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Abstract

A singularly perturbed convection-diffusion problem posed on the unit square is considered. Its
solution may have exponential and parabolic boundary layers, and corner singularities may also be
present. Pointwise bounds on the solution and its derivatives are derived. The dependence of these
bounds on the small diffusion coefficient, on the regularity of the data, and on the compatibility of the
data at the corners of the domain are all made explicit. The bounds are derived by decomposing the
solution into a sum of solutions of elliptic boundary-value problems posed on half-planes, then analyzing

these simpler problems.
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1 Introduction

This paper treats the following singularly perturbed convection-diffusion problem in the unit square @ =
(0,1) x (0,1):

(1.1a) Lu:=—eAu+pu, +qu= fin Q,
(1.1b) u(z,0) = gs(x), u(z,1) = gn(x) for 0 <z <1,
(1.1c) w(0,y) = guw(y), u(l,y) = ge(y) for 0 <y < 1.

The coefficients p and ¢ are positive constants while the parameter ¢ lies in (0, 1]. The functions f, gw, ge, gs, gn

are assumed to satisfy, for some non-negative integer ¢ and « € (0,1),

(1.2) f€C*Q), gu,gesgs: gn € C*42([0,1]).
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A specified amount of compatibility between the boundary data and the solution is assumed at the 4 corners
of Q. In particular, it may happen that g;(0) # ¢, (0), etc. Consequently certain corner singularities form
part of the solution to (1.1), and these will interact with the boundary layers induced by the convective
nature of the problem.

The purpose of the paper is to give pointwise bounds on @ for the derivatives of the solution to (1.1) and
to determine explicitly how these bounds depend on the parameter €. As one would expect, the bounds at
each point (z,y) also depend explicitly on the distance from (z,y) to the 4 sides and 4 corners of Q. Thus
the bounds describe the effects of the corner singularities at the 4 vertices, the boundary layer at x = 1, and
the characteristic boundary layers at y = 0 and y = 1.

One reason for this study is to understand the structures in the solution induced by the interaction
between the corner singularites and the boundary layers. These structures are not revealed by an asymptotic
expansion of the solution (as in, e.g., [4]), but they are revealed through a study of derivatives. The final
result, Theorem 5.1, shows how, at an incoming corner, the corner singularity is propagated along the axis
by a characteristic boundary layer, and how the corner singularity behaves near the intersection of the
characteristic and outgoing boundary layers. These results would seem to illustrate, in the simplest case,
what might take place in a fluid flow near entrant and exit corners.

A second reason for the study is that it is useful in numerical analysis. To analyze the discretization
error of any numerical method for (1.1), derivative bounds are crucial. The bounds on derivatives in this
paper can be used in the analysis of both finite element and finite difference methods. Furthermore, they
suggest how to design an efficient mesh for the numerical solution of the problem. (This will be dealt with in
a subsequent paper.) The bounds suggest the stretched mesh refinement that should be used in the several
layer regions, and they suggest the mesh refinement strategy that should be used at both the “incoming
corners” (0,0) and (0,1), and the “outgoing corners” (1,0) and (1,1). It seems plausible that similar mesh
refinement strategies could be of use in more complicated problems with many layers and corner singularities.

Several authors have previously obtained bounds for derivatives of solutions of singularly perturbed
problems in regions with corners. In the case p = 0, Han and Kellogg [3] gives pointwise bounds for the
derivatives of the solution. The present paper may be considered an extension of [3] to the convective case.
Linf} and Stynes [7] consider a convection-diffusion problem in a square, with a non-horizontal convective
direction. It is assumed that the data is compatible at the corners, so there is no internal parabolic layer and
corner singularities are excluded. Bounds for the derivatives are derived. In Kellogg [5] the problem (1.1) is
considered in an outgoing sector, which excludes boundary layers and so is an easier case. The analysis of
Roos [9] is for the problem (1.1) in the case of compatible boundary conditions and outlines how pointwise
bounds on derivatives might be obtained, but some of the arguments are unclear and certain critical details
seem to be overlooked. Shih and Kellogg [10] give a detailed discussion of an asymptotic expansion for (1.1),
with limited information on derivatives. A somewhat different and more revealing expansion is used in the
present paper. Finally, Shishkin [11, Chapter IV] obtains pointwise bounds for derivatives of solutions of
problems like (1.1) with variable coefficients, but compatibility conditions are assumed at the corners of the
square.

Our methods use decompositions of the problem into various simpler elliptic problems. Thus, asympotic
expansions, with their related ordinary and parabolic differential equations, are not used. Equation (5.12)
expresses the solution as a sum of solutions to half-plane and quarter-plane problems plus a remainder. The
remainder satisfies a problem of the form (1.1) with data that is compatible to all orders at the vertices and
is exponentially small. Thus derivatives of (5.12) give a representation of derivatives of the solution u with
exponentially small remainder.

The plan of the paper is as follows. Section 2 discusses the problem (1.1) in the positive quadrant,
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and with f = 0. This quarter-plane problem contains the essential difficulties of (1.1), and its solution is
decomposed into a sum of three half-plane problems. In Section 3 two of these half-plane problems are
analyzed using maximum principle arguments. The third half-plane problem is more difficult; its solution
contains both corner singularities and a parabolic boundary layer. It is analyzed in Section 4, using a Green’s
function representation of the solution. Section 5 returns to (1.1), whose solution is decomposed into a sum
of quarter-plane problems and half-plane problems. Each term in the sum is analyzed using the preceding
results. The final result is presented in Theorem 5.1.

