Corner singularities and singular perturbations
R. Bruce Kellogg*

Sommario — Facciamo una singolarita del angolo espansione per una singolarmente perturbato equazione
ellittica nel settore. Risultato usa ottenere i limites di derivati di soluzione. I nostri limites di derivati

mostrano ambedue il frontiere strato et la singolarita del angolo.

Abstract — A corner singularity expansion is developed for a singularly perturbed elliptic boundary value
problem. The problem is set in a sector of the plane. In the expansion, particular attention is paid to the
singular perturbation parameter. The result is used to give pointwise bounds on derivatives of the solution.

These bounds show the influence of both the boundary layers and the corner singularity.

1. Imtroduction The theory of corner singularities for an elliptic boundary value problem has been de-
veloped in the books of Grisvard [3,4], Dauge [2], Kozlov, Maz’ya, and Rossmann [6], and Nazarov and
Plamenevskii [7]. In these works attention is paid to the highest order terms in the elliptic operator, which
determines the singularities in the solution that come from a corner of the boundary. However the lower
order terms also have an effect on the singularity expansion of a solution. This is particularly true for a
singularly perturbed problem, in which the highest order terms are multiplied by a small parameter. In this

note we consider the singularly perturbed convection diffusion problem
(1.1) Lu:=—eAu+pu,+qu=finS, u=0onI =95.
The region S is the sector in R? defined by

S ={(rcosf,rsinf):r >0, w; <w < wa},

where w;, | = 1,2, are two numbers satisfying wi < ws. The angle of the sector is w = ws — w1. We assume
that w € (0,27]. Some more restrictions on the angles will be made as needed. We also set & = m/w. The
two rays that make up the boundary I' of S are denoted I';, [ = 1,2. The coefficients ¢, p and ¢ are taken
to be positive constants with ¢ € (0, 1].

It is known that solutions to problems of the form (1.1) have singularities at the vertex of S. In the
case of the problem Au = f in S, u = 0 on I', the singularities are expressed by the “singular functions”
z; = r7*sin ja(f — wy). The same functions z; could also be used as the basis of a singularity expansion
for the problem (1.1). However we will show that it is more convenient to use singular functions that are
defined in terms of the modified Bessel functions I, and Kj,. (Recall that I;,(r) behaves like 7 at the
origin.) An expansion of the solution of (1.1) into these singular functions plus a smoother remainder is
given in Section 2. Particular attention is paid to formulas and bounds for the associated linear functionals,
especially the dependence of these bounds on the parameter ¢.

Section 3 contains an application of this expansion. We treat the case of convex “outgoing” sector,
whose angles satisfy w = wy —w; <7 and 0 < w; < 7 < we < 27. In this case, the convective vector [p, O]T
points out of S. (See the figure in Section 3.) Here one expects a boundary layer, and the principal facts
regarding this boundary layer are established. The case of an “incoming” sector is rather lengthy and will
be treated in another paper.

We shall use the sector S and the truncated sector S,, truncated at radius a > 0. The norm of a
function w in the Sobolev space H*(S) is denoted ||ul|s; the norm of w € H*(2) where Q is a set other than
S is denoted [|u||s,0-
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2. The corner singularity expansion

In this section we develop a corner singularity expansion for the problem (1.1) that pays particular

attention to the paramter . We first note the existence of a solution and some associated basic inequalities.
Lemma 1. Suppose f € H~1(S). The problem (1.1) has a weak solution u € H}(S), satisfying
ellulls +&2[lullo < ClIf || -1
If f € Ly(S), then
(2.1) e2lully +llullo < Cllfllo-

Suppose f € H*=2(S) for some integer k > 2. Let S’ C S be a subregion with smooth boundary. Then
u € H*(S") and
[ulle,sr < Ce™F=Y|| £l
In particular, the boundary of S’ may include portions of the boundary of S. Finally, if f € H*~2(S) for
some real number s > 1, then
22) lully < Ce™2@=9f ][z, 1< 5 <2
lulls,s < Ce™C D fll-a, s > 2.

Proof. From the definition of a weak solution one has elulf+q|[ul|f = [ uf < || fl|=1]lull1. From this one
obtains e||ul|y +e/?|lullo < C||f]|-1, and in a similar way, if f € Ly(S), one obtains e*/2||u|1 +|[ullo < C||fllo-
This gives the first two assertions of the lemma. The regularity assertion follows from standard elliptic theory.
For the interior estimate, let ¥ be a smooth function which is 1 on S’ and which vanishes on a subregion S”

which has smooth boundary and lies between S and S’. Let ' = xu. Then ' satisfies the problem
(2.3) —Au = F:=e'xf—2Vx-Vu—pxe tu, — (g ' + Ax)uin S”, ' =0 on 95",

Using (2.1)
1Fllo < Ce™*2||f]lo-

Hence, from an a priori inequality for the problem (2.3),
lullz.s' < Cllellz,57 < Ce™*2[|f o
Hence, using also (2.1) to estimate the first derivatives of w,

1|15 < Ce>2||f 1.

Hence
Julls,s < Cllu[|s,57 < Ce™>2||£]1.
Hence
1P 2,5 < Ce™™?| fllo-
Hence

lulla,s < Cli'lla,sr < Ce™2||f |-

Continuing in this manner, we get the interior estimates for k an integer. If s # integer, the result (2.2)

follows from interpolation. m

We are concerned with the corner singularities in the solution u. We shall use a basic result on corner

singularities for the problem
(2.4) —Au=finS, u=0onT.

We use the notation s; = ja+1 for j =0,1,---.



Theorem 1. There are linear functionals A; and functions vj, j = 1,2,---, with the following properties.
(i) A; is a bounded linear functional on H*=%(S) for s > s;, but not for s < s;. (ii) v; € H*(S) N H{(S) for
s < s; but not for s > s;. Also v; is smooth everywhere in S except at r = 0 and Av; is smooth everywhere
in S. (iii) If s; < s < sj41, f € H72(S), u is a solution of (2.4), and u = 0 outside Sy, then

J
wj=u— Y N(f)vi € H(S1), with ||lujl|e(s,) < C|f]ls—2.
=1

It is useful to have specific formulas for the singular functions and the linear functionals. For the linear

functionals we have the formulas

1 Ap(w) k
IV . ’ D* DL £(0,0
) g 0<k+i<[ja]—2 kiler = (k+1+2) D D2 00)

1 .
(2.5) + ﬁr / /S[f(x, y) — Tija)—2(z,y)]r ™7 sin jo (0 — wi)dady, jo # integer,
E—2
Aj(f) = Cru[DL DE271£(0,0)], k = jo = integer.
1=0

Here, T'jo|—2(7,y) denotes the Taylor polynomial of f of degree |ja] —2, and the numbers Ay, ;(w) are given
by

Ap(w) = / cos® ¢sin! ¢ sin jagde.
0

In the case s > 2, since s —2 > ja — 1, the Sobolev imbedding theorem shows that f has derivatives of order
lja] —2, and a Hardy type inequality shows that in the case jo # integer, A; is a bounded linear functional
on H*72(S). For ja = integer, the boundedness follows from the Sobolev theorem. In the case s; < s < 2,
which can happen if S is concave, to show that A is a bounded linear functional on H*=2(S) = (H2~*(S))’
it suffices to show that r=%sinaf € H?7%(S). This follows from a computation. There are many sets of

singular functions that may be used in the theorem. One set is given by the formula

7% sin ja(0 — wy), ja # integer,
vj(rcosf,rsinf) =< (Inr)r¥fsink(0 — wi) + (0 — wi)r¥ cos k(0 — wy)
—(—1)Iwesck w[—z sinw; + ycoswi]¥, ja =k = integer .

