + r−M−n+ν+1e−cr/ε

)
+ Cε

(
1 + ε(−n−2+ν+1)/2r−M+(−n−2+ν+1)/2e−cd2/ε + r−M−n−2+ν+1e−cr/ε

)
= C

(
1 + ε(−n+ν+1)/2r−M+(−n+ν+1)/2e−cd2/ε + r−M−n+ν+1e−cr/ε

)
+ C

(
ε + ε(−n+ν+1)/2r−(M+1)+(−n+ν+1)/2e−cd2/ε + εr−1r−(M+1)−n+ν+1e−cr/ε

)
.

Since 2ε ≤ r ≤ 1 this inequality gives (1.3b) with m = M +1, and so completes the inductive proof of (1.3b).

The case r < 2ε. Let s∗ > 0 be the smallest number such that r(s∗) = 2ε. Using the integrating factor
e−|α|

2s/ε and integrating from 0 to s∗ one obtains

w′(0) = e−|α|
2s∗/εw′(s∗) + ε−1

∫ s∗

0

e−|α|
2t/εF (t)dt.

Consequently

|w′(0)| ≤ |w′(s∗)|+ ε−1

∫ s∗

0

|F (t)|dt.

For |w′(s∗)| we use the bound in (1.3b) and for |F (t)| we use the inductive assumption. Since r(t) ≥ c(r + t)
we get

|w′(0)| ≤ Cr−M−n+ν+1 + Cε−1

∫ s∗

0

[ε(r + t)−M−(n+2)+ν+1 + (r + t)−M−n+ν+1]dt

≤ Cr−M−n+ν+1 + C[r−M−(n+2)+ν+2 + ε−1r−M−n+ν+2]

= Cr−M−n+ν+1 + Cr−(M+1)−n+ν+1 + Cε−1r2 · r−(M+1)−n+ν+1.

Since r ≤ 2ε ≤ 2, ε−1r2 ≤ 2r ≤ 4. Therefore |DM+1
α Dn

βu(x, y)| = |w′(0)| ≤ Cr−(M+1)−n+ν+1, which gives
(1.3a) with m = M + 1, and so completes the inductive proof of (1.3a).
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