We shall use the Holder space C™*(Q) where 0 < o < 1, the Sobolev space H™(Q) with norm ||| gm (@),
and for various sets S the Sobolev space W °°(S) with norm || - ||;m,c0,s. If m =0 we write || - ||o0,s-

2 The quarter-plane problem

Let us denote the first quadrant by Q = (0, 00) x (0,00). In this section we are concerned with the quarter-
plane problem

(2.1a) —eAu + pug + qu = 0 in Q,
(2.1b) u(z,0) = g(z) for > 0,
(2.1c) u(0,y) = h(y) for y > 0.

We suppose that g, h € C?*(R*) for some integer £ > 0 and o € (0,1), and satisfy for some constants G
and H, the inequalities

(2.2) 19" (2)] < Gap, |W¥)(y)] < Hope */2eY/VE  for k=0,---,20.

We also assume that the data g, h satisfies the first ¥ + 1 compatibility conditions for the problem (2.1).
The zeroth compatibility condition is the continuity of the data at the origin: ¢(0) = h(0). For v > 0
the compatibility conditions express compatibility of the differential equation and the boundary data at the
origin. In the case that g(x) = 0, the compatibility conditions are

(2.3) RO (0) =0 for k=0,--- .

From the theory of corner singularities, if the data satisfies the first v 4+ 1 compatibility conditions with
v < ¢ — 1, then the solution u lies in C?**1%(Q), while u € C?%(Q) if v = £. The value v = —1 is used to
indicate that no compatibility condition is assumed. For the theory of corner singularities, see [2], and [3] in
the case of a 90° angle.

In this section we give a decomposition of the solution that will enable us, in Section 4, to bound the
derivatives in Q. For the decomposition we start by extending g to a smooth function g; on R, which
vanishes for < —1. By choosing C appropriately, we can also assume that | gil)(ac)| < (C for all x > —1 and
1=0,1,...,20. Let u; satisfy the “grazing” half-plane problem

(2.4) —eAuy +puy o +quy =0 for y >0, ui(z,0) = g1(z) for z € R,
It will be shown in Theorem 3.3 that u; satisfies
(2.5) | Dy Dyus(z,y)| < Ce™™2e VW VE) Gy, for m + 1 < 20.

Let h1(y) = u1(0,y) and let ug = u — u;. Then uy satisfies the quarter-plane problem

(2.6a) —eAug + pus 5 + qua = 0 for y > 0,
(2.6b) ug(x,0) =0 for z > 0,
(2.6¢) u2(0,y) = ha(y) = h(y) — h1(y) for y > 0.
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Using (2.2) and (2.5) with m = 0, it is seen that hs satisfies
2.7 s (y)| < Ce™H/2e=Vav/@VE) Gy + Hyy) for k=0--- ,21.
2

Since uy is a smooth function, uy has the same smoothness as u. Therefore the data of the problem (2.6)
has the same compatibility at the origin as the data of the problem (2.1). From (2.3) the compatibility
conditions for the problem (2.6) are hg%)(O) =0fork=0,---,v.

Let u3 be the odd extension of us to y < 0 and let hz be the odd extension of hy to y < 0. Then ug

solves the incoming half-plane problem
(2.8) —eAug + pug ; + qug = 0 for z > 0, u3(0,y) = hs(y) for y € R.

However hg or its derivatives may not be continuous on the y-axis. In fact, we see that if the first v + 1
compatibility conditions of (2.1) are satisfied, then hz € C?*+1.9(R).

The discontinuities in hg are dealt with by means of a certain construction. If v = —11let dy = 1. If v is
a non-negative integer satisfying v < /¢ let dy, - - -, d, 41 be the solution to the Vandermonde system
v+1 .
0, ifk=0,---,v
2.9 2% = ¢ 7 B
29 Z_:“ {1, ith=v+1.
n=0
Let by41,- -+ ,be be distinct positive numbers. Define
v+1
¢ly) = Z d,(sgn y) exp{—2"b;|y|/ve)}, forj=v+4+1,--- L
pn=0
Thus
v+1
(P (£0) = R N d, 270,
n=0
Using (2.9),
(2.10) (P (£0)=0for k=0,-- ,vand j=v+1,--- L
Define a function ¢ by ( = Zfﬂ ¢;¢; where the £ — v numbers ¢;, for j = v +1,--- , £, are chosen so that
(2.11) CPR(40) = KM (+0) for k=v +1,--- L.

The equations (2.11) form a linear system of £ — v equations in the ¢ — v unknowns ¢;. When written out,

these equations are

¢
> cj<j<2k)(+0) =h(40) for k=v +1,--- L.
j=v+1

Inserting the formulas for the derivatives, these equations become
v+1 Y/
(Z dﬂ%“) S b = AP (10) for k=4 1, L.
n=0 Jj=v+1

This gives a non-singular Vandermonde system for the ¢; and, since gk‘h§2k)(+0)| < C(Gar + Hyp), the
numbers ¢; exist and satisfy
lcj| < C(Gap+ Hay) for j=v+1,-- 4,

where C' depends on the terms b?k .
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Let z be the solution to the incoming half-plane problem

(2.12) —eAz+pz; +qz =0 for x > 0, 2(0,y) = ¢(y) for y € R.