One sees by a direct computation that v; = 0 on I', Av; is smooth, and for each a > 0, v; ¢ H%(5,), but
v; € H%79(8,) for each § > 0. Also, Av; = 0 if ja # integer, and if jo = k = integer, v; = O(r*Inr)
near the origin. It can be shown that in the case ja = integer, there is a harmonic singular function but
a formula for this singular function does not seem to be known. (Regarding the case ja = k = integer,
the function (In7)r*sink(0 — wi) + (6 — wy)r¥ cosk(f — wy) is harmonic; subtraction of the polynomial
(—1)wesc? w[—zsinw; + ycosw;|* makes vy vanish on T.)

We denote by A : f — u the solution operator to the problem (1.1). A is a bounded map from H~*(S)
to H3(S). Our approach is to write the problem in the form

(2.6) ~Au=F:=¢f—pu, —qu],inS, u=0onT
and then apply Theorem 1. In this connection we define a bounded operator N : H~1(S) — H(S) by

Nf=e ' [f —p(Af)z — aAf].

The following lemma will prove convenient.



Lemma 2. Let s and t satisfy 1 < t < s. Suppose s, < § < sp11, §; < t < sj41 for some integers j > 0
and k > j. Let f € H*=%(S), and let u be the solution of (1.1). Suppose u vanishes outside Sy. If j < k,
then u € H¥ (S) for any s' < sj41. If j =k, then u € H*(S).

Proof. Suppose first that j < k. Since u € H'(S), |Vu| € H*71(S) so —Au = F € H'"!(S). There
are now two possibilities. If t —1 > s;41 — 2 then F' € H*'~2(8) for any s’ < Sjr1. Ht—1 < sj41 — 2,
then t — 1 < s —2, so F € H'"}(S). In either case, if k& > 1, the linear functionals A;(F) are well
defined for [ = 1,---,j. Since v € H*(S) with ¢t > s; one concludes from Theorem 1 that if j > 1
Ai(F) =---=A;(F) =0. Hence, again from Theorem 1,

we H(S) for s’ <s, if t —1> Sj+1 — 2,
ue€ HH(S)if t —1<sj41 — 2.

In the first case the proof is complete. In the second case we repeat the argument with ¢ replaced by ¢ + 1,
and eventually we conclude that v € H* (S) for any s’ < Sj41-

Now suppose that j = k. Thus, s <t < s < sg4+1. We argue as above, but in this case, the regularity
in u cannot be increased beyond s, so we obtain u € H*(S). m

We now apply the lemma. Suppose f € H*(S) for some large value of s. The solution u € H'(S). From
Lemma 2 with ¢ = 1 we conclude that

uwe H®(S), FeH'1(S), for s' < s,

Suppose for example that the sector S is convex. This means that w < 7w, @ > 1, and sy = a+1 > 2. Also

one sees that s; + 1 < so. Using Theorem 1 we write
u=A(F)v; +u; with uy € HSI(S) for s’ < s7.
Inserting this decomposition of u into the formula for F', we obtain
F = f—puie —piAi(F)v1. — qu.

We see that there is a term in the right side that is in Hsl’l(S), namely the term involving v; ... To continue
to a higher order expansion, this term must be removed. For this we pick a new “associate” singular function
V1,1 € H}(S) such that —Avy 1 = Xpv1,z, where x is a smooth function which vanishes for » > 1 and which
is = 1 in a neighborhood of the origin. Then u; 1 = w — A1 (F)vy 1 satisfies

—Auig=Fi1:=f—pury — (1 — X)pv1s —qu € Hsl(S) for s’ < s;

Thus Fy; has higher regularity and the expansion can be continued using Theorem 1. The function vy ; is
a new singular function that arises from the presence of the lower order terms. One has vy, € H*(S) for
s<s;+1.

Proceeding along the lines sketched above, it would be possible to develop a corner singularity expansion
for the solution of (1.1) plus the associated bounds on w. This expansion would require extra “associate”
singular functions such as vy ;. Instead, an alternate procedure is developed which avoids the extra functions.
We will find a function (; such that L(; is smooth near the origin, {; = 0 on I', and A;(—A(;) = 1. Using
the function ¢; for example, we can define u; by the decomposition u = A1 (F){1 +u;. Then Aj(—Au;) =0,
but now Lu; = f — A;(F)L{; has the same regularity as f, so the expansion can be continued without

recourse to the extra singular function vy ;.



To find such functions ¢;, let d = 1/(2¢). We start with the formula L(e%*2) = $d[—4e?Az + ?z]e™”,
where k2 = p?+4eq. We will use stretched variables ¢ = dx, 7 = dy, and we will also write p = (£24+72)'/2 =
dr. Setting z(z,y) = 21(£, 1), we have

1
L(eP®z) = §d[—A(Em)z1 + K2 21]ePs.

If z; is a function of the form z;(&,7) = R(p)sin ja(6 — w1) we obtain

L(e®*2) = —%depg(MjR) sin ja(0 — wy),

where the differential operator Mj is defined by
MJR — R// + pflR/ _ (j2062 _|_ K:2p2)p72R.

Note that R(p) = Lja(kp) or R(p) = K;a(xp) solves the equation M;R = 0. Concerning the modified
Bessel functions I, and Kj, recall that for j > 0

Lia(t) ~ A7 + O(H°F2), Kjo(t) ~ Bt 7% + O(t~7**2), for t small,
(2.7 Lia(t) ~ 712! Ko (t) ~t71/2e7t for t large.

The numbers Aj, B; are given in [1, (9.6.7), (9.6.9)]. The derivatives obey the relations obtained by
differentiating (2.7).

We now finish the definition of ¢;. Let 1; be a smooth function on (0, co) such that ¢; > 0 in (1,2) and
1; = 0 outside (1,2). In addition we require that ¢; is normalized so that Aj(—Aw;) = 1. In the case jo #

integer, Lemma 3 below shows that this is acomplished with the normalization
28) [ [ 0050 sp)sin? ja(6 - w)dean = 2t B,
s

We do not discuss the normalization in the case jo = integer. Having selected 1); we define R;(p) to be the
solution to the two point boundary value problem

(2.9) MR, = —y(p), Ry(0) =0, R;(r) = 0 as p— oo,
and we define our singular functions ¢; by

Gz, y) = epgRj(p) sin ja(f —wq), if jo # integer,
(2.10) Ci(@,y) = €7(In p) Ry (p) sin k(0 — wi) + ke Ry (p)(6 — wi) cos k(6 — wr)
— (—1)7kweP* R; (cscw[—Esinwy + neoswi]), if ja = k = integer.
Some properties of (; are given in Lemma 4. The following lemma will be used several times.

Lemma 3. Let j > 1 with ja # integer, let v € H* (S)N HL(S) for any s’ < sj, and suppose Lv € H*72(S)
for some s; < s < s;41. Suppose in addition that Lv and its derivatives of order < |ja| — 2 vanish at r = 0.
Then

(2.11) Aj(—Av) = %s*ja // (Lv)(z,y)e P K o (kp) sin ja(0 — wy)daxdy, jo # integer,
Jm s
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where C;j = /QJO‘2_JO‘B;1.

Proof. From the hypotheses, Lv is continuously differentiable of order |ja| — 2, so the vanishing
condition on Lv and its derivatives has meaning. Since —Av = Lv — pv, — qv and v, € Hs/_2(S) for any
s < s;+1, —Av € H"'72(S) for some s > s;. Hence A;j(—Awv) is well-defined. To calculate A;(—Awv),
we use the formula (2.5). This formula requires the Taylor polynomial of degree |ja| — 2 of —Av. By
hypothesis, the Taylor polynomial of Lv is zero. Since v € H¥ (S) for any s’ < s; = ja+1 and ja # integer,
v has continuous derivatives of order < |ja]. We now sketch an inductive argument to show that all the
derivatives of order < |ja] of v vanish at the origin. Since v vanishes on the two sides of S, v = v, = v, =0
at the origin. Let k < |ja] and suppose that all derivatives of order < k of v vanish at the origin. Using
the fact that the derivatives of order k — 2 of Lv vanish at the origin, we obtain k& — 2 homogeneous linear
equations for the k—th order derivatives of v at the origin. Since v vanishes on the two sides of S we obtain
2 homogeneous linear equations for the k—th order derivatives of v at the origin. It may be seen that these
k41 equations are linearly dependent. Therefore all the derivatives of v of order < |ja| vanish at the origin.
As a consequence we have

(2.12) lu(z,y)| + 7| Dv(z,y)] < Crl®  near the origin.

Hence the Taylor polynomial of degree |[ja] — 2 of —Aw is zero and we have

(2.13) Aj(—Av) = ]% //S(—Av)r_ja sin ja(0 — w)dzdy.

To prove (2.11) we will use the the adjoint operator L*, defined by L*u := —eAu — pu, + qu, and we
will use the function K defined by K(z,y) = e P¢ K4 (rp). Note that eA;(—Av) = A;(Lv) — Aj(pv, + qu).
To show (2.11), using (2.13) we must show that
(2.14) // Lo{r7%sin ja(f—w;)—Cie 7K sin jo(—w:) }dady = // 9% sin ja(0—wy ) (pve+qu)dady.

S s

One may check that the integrals on both sides of (2.14) are convergent. To show the equality in (2.14)
careful attention must be paid to the singularity at » = 0. Letting S§ = S\ S5, we write

// Lo{r~7%sin ja(f — w;) — Cje 7K sin ja(f — wy) Ydady
s

= %iné // Lo{r~7*sin ja(f — w;) — Cje 7K sin ja(f — wy) }dzdy
5

= gin%) // v{L*(r~9%sin jo(f — wy)) — Cje 1 L*(K sin ja(f — wy))})dzdy
5
+ ;ir%/ ev {r7%sin ja(0 — wy) — Cje K sin ja(f — wy)}6d6
—YJr=§

- (%in%/ ev{—jar 7 Lsin jo(f — wy) — Cje 7K, sin ja (0 — w)}ddb
—YJr=§

- %in(l) p(cos(f — wy))v{r%sin ja(f — w;) — Cje 1K sin ja(f — wy)}ddh.
—VJr=§

A calculation shows that L*(K sin ja(f — w;)) = 0. We now show that the integrals over r = § tend to zero

as 0 — 0. This calculation utilizes the formula for C;. To verify that
(2.15) %ir%/ v {r 7 sin ja(0 — wy) — Cje K sin ja(0 — wi)}6d6 = 0
—YVJr=45
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we use (2.7) and the definition of C; to write
v, (r 7 — Cye K| < Crlied =y =i — Cie™IBy(kp) I + O(r 7ot = O(rlivd=ie),

Setting r = § and using this in the integral, we obtain (2.15). The other integral is handled in the same way.
We therefore get

// Lo{r~7%sin ja(f — w;) — Cje K sin ja(f — wy) Ydady
s

= lim // vL*(r7%sinja(0 — wy))dzdy.
5

—0

Since r~7%sin ja(f — wy) is a harmonic function, L*(r=/®sinja(f — wy)) = —p(r~7@sinja(d — wi))s +
qr=7%sin jo(0 — wy). Hence

// Lo{r~®sin ja(d — w;) — Cje 1K sin jo(f — wy) }dxdy
s
= %ir% // v{—p(r~7*sinja(fd — w1))s + qr % sin jo(0 — wy)) }dady
5

= %ir% // (pvg + qv)(r~7sinja(0 — wy))dzdy
5

+ (%in(l)/ p(cos(f — wy))vr ¥ sin ja(f — wy))ddo.
—YJr=§

Again it is seen that the integral over r = § tends to zero as § — 0. This completes the proof of (2.14), and
hence of (2.11). m

Lemma 4. The function (; vanishes on the two sides of S. One has (; € H*(S) if and only if s < s;. Also,
L¢; is smooth in S and

1

L{ = §dep£wj(p) sinja(f —wq) if jo # integer,
1 o 1 ,
L¢; = §dep£(ln p)Y;(p)sinja(d —wy) + idkepg(ﬂ —w1)Y;(p) cosja(d — wr)
2.16
(2.16) T e [kp 2Ry (p) — p R (p)] sin jo(0 — wn)
— (—=1)7kweP* ( — csc w? R} (cscw[—Esinwy + neoswy]) 4+ k2 R;(cscw[—E sinwy + ncoswi)))
if jao = k = integer,
(2.17) |D™¢ (2, y)| < Ce™d*mpia=m  for p < Ce,
1
(2.18) |D™(i(z,y)| < Ce™™Dg, (pl exp {— <(q + %p2p)1/2 — 2p§> }) for r > Cie,
(2.19) Aj(—Ag) =1

Proof. The vanishing of (; on the sides of S follows from the definition of (;, as does the formula
.16). Since M;R; = 01in (0,1), in the case jo # integer, i = 0 near the origin so Lz, is smooth in this
2.16). Si M;R; =01in (0,1), in th j integer, L(; =0 he origi Lz; i h in thi
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case. Also since M;R; = 0 in (0,1), R;(p) is a linear combination of I;4(kp) and Kja(kp) in (0,1), and
the boundary condition in (2.9) implies that R;(p) = CI;4(kp) there. Equation (2.17) then follows from
(2.7). Furthermore, if ja = k = an integer, I;o(p) = Ix(p) is given by a convergent power series with leading
term p*, so L(; is smooth in this case, and (2.17) holds in this case. Since M;R; = 0 for p > 2, R;(p) is
a linear combination of I;,(kp) and Kja(kp) for p > 2, and the boundary condition in (2.9) implies that
R;(p) = CKjs(kp) there, and (2.18) follows from (2.7). Using (2.17) and (2.18), we see that (; € H*(S) if
and only if s < s;. Finally, (2.19) follows from (2.16) and Lemma 3. m

We remark that in the case jo # integer L(; satisfies the inequality
IL¢s s < Ce¥=F1

Letting D* denote any derivative of order k, this follows from the inequalities

1/2
125,260 = ( [ [ 105,06 Pasay
s . , 1/2
=4 ( / /S\D@Lcjw d£d77>

1/2
= 3 ([ [ 1900 sin a0 ~ ) P

In the last inequality the normalization (2.8) has been used. It would be of interest to construct singular
functions such that ||L{;||x is bounded independent of €, or at least bounded independent of € on regions of
size e~ 1.
The next result gives the corner singularity expansion for the problem (1.1).