Let uy = ug — z. Then uy satisfies the incoming half-plane problem

(2.13) —eAuy + pug y + qua =0 for > 0, ua(0,y) = ha(y) := hs(y) — ((y) for y € R.

By our construction, hy € C24%(R) and

(2.14) W ()| < Ce /2 eWI/VE (GQyp + Hay) for k=0,1,...,20.
Assembling the above functions, we have established the decomposition

(2.15) U =1u; +us =u; +uz =uy +uq + 2z in Q.

To obtain bounds for the derivatives of u we shall obtain bounds for the derivatives of each of the terms in
the right-hand side (2.15). The function wu; is given by the grazing half-plane problem (2.2) and bounds for
its derivatives are obtained in Theorem 3.3. The function u, is given by the incoming half-plane problem
(2.13). Its boundary data decays exponentially so uy has large y-derivatives near y = 0; its behaviour is
analysed in Theorem 3.2. Although z is the solution of the incoming half-plane problem (2.12), the bounds
for incoming half-plane problems given in Section 3 do not apply as the boundary data are discontinuous at
y = 0. As has been remarked, these discontinuities correspond exactly to the incompatibilities in the data
of the problem (2.1). Thus z contains the corner singular functions that are present in the solution of (2.1).

The function z is analysed in Section 4. Bounds for the derivatives of u are established in Theorem 4.2.

3 Bounds on derivatives of solutions to half-plane problems

In this section we consider four boundary value problems on the half-planes I, = {(x,y) € R? : > 0} and
II, = {(z,y) € R? :y > 0}. These problems arise both from the decomposition of u given in Section 2 and

from a further decomposition that will appear in Section 5.

3.1 Growth conditions

A maximum principle will be used to bound the derivatives of the solution of each boundary-value problem.
Since the half-plane is an unbounded domain, growth conditions are needed on the data for the solutions to
exist and for the maximum principle to be satisfied. The derivation of these growth conditions is given in
detail below for the incoming half-plane problem (the other problems are analogous): a Green’s function for
the problem is written in terms of modified Bessel functions of the first kind (cf. [10]), and then the desired
growth condition, which merely ensures that the Green’s function integrals defining the solution are finite,
follows easily from standard properties of Bessel functions.

Consider the “incoming half-plane problem”
(3.1) Lv := —eAv + p1vg + pavy + qu = f for x > 0, v(0,y) = h(y) for y € (—o0, 00),
where p; and py are unspecified constants. Set vy (x,y) = e~ (P12+P28)/(2€)y (2, 5). Then

*4€2AU1 + K)2U1 = fl (Iv y) = 466*(p1$+p2y)/(2€)f(x, y) for z > Oa U1 (07 y) = hl (y) = h(y)67p2y/(2€)7
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with £? = pf+ps+4eq and n = y/(2e). Setting & = x/(2¢), n = y/(2¢), v2(&,n) = vi(x,y), f2(&,1) = fi(z,y),
ha(n) = h1(y), this becomes

(3.2) —Avy + vy = fo(&,m) for &> 0, va(0,n) = ha(n).

The Green’s function for this problem is easily verified to be

G(&10,7) = 5-[Ko(p) — Ko(rp1)

where p = /(€ —0)2+(n—7)2, p1 = /(E+0)2+ (n—7)2, and K, is a modified Bessel function of the
second kind [1]. Hence with pa = /&2 + (n — 7)2, the solution formula for (3.2) is

L /UO_OO /O_O_OO fa(o, 7)[Ko(rp) — Ko(kp1)ldrdo + %/

2Tk —o00

o0

(3.3) v2(&,m) = hg(T)p—ZKl(/ipg)dT.

Returning to the original variables, the solution formula is

1 o0 o0
U(%y) — e(p1x+p2y)/(2€)/ / e—(p1s+p2t)/(26)f(8’t)[KO(W/(QE)) _ KO(Wl/(QE))]dt ds
2TKE =0 Ji=—oo

(3.4) =

%0 1
4+ T matpan)/(22) / =22t/ 29 (1) L K (o /(26))t,
2me oo T

where r = \/(x — s)2+ (y —t)2, 11 = /(@ + 5)2 + (y — t)2 and ro = /22 + (y — 1),

If the functions fo and ho are such that the integrals in (3.3) are convergent, then the solution vs of (3.2)
exists and is given by (3.4). Furthermore, if fo and hy are non-negative, then vo is non-negative. Recalling
that |K;(t)] < Ct=/2e~ for t > 1, this leads to the following integrability conditions on f, and hy for the

existence of a solution vy, and hence for the maximum principle:
o0
/ / (02 + 72) Y4 fo (o, 7)|e "+ dodr < oo, / 17173/2 | ha(7)|e "l dr < 0.
o=1J|7r|>1 |7]>1
In terms of f and h, and setting r = (22 + y?)/2, these conditions become

(3.5) /OO/ V2| (1) e~ IR0/ 29) gy < oo, / |32 () e~ 4P/ 29) gy < o,
z=1J|y|>1 y>1

3.2 Incoming half-plane problems

We shall consider two incoming half-plane boundary-value problems. First, based on (3.5), one has the

following statement of conditions for the maximum principle for the operator L on II,:

Lemma 3.1. Set r = \/a2 +y2. Let ® € C?(Il,) satisfy L® > 0 on II,, ®(0,y) > 0 fory € R and

/ / (1+7)"YV2Ld (2, y)e P/ ) da dy < oo, / (1+ |y|)3/2®(0, y)e P/ 29 dy < .
=0 Jy=—0o0

— 0o

Then ®(z,y) > 0 in Il,. If U € C*(Il,) satisfies |LU(z,y)| < L®(x,y) in I, and |U(0,y)| < ®(0,y) for
y € R, then |U(x,y)| < ®(z,y) in I,.

It can easily be checked that the barrier functions used in this sub-section satisfy these growth conditions.
The first incoming half-plane problem comes from Section 5. Let U(x,y) be defined on II, by

(3.6) LU = f*onIl,, U(0,y) =0 for all y,

where f* is smooth. We seek bounds on the derivatives of U. A problem such as (3.6) has no outflow
or characteristic boundaries, and since the boundary x = 0 and data f* are smooth, one expects that all

derivatives of U are bounded independently of €. This will be shown rigorously in the next few Lemmas.
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Lemma 3.2. Let n be a non-negative integer. Let f* € W™>(Il,). Then [[DyU|lcom, < [ f* 0,001, /4

Proof. From the boundary conditions, D;U(0,y) = 0 for all y. Differentiating (3.6), L(D;U) = Dy f* on IL,.
Set w(z,y) = ||D;Lf*||oo,l_[x/q on IT,. Then w(0,y) > |DZU(0,y)| for all y and Lw = HDZf*Hoo,m > |DZf*|

on II;. Thus w is a barrier function for DyU, and the result follows from Lemma 3.1. O

Lemma 3.3. Let n be a non-negative integer. Let f* € WnTL°(IL,). Then there exists a constant C such
that ||D:ED;;U||00,HQE < Ol f* ln+1,00,11, -

Proof. Set w(z,y) = || Dy} f*| 001, /p for all (z,y) € I,. Then w(0,y) =0 = |DyU(0,y)| for all y. Also

Lw(z,y) = (1 +zq/p)|1Dy [ llcom, = 1Dy f* oo, = [Dy f*(2,y)]
= L(DyU)(z,y) on .

Thus w is a barrier function for DyU, and it follows from Lemma 3.1 that Dy U(z,y)| < z|| Dy f*||co,m, /P
on II,. As DyU(0,y) = 0 for all y, this inequality implies that

(3.7 |D.DyU(0,y)| = | lim —* J

< n ok ]
z—0t T = ”D'qf ||<>o,l'[l,/p

But |L(D.DyU)| = |D.Dy f*| < ||DeDj f*|lco,m, on II,. Using this inequality and (3.7), one can use a
constant barrier function and Lemma 3.1 to get | D, DyU(z,y)| < p~ D} f*|loo,m1, + ¢ |1 D2 Dy f*|| 0,11, on

II,., and the Lemma follows. [
Given a differential operator D = D" Dy, set |D| = m + n.

Lemma 3.4. Let m and n be non-negative integers. Set D = D" Dy. Let f* € WIPIH2.0(11,). Then there

exists a constant C' such that
I1D2DU |loo,it, < CUIf*l1Dj+2,00.11, + 1PU lloo 1, + 1D DU ||oo 1, )-

Proof. Let
U(xa y) = DU(x7y) - DU(Ovy) - ajp_l[Df*(O,y) - qDU(Ovy)]

Then U(0,y) = 0 for all y and
LU(z,y) = Df*(x,y) + eD;DU(0,y) — qDU(0,y) + cxp ' [D;Df*(0,y) — ¢D2DU(0,y)]
— [Df*(0,y) — qDU(0,y)] — zqp~ ' [Df*(0,y) — ¢DU(0,y)]
= [Df*(z,y) — Df*(0,9)] +eD;DU(0,y) + exp ' [DiDf*(0,y) — ¢D; DU (0, y)]
- quil [Df* (07 y) - qDU(Oa y)]a

which implies that

LU (z,y)| < 2|l £l |pj+1,0011, + 1Dy DU oo 11, +e2p™ (14 @) (1D} D f*[|oo 1, + 1D DU |00 11.)
+agp (1 + Q) (IDf oo, + 1DV 0,1, )-

But L(2ep~ta + 22) = 2ep~(p + qx) — 2¢ + 2px + qx? > 2px. Consequently we can choose a constant Cj

sufficiently large and independent of €, U and f* in such a way that the function

(3.8)  W(z,y) = C1 [ez|DyDU oo, + (2ep™ @ + 2®)(If* [l pj12,00,m. + | DUloom1, + D5 DUl|so,1, )]
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is a barrier function for U(z,y). By Lemma 3.1
(3.9) U(,y)| < d(x,y) forall (z,y) € I,
Now for all y,

U(z,y) + zp~ ' [Df*(0,y) — ¢DU(0,y)]

)

DUL(0,9) = tim 2UEY) =DUOY) _

z—0+ T z—0t x

which by (3.8) and (3.9) implies that

(3.10) _
< Ci[e| DyDU oo, + 2ep™ (1/* 1Dl 42,0011, + [1DU |loo i1, + [ D5 DU |01, )] -

But L(DU) = Df*, so (=eD2DU — eD2DU + pD,DU + qDU)(0,y) = Df*(0,y) for all y. Invoking
(3.10) now shows that |(5D§DU+5D§DU)(O,y)| < Cle[pHDgDUﬂooﬂx + 201l p142,00,11, + DUl 00,1, +
HDSDUHOO,HI)}. It follows that

(3.11) |D2DU(0,y)| < Co||D;DU||som1, + 2C1(I1f*[l|p)42,00,11, + DU loo,m,)  for all ,

where Cy =1+ (24 p)Ci.
Furthermore, L(D2DU)(z,y) = D2D f*(z,y) for all (z,y) € II,. From this identity and (3.11), one can
use a constant barrier function and Lemma 3.1 to get

(D;DU)(z,y)| < Col|DyDU oo, + 2C1(|f* 1Dl 42,0011, + IDUlloo,m1,) + a1 D7D f*|loo,m, on 1L,
which proves the desired result. O

Finally we combine the previous three Lemmas in the following definitive result.