Theorem 2. There are linear functionals Ay, ; and functions (j, j = 1,2,---, with the following properties.
(i) A,; is a bounded linear functional on H*~%(S) for s > s;, but not for s < s;. (ii) ¢; € H*(S)NH(S) for
s < s; but not for s > s;. Also (; is smooth everywhere except at the origin and L(; is smooth everywhere
inS. (iii) If j >0, s; < s < sj41, f € H*"2(S) and u = Af, then

(2.20) uji=u— Y App(f)G € H(S).
k=1

The linear functionals Ap ;, and the remainder u; satisfy

i
(2.21) Y e AL+ e Oluslls < Cllflls—2
k=1

where the exponents o, depend only on k and w, and the exponent o(s) depends only on s and the angle w.
If j = 0, the sum is replaced by 0 and u = ug € H*(S) and satisfies (2.21).

Proof. The definition of ¢; is given in (2.9) and the assertions (ii) follow from Lemma 4. The rest of the
proof is given in a series of steps. In the proof, xy denotes a smooth function which is = 1 in a neighborhood
of the origin and = 0 for r > 1.

(a). Suppose 1 < s < s1. Since u € H'(S), xu € H'(S) and L(xu) € H™»(=20)(8). Hence
NL(xu) € H™"(6=20(8). Lemma 2 implies that xu € H*(S). From Lemma 1, (1 — x)u € H*(S). This
gives the decomposition (2.20) in the case j = 0.



(b). Suppose that s; < s < s5. From (a), u € H* (S) for any s’ < s;. Hence yu € H* (S). Hence
F = NL(xu) € H¥~2(S) for any s’ < s; + 1. Pick a number s’ > s, with §' < min(s,s; + 1,s2). Then
A1 (F) is well-defined. We define

(2.22) Apa(f) = M(F) = A (=A(xu)).

Let uf = xu — A 1(f)¢1. Then Ap j(Lui) = Aj(—Au}) = 0 so from Theorem 1, uj € H* (S). Also Lu} €
H*~%(S). Applying Lemma 2, v} € H*(S). From Lemma 1, (1 — x)u € H*(S). Setting u; = u} + (1 — x)u,
we have v = A 1(f)¢ + wy with wy € H*(S). This gives the decomposition (2.20) in the case j = 1.

(c) We use an argument by induction and a recursive definition of the linear functionals. Suppose

the linear functionals Ay ; have been defined for ¢ < j. Let s; < s < s;41. Using induction, we write
u = Zi;ll Apk(f)C 4+ uj_1 with uj_; € H¥(S) for any s’ < s;_1. Hence yuj_; € H*(S). Hence
F = NL(xuj_1) € H~2(S) for any s’ < s;_; + 1. Pick a number s’ > s;_; with §' < min(s,s;_1 + 1, 52).
Then A;(F') is well-defined. We define
(2.23) A (f) = A (F) = Aj(=A(xwj-1))-
Let uf = xuj—1 — Az ;(f)¢;- Then Ag j(Lu}) = Aj(=Auj) = 0 so from Theorem 1, u} € H*'(S). Also
Luj € H**(S). Applying Lemma 2, u} € H*(S). Agam we have (1 — x)u,;—1 € H*(S). Setting u; =
uf + (1 — x)uj—1, we have u = Ay ;(f)¢; +u; with u; € H*(S). This gives the decomposition (2.20) in the
general case.

(d) The form of the constants in (2.21), and a value for o} and o(s), come from examining the remainder

in each step of the recursive argument. m

In the proof of Theorem 2, the linear functionals Ay, ; are defined recursively by (2.22) and (2.23). We
are now concerned with formulas for calculating these linear functionals. In these formulas we will assume

that jo # integer.
Lemma 5. Suppose ja # integer. Let f € H*"2(S) with s > s;. Suppose also that s > 3/2 and ja > %

Then
Apai(f) = M({—Au}),

Api(f) =A({—Auj1}). j > 2
Proof. We will show that

(2.24) Ay (=A((1 = X)u;-1)) = 0.

Adding (2.23) and (2.24) then gives the result. To show (2.24), write w = (1 — x)u;_1 Since w vanishes
in a neighborhood of the origin, its Taylor polynomial is 0. Letting I'r denote the curved portion of the

boundary of the truncated sector Sg, and using Green’s theorem and (2.5),
1 _
[Aj(—Aw)| = —\ //(Aw)rﬂa sin ja(f — wy )dxdy]

= —\Rhm / (Aw)r~7%sin jo (0 — wy )dady|
Jm —00 Sk

< L im {R‘j"/ \wT|Rd0+R_-ja_1/ |w|Rd0}.
Jm R—oo Tr g

Since s > 3/2, w € H¥(S) for some s > 3/2. Hence w, € Ly(T'g) and |w,]jor, < Clwl|ls. Schwarz’s
inequality shows that the last two terms are bounded by CR—ots = o(l)as R— 0. m

The next lemma gives a formula for Ay, ; analogous to the formulas (2.5) for A;, provided f vanishes to

as high an order as possible at the origin.



Lemma 6. Suppose ja # integer. Let s; < s < s;j41 for some j > 1 and let f € H*"%(S), so f is
continuously differentiable of order | ja| —2. Suppose in addition that f and its derivatives of order < |jo|—2
vanish at r = 0. Then

(2.25) Ap;(f)= J gda= 1//fx y)e PEK o (kp) sin ja(0 — wy)dxdy.

Proof. Let uy = u. Then from Lemma 5, Ay ;(f) = Aj{—Au;_1}. Let fj_1 = Lu;_1. From (2.20) and
the fact that L{; vanishes in a neighborhood of the origin, f;_; satisfies the same vanishing condition as f.

Hence from Lemma 3
Api(fi-1) = A‘(—Auj 1)

JTEOJS //Sfj_l(x)efpnga(/ip)sinja(9—wl)dxdy.

This proves the result in the case j = 1. For j > 1 we use the formula (2.16) and the orthogonality relation

/ sinia(f — wy) sin ja(6 —wq)dd = 0 for i # j

w1
to obtain Ay, ;(L{;) = 0 for ¢ # j. Using (2.20), the lemma is proved. m
We now consider bounds for the linear functionals and their dependence on ¢.

Lemma 7. Suppose ja # integer. Let f satisfy the hypotheses of Lemma 6. Then
AL ()] < Ce*75 7| fll5—2.

Proof. Since f € H*72(S) and vanishes to order |ja — 2| at the origin, using (2.7) and the condition
§ > 85,

AL (f)] < Ceio / / I jo () dcdy
< CeIom 1// |f| 5 1 Ko (kp) [T 2dady

1/2
< Cé‘j”‘lllfls—z{// Kja(ﬂp)lgrzs“dzdy}
s

1/2
< O f]lu { / /S Kja("ﬂﬂ)|2p284d€d77}
< O | fla.

In these inequalities we have also used a Hardy-type inequality. m

Using this we obtain a bound on the residual that is better than the bound on the remainder given by

Theorem 2.

Lemma 8. Suppose ja # integer. Let f satisfy the hypotheses of Lemma 6. Then the remainder u; in the

decomposition of Theorem 2 satisfies
[ Lujlls—2 < C[[f]ls—2-

Proof. Let 1/;]- = E‘jo‘wj. Using (2.19) it is seen that @j does not depend on ¢, it is a function with
support in (1,2), and it satisfies

// Vi (p)Kja(kp) sin 2 jo(f — w1)d€dn = —jrC; L
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In terms of &j we have
L¢; = 17 1e )i (p) sin ja(6 — wn).

Since D, = (2¢)7" D}, we have
I1LG]ls < Ce?*7.

Hence

i
[Luglls—2 < Cllflls—2 + Y AL (AL ]ls—a
1

J
<O flls—2+ C’Zfss_sf_1||f||sf2 )
1

< O flls—2-
u

One does not, in general, expect derivative bounds for the remainder u; that are independent of €. The
reason is that although the remainder u; has no corner singularity, it still may have boundary layer behavior.
In the case of an incoming sector, there are no boundary layers and one can imagine that the derivatives of

u; are bounded independent of €, provided the data satisfies the vanishing conditions.

11



3. An outgoing sector

In this section we consider the problem (1.1) in an “outgoing sector”, situated as in the figure. An
asymptotic expansion of the solution which involves the “reduced” differential operator, and an asymptotic
boundary layer expansion which uses a stretched variable near the boundary, is constructed. When these
expansions are subtracted from the solution, there is obtained a boundary value problem with small right
hand side and exponentially decaying boundary data. The boundary data are treated using an energy
argument that also involves some results of Section 2. There remains a boundary value problem for the
remainder with zero boundary data and small right hand side. The results of Section 2 are used to obtain
bounds for the remainder and its derivatives. The final result, stated in Theorem 3, consists of pointwise
bounds on the derivatives of the solution that exhibit the boundary layer behavior and the corner singularity.
These pointwise bounds make rather heavy demands on the differentiability of the data f. For convenience,
we assume in this section that f € H*(S) for any s > 0. Unfortunately, the analysis requires a convex sector.
It is thus assumed that

w=wy—w <mand 0<w; <7< wy < 2.

It seems likely that these restrictions are not necessary, but are imposed by our proof.

y = xtanw;

. W1
the sector S
%) B
)
—

Yy = xtanws

Consider the sequence of reduced solutions associated with the problem (1.1). Thus, let M denote the
reduced differential operator, defined by Mv = pv, + qu, and define functions vg, vy, - -, by the problems

Mvozfin S, ’Uo(ﬂ:‘,y) —0as o — —00,

(3.1)
Muvy = —Avg—1 in S, vp(z,y) = 0asz — —o0, k=1,2---.

Regarding the problems (3.1) we cite without proof the following simple lemma.

Lemma 9. The problem
MV =Fin$, V(z,y) = 0as z — —o0

has the solution "

V(x,y) = p_l/ e_qpfl(x_s)F(s,y)ds.

— 00

If F € H*(S) for some s > 0, then V € H*(S) and |V||s < C(s)||F||s-

12



Applying Lemma 9 with an inductive argument, one finds from (3.1) that if f € H?*+3(S), then
vk € H*(S) and

(3-2) [oklls < CllFll2k+s-

Set Vi = Zé( eFvy,. Using (3.1), one obtains LV = f — X+ Avg so setting u; = u — Vi, u; satisfies

the problem

(3.3) Luy=fiin S, wu=giyonly, 1 =1,2,

where we have set

(3.4) fr =eEH Avg, g1.1(r) = =Vg(rcoswy, rsinw;), 1 =1,2.

One has g1,1(0) = ¢1,2(0). The integer K will be chosen below.

Regarding the data of the problem (3.4), we note that while f; = O(eX*1), the boundary values g; 1 and
g1,2 do not vanish as ¢ — 0. We next construct some boundary layer functions to deal with this behavior.
We use the distances d; along I'; and e; perpendicular to I';, with the signs arranged so that these distances
are positive in S. It at this step that the convexity of S is used, as the positivity of e; and ey requires a

convex sector. These quantities are given by the formulas

(3.5) diy =xcoswy +ysinwy, e; = —xsinw; + ycoswy,
3.5
dy = xcoswy + ysinws, es = rsinwy — Y coOSws.

We will also use the stretched variables Ey = e;/e and E; = ez/e. To represent the boundary layer along

I'; we will use a function wi(FE1, e2). For derivatives of w; we have

-1 . . —1
%wl(El, e2) = —€ wi g, Sinwy + W1 e, SIN W2, a—ywl(El, €2) =€ Wi g, COSW — W1 e, COSW2,

82
_92 . 92 1 . . .92
—2w1(E1, e2) =€ ‘W1 g, By SIN° w1 — 267 W1 By e, SN W SIN W + W1 eye, SINT W,

ox

2
) 2 1 2
——wi(Eq,e2) = € W1 g, B, COS” W1 — 267 W1 B e, COSW] COS W + W1 eye, COS™ Wo,

oy?
1 .
Lwy = —¢ " (w1, B, B, + PpW1,E, sinw]

+ 2W1 B, e, COSW + PW1 ¢, SIN W + qW1 — EWT eme, -

Using these formulas, we define a sequence of functions wy ;(E1, e2) by writing L(}", e/w ;(E1, e2)) = 0 and
equating coefficients of €. In this way we arrive at the sequence of two point boundary value problems

W1,0,E, E; +pw1,O,E1 Sil’lwl = 0, ’11)170(07 62) = 91)1(62 CSC(U),’LUL()(El,eQ) — 0 as E1 — OQ.

W1,1,B, By, T PW1,1,E, SIw1 = 2W1,0, B e, COSW + PW1,0,¢, + qW1,0,
w1,1(0, 62) = O,le(El, 62) — 0 as E1 — OQ,
W15, B, By + PW1 5B, SINW1 = 2W1 i1 Bye, COSW + PW1 1,6, + qW1,j—1 — W1 j—2,c5e05

’LU1J(O,€2) = 0,w17j(E1,€2) —0as B — o0, fOI‘j > 1.

13



Setting W1 j = ZO‘] w1,; we have

_J J+1
(3.6) LWy, 5 =¢€" (2wi1,7-1,B e, COSW + PW1 J—1,e; + qQW1,7-1) —E" " W1, 72 cpe,-

Since di = (cscw)ey on I'y we have Wi ; = g11 on I'y. The function Wi ; is non-zero on I'y. Letting g2 o

denote the trace of Wi j on I'y, since e3 = 0 and e; = (sinw)dy on I'y we have
g2.2(d2) = Wl,J((Sinw)dg/aO).

The integer J will be chosen below.

The solution to the two point boundary value problem that defines wy g is
w1,0(E1, e2) = g1,1(ez cscw)e*p(Si“"“)El.