Theorem 3.1. Let m and n be non-negative integers. Let f* € W™t Then there exists a constant C
such that
HD?DZUHOC,Hm < C||f*Hm+";OO;Hm'

Proof. We use induction on m. The cases m = 0,1 are proved in Lemmas 3.2 and 3.3. Let k be a positive
integer. Assume that the Theorem holds true for m = 0,1, ..., k. Let n be a non-negative integer. Applying
Lemma 3.4 with D = D’;’lDZ and invoking the inductive hypothesis yields

||D§+1DZUHOO’HI < C(||f*||k+n+1’oo,ﬂz + ”DU”oo,Hz + HDiDU”oo,Hz) < CHf*HkJrnJrLOO,Hz'
That is, the Theorem holds true when m = k + 1. By induction we are done. O

The second incoming half-plane problem defines u4 in (2.13). That is, we seek bounds on the derivatives
of the solution of the boundary-value problem

(3.12) Luy =0o0n I, wus(0,y) = ha(y) for y € R,
where hy € C?%(R) is an odd function of y and
(3.13) WP ()| < CeF/2e~ValWl/VE)  for | =0,1,...,2¢.

In (3.13) the boundary data behaves like a characteristic boundary layer sampled at = 0, and one expects

that this layer behaviour will be convected downstream; furthermore, there is no other reason to expect layer
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behaviour in the solution uy. The particular assumption (3.13) comes from Theorem 3.3, because in (2.13)
part of the data hy comes from the solution of a grazing half-plane problem. While (3.6) is also an incoming

half-plane problem, its solution U contains no layers and so is quite different in nature from uy.
Define ¢1(x,y) = exp(—qx/(2p)) exp(—+/qy/(2y/€)). Then on II,,

(3.14) Loi(z,y) = A2¢1(2,y),  where Az = —€(q/(2p))* — q/4— q/2+q > 0 for £ < p*/q.
This inequality implies that

(3.15) L(zd1)(z,y) = 2L (z,y) — 26(¢1)2(2, y) + pd1(z,y) > por(z,y) on 1.

These barrier functions will be used in the following result, which bounds the derivatives of uy.
Theorem 3.2. Let € < p?/q. Then there exists a constant C such that for all (z,y) € Il,,

(3.16) D Dlug(z,y)| < Ce "2y (z, |y|) for m >0, n >0 and 2m +n < 2¢.

Proof. The data of the problem imply that us € C24(11,).
We use induction on m to prove first that for all (z,y) € I,

(3.17) |D21Dgu4(a:,y)| < C’E*”/QQSl(x, y) for m >0, n >0 and 2m +n < 2/.

If m = 0, then by (3.13) one can choose a constant C' such that for n < 2¢ one has |hfln)(y)| < Ce™2¢1(0,v)
for all y € R. Now (3.14) implies that

L(C’E”/2¢1(a:, y)) >0 = L(Dyus(z,y)) on IL,.

Thus Ce™/ 2¢, is a barrier function for DZ’U,4 on II, and the case m = 0 is complete.
Next, assume that (3.17) holds true for m = k, where k is some non-negative integer, and all n satisfying
2k +n < 20— 2. Let n be a fixed non-negative integer with 2(k 4+ 1) + n < 2. Set

iig(x,y) = DEDyug(z,y) — DDy us(0,y).

Then @4(0,y) = 0 for all y and (3.12) implies that Lis(x,y) = 5D§DZ+QU4(O, y) — qD’éDZu;;(O,y). By the
inductive hypothesis, for 2k +n + 2 < 2/ we get

|Lig(z,y)] < Ce™?¢1(0, ).

Using the formula L(z¢1(0,y)) = [3qx/4 + p]é1(0,y) > po1(0,y) one can choose a barrier function to prove
|iig(,y)| < Ce™™/?2¢,(0,y) on I, provided that 2k +n + 2 < 2. Thus for all y > 0,

lim a2 Y) (z.y)
z—0t x

|DEHL DTy (0,y)| =

‘ < €2, (0, y).

From (3.12), L(DE*'Djuy)(z,y) = 0. Recalling (3.14), it is now clear that one can construct a barrier
function showing that |D’;+1D?’;v(x,y)| < Ce™™/2¢,(x,y) on I, provided that 2k +n + 2 < 2(. That is,
(3.17) holds true with m = k + 1 and the induction is complete.

The bound of (3.17) implies (3.16) for y > 0. But the function h4(y) is odd, which implies that uy(z,y)
is an odd function of y. It follows that (3.16) holds true also for y < 0, which completes the proof. O

The function ¢; decays rapidly away from y = 0, so (3.16) shows that all layer-type behaviour in uy
occurs in a narrow region immediately downstream of that small portion of the y-axis where h4(y) changes

rapidly. This is consistent with our intuition.
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3.3 Grazing half-plane problem

Next, consider the “grazing half-plane” problem that defines the function w1 in (2.4). The associated condi-

tions for a maximum principle on II, are stated in the next Lemma.