Since wy € (0,7), sinw; > 0 and this formula contains a decaying exponential. Also, we note regarding this

solution that

0

%wu} = (COS wl)—wl,o + (sinwl)—wl,o = (Sinw)wlm.
1

Or y

Since wy e, is bounded uniformly in e, it follows that the directional derivative (8/9d;)wi o is bounded
uniformly in €. Similar remarks hold for the other boundary layer functions.

We require bounds on the functions w; ;. For this we will use

Lemma 10. Letp >0, a > 0, and let F(E) satisty |DlyF(E)| < Fe=F forp=0,---,m. Let W' +pW' =
F for E > 0 with W(E) — 0 as E — oco. Then there is a constant C(a,p) such that if b < min{p,a},

IDEW(E)| < Cla,p, ) [Fr + [W(0)]le™** for p=0,---,m+2.

If p # a one may take b = min{p,a}.
Proof. The proof follows from the solution formula
E 0o
W(E) = —p’le’pE/ (eP* —1)F(s)ds —p~'(1 — e*pE)/ F(s)ds + W (0)e PF.
0 E
In the case a = p the bound involves (1 + E)e P¥, which we have majorized by Ce™"® for any b < p. m

We now apply Lemma 10 with p and a replaced by psinw;. An inductive argument gives the exponen-
tially decaying bounds

(3.7) | D wy (B, e2)] < Corgai(‘ |D*gy 1 (eg cscw)|e PEImeNEr i p < m = 0,1, - -
Sh<j

The ordinary differential equations that define the functions w; ; contain e, as a parameter. Differentiating
these equations with respect to ey, one obtains the same set of equations, but with different boundary data

and right hand sides, for the functions D}}w ;j(E1,e2). Applying (3.7) to this system, we obtain

(3.8) |DP D2y j(Er,ez)] < C max  [DFgy(egcscw)|e BB < m = 0,1,
! 2 ’ 0<p<j+mz ’

In particular, this formula leads to bounds for derivatives of the function g2 2. We get from (3.8)
|DB wy j(F1,0)| < C max [D"gy1(0)e”?Cme)E < p m =01,
0<p<j

14



Hence
(39) |Dmg2’2(7‘)| < Ce—me—b(sinw)(sinwl)r/e h< p.

In a similar manner we will use a function ws (e, F2) to represent the boundary layer along I's. For

derivatives of w9 we have

_ . -1 ; _ -1
8—w2(61, Ey) = —wap, sinwy + € wa, g, sinwa, 8—yw2(el, E3) = wa e, COSW1 — € " Wa p, COSWa,
2
—ws(e1, Fy) = w sin? w; — 2e tw sinw; sinwy + 2w sin? w
oz 2l £2) = W2erey 1 2,61 E5 1 2 2, By By 2

82
ay?

2 -1 —2 2
wa(e1, Ea) = Wy eye, COS” w1 — 267 W2 ¢, B, COSW] COSWa + € “Wa B, F, COS~ Wa,

1 .
Lwy = —e7 " [wa, By B, — PW2, B, SIDW)]

+ 2W3 ¢, B, COSW — PW3 ¢, SINW] + qW2 — EW2 eye, -

We define a sequence of functions ws ;(e1, E2) by writing L(} ", e/ws j(e1, E2)) = 0 and equating coefficients

of €. In this way we arrive at the sequence of two point boundary value problems
W2,0,B, B, — PW2,0,5, Sinwy = 0, wzo(e1,0) = g1,2(e1 cscw), wao(e1, E2) — 0 as Ey — oco.
W2 1, By By — PW2,1,E, SINW1 = 2W2.0,¢; B, COSW — PW20,e; + qW2,0,
U)2)1(€1, 1) = O,’w271<61, EQ) — 0 as E2 — OQ,

W2,5,E; B, — PW2,5,Fy sinwy = 2w2,j*1,€1E2 COSW — PW3,j—1l,e; T qW2,—1 — W2,j—2 .16,

wy j(e1,0) = 0,ws j(e1, E2) — 0 as By — oo, for j > 1.

. J
Setting Wy ; = > wa,; we have

3.10 LWy =¢’(2 - — gttt

(3.10) 2,] =€ (2wa, 71,6, B, COSW pPw2 j—1,e, +qw2,J—1) €7 T W2, J-2,e1e; -

Since do = (cscw)e; on I'y we have Wy j = go2 on I's. The function W ; is non-zero on I'y. Letting g1 1

denote the trace of Wy y on I'y, since e; = 0 and ey = (sinw)d; on I'; we have
g1,1(dr) = W 5 (0, (sinw)d, /¢).

The solution to the two point boundary value problem that defines ws q is

waoler, B2) = g1,2 (61 csc w)ep(Si““’z)Ez.
Since wg € (m,2m), sinwy < 0 and this formula contains a decaying exponential. Also, we note regarding
this solution that

0 wa0 = (COSwa) =—wa g + (sinws) —wsz o = (sinw)w
— = — wa)— = .
Bd, V20 2) 5 W20 2) 5y 20 Lei

Since wsg, is bounded uniformly in ¢, it follows that the directional derivative (/0ds)Ows o is bounded

uniformly in €. Similar remarks hold for the other boundary layer functions.
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We now apply Lemma 10 with p and a replaced by psinws. An inductive argument gives the exponen-
tially decaying bounds

(3.11) |DE,wa j(e1, B2)| < C max |DY g1 2(eq cscw)|eblsmezlBe < =01,
0<pu<j

The ordinary differential equations that define the functions wy ; contain e; as a parameter. Differentiating
these equations with respect to e, one obtains the same set of equations, but with different boundary data
and right hand sides, for the functions D} ws j(e1, E2). Applying (3.11) to this system, we obtain

(3.12) D™ DP2w,y (e, B2)| < C max | D" gy o(eg cscw)|e blsnezlBa p <y m =0,1,---.
' 2" 0<p<j+my 1o

In particular, this formula leads to bounds for derivatives of the function g1 1. We get from (3.11)
| D, we (0, Eo)| < Cogli%(j |DFgg 5(0)|e bGnw2) B2 <9y gy = 0,1, - -

Hence

(3.13) D™gy 1 (r)] < Cemmebsin@)sinwar/z )

Setting us = u; — Wy 5 — W ; we see that uy satisfies the problem

Lug = fo:= fi+ fa1 + fa2in S,

(3.14)
U2 = g2,1 O1 Fl; l= 172a

where ; T
fo1 =¢€" (2QW1,7-1,Bre, COSW + PWI_ J—1,e, + QW1 J—1) — € W1, 7—2,e5es>
J+1

J .
foo=¢ (211)2,J—1,e1E2 COSW + PpW2, j—1,e; + qu,J—l) — & TTW2, J-2,e1e15
The following lemma gives bounds for fs.

Lemma 11. One has
_g+ 1
1falsa < C (54 fllarcrs + = H 1 lascs oy |-

Proof. Using (3.2) and (3.4),
1 fills—2 = " Avklls—2 < C" | fllarcs.

For the estimation of f3; we must estimate the derivatives of order < m of w; ;j_; and w; j—2. To estimate

the derivatives of order m we write

g2, <C S / / DI Dy (Ey, ) Pderdes
0 0

mi+mo=m

mi+mo=m

oo (oo}
=C Y 51—2’”1/0 /0 |Dg DI wy, 5 (Ey, e0)|2dErdes

IN

C E gl=2m max  |D¥ g1 1(e2 cscw)|*des
_ 0 0Su<J+me
mi1+mo=m

<C D> gl ke

mi1+mo=m

< C" ™ guallFm. v,y -
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Hence .
w1, llm < Ce2™™(g1,1ll74m, R
< Cgé_mugm||J+m,1:z+
< 2™ Vicl| smor -
But

IVlls+mry < ClVilsims s < Cllflzrcssems g

80 w1, jllm < C’eé_m||f\|2K+J+m+%. Similar bounds hold for the other terms in fo;, { = 1,2. Combining
these inequalities, the lemma is proved. m

In the problem (3.14) satisfied by ug, the boundary values gs; are not small, although they do decay
exponentially along the sides I';. We shall deal with this boundary data using a function Z;(z,y) defined
by the following boundary value problem:

(3.15) LZ;=0in S, Zy=goyon Iy, I =1,2.

Setting uz = uy — Z; we see that us satisfies the boundary value problem

LU3 = fg in S,

(3.16)
ugs=0on Iy, [ =1,2.

For this analysis to succeed we shall need bounds for derivatives of the function Z;. It may seem that the
problem (3.15) has the same complexity as our original problem. However the exponential decay in the
boundary functions g ; enables us to obtain suitable derivative bounds. This is done in the next 3 lemmas.

The first lemma uses some of the results of Section 2.

Lemma 12. Let g be a positive bounded function in S with ¢uin = infs ¢ > 0. Let u solve the problem

—Au+qu=fin S,
(3.17)
u(rcoswy, rsinwy) = gi(r), 1 =1,2.

Suppose f and g; are smooth functions which satisfies for some integer m > 2
|D7 f(z,y)| < e Fy, for j=0,---,m—2, |DIg(r)| < e “F, forj=0,---,m, | =1,2,

and suppose g1(0) = g2(0). Let a = 7/w. For any b with b < a and b*> < G, there is a number C,,(b) such
that for (x,y) € S,

Om(qmin - bz)il(a - b)ilFmeibTa m < q,
(3.18) ID"u(z,y)| < § Cp(qmin — %) Ha —b) " EL[1+ |Inr|le™?, m=aq,
Cm(qmin - b2)_1(a - b)_lFm[l + ra—m}e—br7 m > Q.

Proof. The proof is given in a series of steps.

(i) Select a smooth function G in S which agrees with ¢g; on 'y, | = 1,2,. and which has the same
exponential decay for large r. Subtracting G from wu, it suffices to consider the case of g3 = g2 = 0.

(ii) Let Sy denote the truncated sector S consisting of points of S for which » < 1. Applying the corner
singularity expansion of Theorem 1 and using Lemma 1, we obtain u = us + u, where us is the sum of
a finite number of singular functions and where the remainder u,, € H™%2(S;) and satisfies ||u,||m+2.5, <

Cr|l fllm,s,- Each of the coefficients in the singular expansion is also bounded by Cy,|| f|/m,s,- The leading
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singular function is r® if a # integer, and is 7*Inr if @ = integer. Hence in the case m # «, if (z,y) € Sy
one has using the Sobolev inequality
|D™u(z, y)| < |D™us(z,y)| 4 [D"ur (2, y)|
S Con(L 477" fllm,s: + Cllur[mt2,s:
S Con(L+r*"") [ fllm,s: + Cll fllm,s,
<Crn(1+7""™Fy + Cri B,
This proves (3.18) in the case m # « and (x,y) € S;. The case m = « and (z,y) € S is similar but uses

the log singularity. Hence (3.18) is established for (x,y) € S;.
(iii) From [3, Theorem 1.4.4.3], for v € C§°(S1),

U2 2
—dzdy < C .
[ ey < i

’U2 2
7dxdy g CHUHLSl‘
s T

Since [ [ ., r~'w?dzdy < |v[|§ < ||v]]3 g, we obtain

Hence

2
// v?dxdy < C|o|f2 ¢ if v € HL(S).
S

(iv) Let b be given as in the statement of the Lemma, and make the change of variables u = e~ v.

Formally, v satisfies the problem
1 _
(3.19) —Av + b(2v, + ;v) +(g—b)v=finS, v=0o0nas,

where f = fe’”. We show that the problem (3.19) has a weak solution v € H}(S). For this consider the
bilinear form

B(v,w) = //S[VU -Vw + b(2v, + %v)w + (g — b*)vw]dzdy.

Using (iii) and the boundedness of ¢ one obtains the inequality

[ [ owdady] < b2l 2 wlos <l shols
S

Hence B is a bounded bilinear form on H{(S). Also, using the formula 2vv, +r~1v? = r~1(rv?), and the
inequality ¢ — % > gmin — b* > 0, it is seen that for v € C§°(S)

(3.20) B(uv,v) = //Snw? 1 (g — B)?)dedy > c{gmin — B)||0]2 .

Since C§°(S) is dense in Hg (.9), this inequality holds for all v € Hg(S). Hence from the Lax-Milgram lemma,
(3.19) has a unique weak solution v € H}(S). The solution satisfies

(321) HU”LS < C(Qmin - b2)_1||fT|

0,5

(Since a > b, f € Ly(S).) The function v is smooth in S and satisfies (3.19). Hence the function e~""v solves
(3.17), so e~ v = u.
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(v) From (iv), v € H'(S) is a weak solution of the equation —Av = f; in S with f; = f — b(20, +
r~1v)+ (¢—b%)v € Ly(S). Let B be a disk of radius 1 and center at distance > 1 from the origin, and placed
so that BN S # (. Let B’ be the disk of radius 2/3 and the same center as B. From a standard argument
using localization one finds that v € H™(B N .S) and

[Vlim+2.80s < Cnlll fllm.Br0s + [0llns], m=0,1,---.

The constant C,, does not depend on the location of B. For p > 0 let S, denote the truncated sector
consisting of points in .S with 7 < p, and let S; = '\ S,. Taking a collection of disks B that cover S one
obtains

[vlimtz.55 < Conlll Fllm,sg,, + [vllo,s], m=0,1,---.

1/3

Using (3.21) one obtains

(3.22) [vlmr2.5; < Crn(dmin = b*) 7 [ fllm,sg , + 1 fllo,s]s m=0,1,---.

1/3

If D7 is a derivative of order |y| = m,

(3.23) Df= (> aypD’f)e,
I8|<m

where the coeflicients a3 are sums of polynomials in z and y divided by powers of 7. These coefficients are
homogeneous functions of degree < 0. Hence using the assumptions on f and the inequality a > b, we see
that ||f||m_275; < Cp(b) Fp. From Sobolev’s inequality we therefore get

D" v(x,y)| < Cllvllm+2,5¢ < Cm(a—b)" (gmin — b°) " Fp for r >1, m=0,1,---.

Writing as in (3.23)

Dvu = ( Z bWDﬂv)e_bT,
|Bl<m

we obtain (3.18) for (z,y) € S{. m

We now apply this result to the convection diffusion problem. We suppose that the right hand side is
zero, and that the boundary data are rapidly decaying.