Lemma 3.5. Setr = /22 +y2. Let ® € C*(Il,) satisfy L& >0 on I, ®(x,0) >0 for z € R and

/ / (14 7r)"Y2L®(z, y)e /) dz dy < oo,
x=0Jy

=0 Jy=—o0

0 e
/ / (1+ r)*l/zLé(x,y)e*q”_lrdx dy < oo,
=—00 Jy=—00
/ (14 2)73/2®(x,0)e~ "+P)T/29) 4y < o0,
0
0 e -1
/ (14 |z))3/2®(x,0)e~ 7 17ldz < oo,
where s = \/p? +4eq. Then ®(x,y) > 0 in II,. If U € C*(Il,) satisfies |LU(z,y)| < L®(x,y) in I, and
|U(x,0)| < ®(z,0) for x € R, then |U(z,y)| < ®(z,y) inII,.
Our concern is derivative bounds for the solution of the following problem:
(3.18) Luy =0onII,, wui(z,0) = gi(z) for all ,

where g; =0 for x < —1, |g1i)(x)| <Cforz>-1landi=0,1,...,2¢

For y > 0 the solution of the reduced problem in (3.18) is the function 0, which is in general inconsistent
with the boundary data at y = 0, so we expect u; to have a characteristic boundary layer along y = 0.
To analyze the problem we use the barrier function ¢o(x,y) = e~Va/2vVe  Note that Loy = Agdo where
Ag = 3q/4 —eq?/(4p*) > 0 if € < 3p?/q.

Lemma 3.6. Suppose that 0 < m < 2{. Then there exists a constant C' such that
(3.19) D ur(2,y)| < Cllgillmocordo(z,y) on TI,,.

Proof. Now L(||g1lo,00,rP0(2, y)) = A2|g1l0,00,rb0(z,y) = 0 = Luy(z,y) on I, and |ui(z,0)| = [g1(z)] <
Cllg1ll0,00,rP0(x,0). A barrier function argument shows immediately that |ui(x,y)| < C|g1]|corPo(x,y) on
II,. That is, (3.19) holds true when m = 0.

For m > 0, the function D?"u; is the solution of a problem similar to (3.18) but with boundary data

g%m) (z); applying Lemma 3.6 with m = 0 to this problem yields (3.19) with m > 0. O

For each integer n, let 7 denote the smallest even integer that satisfies 7 > n.

Lemma 3.7. There exists a constant C' such that forn=1,2 and m =0,1,...,2¢ — 2,

(3.20) | D Dyus (w,y)| < Ce™2| g1 llm+n,c0mo(2,y) on IL,.

Proof. Solving the equation Lu = 0 for u,, and invoking the cases m = 0,1,2 of Lemma 3.6 to bound the

x-derivative terms, one gets easily

|Dius (2,y)] < Ce™Yg1|2,00 kD0 (2, ) on TI,,.

This proves (3.20) with m =0 and n = 2.
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We deduce the case m = 0 and n = 1 by means of an interpolation argument (cf. [8]). Let (x,y) € II, be
arbitrary but fixed. By the mean value theorem there exists y* € (y,y + /¢ ) such that

|Dyur(@,y*)] = [[ur(@,y + VE) —ui(z,y)]/VE| < Ce™/? |1

where we used Lemma 3.6 and the fact that ¢g(x,y) is a decreasing function of y. Hence

O,oo,RQZ)O(xay)a

Y
|Dyui(x,y)| = |Dyua(z,y") +/ D;(w,t) dt‘
t=y*

*

Yy
< Ce || gillo,oomdo(a,y) + C | e M |g1ll2,00 m0 (2, 1) dt
t=y

< Cs_1/2||91||2,oo,R[¢0($7 y) + do(z,y")]
< Ce V| g1]|2.00 R0 (2, ).

Lemma 3.7 has now been proved for the case m = 0. For m > 0, the function D}*u; is the solution of

a problem similar to (3.18) but with boundary data gim); applying the case m = 0 of the Lemma to this

function yields (3.20). O
Theorem 3.3. There exists a constant C' such that forn=0,1,...,20+1 and m=0,1,...,20 —n,
(3.21) D Dt (@,9)] < Ce™2] g1 s b0(a, ) on T

Proof. We use induction on n. For n = 0,1,2, the result is already proved in Lemmas 3.6 and 3.7. Fix an
integer k > 2. Suppose that the result holds true for n =0,1,..., k. Now D’;flLul = 0 yields

|€D’;+1u1(m,y)\ = ‘(75D5D571u1 +po-Dl?jilul + qD]yCilul)(x7y)‘
< Cem V2 (e)gilly mg.00r +PUI I E T 0o r + A9l 00 r) P0(z. 1),
where we used the inductive hypothesis. Hence
1Dy ur(z,y)] < Cem T2 gyl o g dol@, )
For each m, the bound
DDyt (2, y)| < Ce™ B2 gy || ok Go(,9)

then follows in the usual way by considering the half-plane problem for which D*u; is the solution. By the

principle of induction the proof is complete. O

3.4 Outgoing half-plane problem
Finally, Section 5 leads to the “outgoing half-plane” problem
(3.22) MW = —eAW —pW, +¢W =0on1l,, W(0,y) = Wy(y) for all y.

Note that in the definition of the operator M the convection term has sign opposite to that in L, so the

convective vector here is out of II,,. The appropriate maximum principle for this problem is given in

Lemma 3.8. Setr = /a2 +y2. Let ® € C?(Il,) satisfy M® >0 on IL,, ®(0,y) >0 for y € R and
oo oo 1
/ / (14 7r)"Y2MO(z,y)e 1 "drdy < oo,
=0 Jy=—0o0

/ (1+ |y))~32®(0,y)e "W/ gy < oo,
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where k = \/p? + 4eq. Then ®(x,y) > 0 in IL,. If W € C%(I1,) satisfies |MW (z,y)| < L®(z,y) in I, and
[W(0,y)| < ®(0,y) fory € R, then |W(x,y)| < ®(x,y) in I1,.

The first result is applicable both to W and, subsequently, to other functions.
Lemma 3.9. Suppose that MZ(xz,y) =0 onIL,, Z(0,y) = Zo(y) for all y and || Zo||cor is finite. Then
|Z(x,9)| < | Zo]lcome /¢ for all (z,y) € T,.

Proof. Consider the function ¢(z,y) = || Zo/|eo,re P*/¢. Then ¢(0,y) = || Zo|lor > |Z(0,y)| for all y, and
Mo(z,y) = ql|Zo|lcore ™/ > 0 = |[MZ(x,y)| for all (z,y) € II,. The maximum principle of Lemma 3.8
yields |Z(z,y)| < ¢(x,y) on Il,. O

Set Cy = 1, Ch = (2p71 +p)(1 + q), and C; = pCi—l + (1 + q)Ci_Q for ¢ = 2,3,....
Lemma 3.10. If |Wy|loor is finite, then
(3.23) W (x,9)| < Col|Wolloore P2/ for all (z,y) € I1,.

If[[Wo

2,00,R 15 finite, then
(3.24) (Wa(z,y)| < Cl||WO||2,oo,]R571€7pw/€ for all (z,y) € Il,.

Proof. Inequality (3.23) is immediate from Lemma 3.9. To prove (3.24), we must first bound |W,(0,y)|. Set
0(z,y) = W(z,y) — Wo(y)e P*/¢ on II,. Then 0(0,y) = 0 for all y and

|MO(z,y)| = |[EW5 (y) — aWo(y)le /] < (€] Wylloo,k + gl Wolloo,r)e /<.

Set
46 —Dx —px
o(z,y) = ?(gnwoﬂnoo,R+qHWO||oo,]R)(€ pe/(2) _ gpe/e).

Then ¢(0,y) =0 = 6(0,y) for all y, and

46 p2 —px 5 —px 5 —px/e
MO, ) = (EWy o+ Woll ) Lge pe/(3) 4 g (emre/(29)  gmpale)

2 (5||W(;I||00,R + QHW(J”OO,R)e*p“:/(QE)
> |Mb(a, )| for all (a,y) € IL,.

By Lemma 3.8, |0(z,y)| < ¢(x,y) for all (z,y) € II,. Consequently for all y we have

W(.’L‘, y) _ W(07 y)

W,(0,9) = | 1
Wa(0,y)] = | lim, -
iy 09+ Wo(y)e P*/ — Wo(y)
z—0+ x
oz, y)| et -
< Jim 2SS A Wo(y)] lom, | ———
4e p P
= Zj(llWé'lloo,R +al[Wollooz) 5 + < [Wo()l
(3.25) < 016_1||W0| 2,00,R-
Apply Lemma 3.9 to W, to get |W,(z,y)| < C1||Wol|2,00 re e P/ on TI,. O
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We can now give a bound on all derivatives of solutions of (3.22).

Theorem 3.4. Let m and n be non-negative integers. Suppose that |Wo|lm+n,cor 5 finite. Then
(3.26) |D7 Dy W (z,y)| < Con|[Wollmtn,oo R e~ Me PP/ for all (x,y) € I,.

Proof. We first prove the result using strong induction on m under the assumption that n = 0. The cases
m = 0,1 have been dealt with in Lemma 3.10.

Assume that the Theorem (with n = 0) holds true for m = 0,1,...,k, where k is some positive integer.
Suppose that ||[Wo|[777 o, g is finite. The function Wy, satisfies MW,, = 0 on I, and W, (0,y) = Wg'(y)
for all Y . That is, W,, is the solution of a problem similar to (3.22) but with boundary data W{'. Observe
that [|[W¢'|lz— .. g 18 finite. By the inductive hypothesis (with m =k — 1) applied to Wy,,

(3.27) 1D Wy (2, 9)] < Croa [We =g som e e P/ < Crn[Wollggm oo e P/°
for all (x,y) € II,. When the equation MW = 0 is differentiated k — 1 times with respect to x, one gets

eDy MW (2,y)| = [(~eDy ' DyW — pDyW + Dy~ W) (2, y)]
< (quHWonmRE_HQ +kaHW0||E7oo,RE_k + qufl||W0Hﬁ7oo7n§5_k+l)e_m/a

< Cr1IWolle o v e~ kemPr/E for all (x,y) € M,

by (3.27), the inductive hypothesis, and the definition of Cj41. This proves the result for the case m = k+1.
By the principle of induction, the proof is complete for the case n = 0.

If n > 0, then apply the result just proved to the function Dy W, which satisfies a problem similar to
(3.22) but with boundary data Won). O

4 Bounds for z

In this section we obtain bounds for the derivatives of the function z that appears in the expansion (2.12).
The bounds are obtained by working directly with the solution formula for the incoming half-plane problem
that defines z. As a consequence of these bounds, bounds for the solution of (2.1) are derived at the end of
the section.