Lemma 13. Let z be the solution to the problem

—eAz+pz +qz=01in S,
(3.24)
z(rcoswy, rsinwy) = gi(r), 1 =1,2.

Suppose g1 and g2 are smooth functions which satisfy for some integer m

(3.25) |DIgi(r)| < e "/F,,, for j=0,---,m+2, | =1,2,

and suppose g1(0) = ¢g2(0). Then for any b satisfying 0 < b < min{p, 2¢} there is a constant C,(b) such that
Cm(b)g—mFme—(br—px)/(Zs)—br/Q’ m< a,

(3.26) D" z(z,y)| < Cp(D)e ™ Fu[1 4 |In(r/(2¢))|]e br—pe)/2e)=br/2 0y — @
Con(D)e ™™ Fyu[1 + (1/(22)) 0 m]e~ (br=pe)/(2e)=br/2 "y >
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Proof. Let d = 1/(2¢), z = €2, Then Lz = [—eAz; + (¢ + 3dp*)z1]eP™ so 2z satisfies
—4e®*Az; + (p? +4eq)z1 =0in S.
We now stretch the variables. Let & = dx, n = dy, p = (62 + 7?)'/2, 22(€,m) = 21(z,y). We have

—Azy + (p? 4+ 4eq)ze =0 in S,
. 2+ 07+ dea)
zo(peoswy, psinwy) = hy(p).

The relation between z and zs is:
(3.28) 2(x,y) = eP* Pz (2, y) = eP/ (39 2y (2 /(2¢),y/(2)) = eP 2y (da, dy).
Thus the boundary data in (3.27) is given by the formulas
hi(p) = za(pcoswy, psinwy)
= z1(2epcoswy, 2epsinwy)
= e P4 2(2epcoswy, 2epsinwy)
= e Pgi(2ep)
= e PPes¥l g (2ep), 1 =1,2.
We want to apply Lemma 12 to the problem (3.27). From (3.25), the boundary data of (3.27) satisfies
|hl(P)| < Coe—(pcoswz+2c)p

[hi(p)| < pl coswi|e™PP gy (2ep)| + 2e€™PP % | g)(2ep)|
< Clef(pcoswl+2c)p

and in general,
|D7hi(p)| < CFyePeoswrt20r 5 — 0o om, 1=1,2.

To apply Lemma 12 we must choose b to satisfy b?> < p? + 4eq and b < pcosw; + 2c. Since € may be small,
and since we have no control over w;, we choose b € (0, min{p, 2c}). We then have

CoFrpeb, m < q,
|ID™22(&,m)| < CpFu[l + |Inplle™®, m = «a integer,
ConEp[1 4 p*~™e %, m > a.

Using (3.28) we get (3.26). m

To apply Lemma 13 to the function Z; we note from (3.9) and (3.12) that ¢ = ps5 where s = sinw,
5 = min{sinwy, sinws}. Since x < 0 in S, (3.26) gives
Lemma 14. One has

Cmg—me—ps@"/(Qs)—pr/Q’ m< a,
(3.20) D" Z5(@,9)] < { Cme™[1+ | In(r/(26) e P57/ @22
Cne ™1 + (r/(28))>™m]e=Pssr/(2e)=pr/2 ;> q.

Using (3.1), (3.7), and (3.10) we have good bounds for Luz. We now apply Theorem 2 to the boundary
value problem (3.16). Using (2.19) we write

I
(3.30) us = Api(f2)G + ua.

i=1
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The number I of terms in the expansion is chosen large enough so that the remainder uy has derivatives to
the desired order. Combining the various formulas given above we arrive at the following decomposition of
the solution u of (1.1):

I
(3.31) w=Vic+ Wi+ Way+2Zs+ Y Api(f2)¢ + ua.
1

Each term in this decomposition has a role to play in the decomposition. The term Vi coming from the
sequence of reduced problems, reduces the size of the right hand side. The terms W ; and W5 ; represent the
boundary layers along the two sides. However each of these terms produces a residual exponentially decaying
boundary value on the other side. The term Z; handles these exponentially decaying boundary values. This
term produces corner singularities. The sum Y Ay ;(f2)(; subtracts all the corner singularities, enabling the

remainder u4 to be both smooth and small. Derivative bounds are given in the following theorem.
Theorem 3. There is a constant a > 0 such that if f € H*(S), for any s > 0 there is a constant C > 0
such that for n < N one has the derivative bounds

(3.32) |D"u(x,y)| < C {1 4 e meTae/E  gngTa/E | (r/e)a_"e_m/a] , if a # m,

and for n = m + k < N one has the more precise derivative bounds

|D} DF u(z,y)| < C {1 +ekemaer/e f gmneTac/e 4 (1"/6)0“”67‘"/5] , if o #n,
(3.33)
| g;Df2u(x,y)| <C {1 + g kemae2/e | gngmaer/e | (r/e)o‘_”e_‘“"/s] if a #n.

In the case a = n the inequalities are modified by replacing (r/e)*~™ by |In(r/e)|.

Proof. Let NV be given. Since we seek bounds for derivatives of u of order < N, and motivated by the
Sobolev imbedding theorem, we choose an s > N + 2 such that s; < s < sy for some I. Motivated by
Lemma 11, and recalling (2.20), we choose J and K so that K +1—-N —o0; >0, J — s+ % —N—-0;>0
fori=1,---,I,and K+1—0(s) >0, J—s+ % — o(s) > 0. With this choice of I, J, and K, we use the
decomposition (3.31). We must show that each of the terms in the decomposition (3.31) satisfies inequalities
corresponding to (3.32) and (3.33). Using (3.2) we see that D"V is bounded in S. From (3.8) and (3.12)
it is seen that Wi ; and Wy ; satisfy these inequalities. From (2.16) and (2.17),

[D"Glay)| < € 147 mem /o]

Hence
|DnAL,z(f2)<7,| < C|AL’1(f2)| |:1 + E*Tlrocfnefar/s}

falls—2 [1 + rafnefar/g}

< C (EK‘H—N—(H +€J—s+%—N—ai) [1 +ra—ne—ar/s

< Qe N—o

S C |:1 + rafnefar/a] )

Hence the terms in the sum satisfy the inequalities (3.33). Finally, using using (2.20) and the Sobolev

inequality, the remainder ug is seen to be bounded. m

21



References

[1] M. Abramowitz and I. Stegun, Handbook of mathematical functions,, National Bureau of Standards,
1965.

[2] M. Dauge, Elliptic boundary value problems on corner domains, Springer Verlag, Lecture Notes in
Mathematics, No. 1341, 1988.

[3] P. Grisvard, Elliptic problems in nonsmooth domains, Pitman, 1985.

[4] P. Grisvard, Singularities in boundary value problems, Masson, 1992.
[5] G. H. Hardy, J. E. Littlewood, and G. Pdlya, Inequalities, Cambridge University Press,1952.

[6] V. A. Kozlov, V. G. Maz’ya, and J. Rossmann, Elliptic boundary value problems in domains with point
singularities, American Mathematical Society, 1997.

[7] S. A. Nazarov and B. A. Plamenevskii, Flliptic problems in domains with piecewise smooth boundaries,
De Gruyter, 1994.

22