From (2.10), z is the solution to the problem Lz = 0 with boundary data ¢ = Zj ¢;¢;. By linearity it
suffices to study the problem Lz = 0 with boundary data (;. Fixing j and using the notation b, = 2#b;, (;

is given by
v+1

Gily) = Z d,(sgn y)e bulvl/ Ve,
pn=0

We shall use the following notation: z, is the solution to the following half-plane problem: Lz, = 0 on II,,

2,(0,y) = (sgn y)exp(—b,ly|/(2vE)) for y # 0. Thus z(z,y) = Zl”;é d,z,(z,y) on II,. From (2.9) the
numbers d,, satisfy

v+1
(4.1) > dublF =0fork=0,---,v.

n=0
Equations (4.1), which are an expression of the compatibility satisfied by the data of (2.1), will be used in
what follows. The value v = —1 signifies that g satisfies no compatibility; in this case, the d,, satisfy no

linear relations.
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We seek a bound on all derivatives of z on the half-plane II, = {(x,y) € R? : > 0}. Our methodology is
the following: first bound z (Lemmas 4.1 and 4.2), then differentiate an integral representation of z to bound
all its even-order y-derivatives (Lemmas 4.5 and 4.6), use this result to bound the odd-order z-derivatives
(Lemma 4.8), and finally invoke these bounds in a Kellogg and Tsan-type argument that bounds all mixed
derivatives of z (Theorem 4.1). In the final result (Theorem 4.2) we obtain derivative bounds for the solution
of the quarter-plane problem (2.1).

We start with the solution formula for z,. From (3.4) with f = 0, p1 = p, po = 0 and h(y) =

(sgn y) exp(—bulyl/(2vE)),

o i 1
(4.2) (@, y) = —— P™/(29) / (sgnt)e~bult/@VE) Z K\ (ki /(26))dt,
2em oo )
where 7 = /22 + (y — )% and the functions {K;}32,; are the standard modified Bessel functions of the first

kind that vanish at infinity [1, §9.6]. Since z,(0,y) is discontinuous at y = 0 the maximum principle cannot

be used directly to obtain bounds for z,. However bounds are readily obtained, for r < ¢, from (4.2).
Lemma 4.1. For all (z,y) € I, with r < e, we have |z,(x,y)| < C for each p.

Proof. Since x < ¢, (4.2) implies that

S T2

C 1
(4.3) |2u(z,y)| < = (/ +/ ) — Ky (kr2/(2¢6))dt = Jy + J2, say.
[t—y|<e [t—y|>e

To estimate Jq, observe that © < e and |t — y| < € imply that xra/(2e) < C, so Ki(kra/(2¢)) < Ce/ra (see
[1, (9.6.9]). Hence

Cx €
(4.4) J < — —dt=C _
€ [t—y|<e 7’% [t—y|<e r? + (t - y)2

x dt < C,

as the indefinite integral here is C arctan((t — y)/z) and |arctan(-)| < 7/2. In Js, |t — y| > € implies that
kra/(2e) > k/2 > p/2 >0, s0 [1, (9.7.2)]
Ki(kra/(26)) < Cle/ra) /2e 2/ 29) < O fry) /2o HI—yl/ (29)
Hence
(4.5) Jo < G L i-viree) gy

- 3/2
\/g [t—y|>e 7’2/

Since x < ry and € < 7o, xr;?’/z < r;1/2 < 8_1/2, SO
(4.6) Jo < Ca—l/ e rlt=ul/(22) gy < ¢
[t—y|>e
Combining (4.3), (4.4) and (4.6), the proof is complete. O
From Section 3.2, recall the function ¢1(z,y) = exp(—qz/(2p)) exp(—+/qy/(2y/€)). Define
¢2(7,y) = exp(—qz/(2p)) exp(—Py/(2VE)),

where 8 = min{\/@f)o, oo+ bys1}. Then Lo (z,y) = Asha(x,y), where Ay = —e(q/(2p))2—3%/4—q/2+q > 0
for € < p?/q. For each p > 0, set

I, ={(zr,y) € R?:2 >0, Va2 +y2>p} and Q, = {(z,y) € R* : x>0,y >0, /o2 +y2 > p}.
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Lemma 4.2. There exists a constant C such that for all (xz,y) € Il,, |zu(x,y)] < Cha(x,|y|) for p =
Oa 15 N 1 and |Z($,y)| < CQSQ(‘%’ |y|)

Proof. The bound on |z| follows immediately from the bound on the |z,|. Fix pu. Lemma 4.1 implies that
|2u(z, )] < Coalx,|y]) for /22 +y2 < /2, so it remains only to prove this inequality on I, . The
boundary conditions for z, form an odd function of y, and it then follows from Lz, = 0 that z,(z,y) is an
odd function of y. Thus to estimate |z, (z,y)| on II, s, it is enough to estimate |z, (x,y)| on Q . As 2,
is continuous and odd on I, 2,(z,0) = 0 for all z > 0. Now 2, is defined on @ - by Lz, = 0 and certain
data on the boundary of @z : on the curved part of 9Q z we know only that |z,[ < 1, while on the two
straight parts we have z,(z,0) = 0 and the boundary data z,(0,y) = exp(—b,y/(2v/€)) for y > \/e. Thus

we can choose C' so that C'¢s is a barrier function for +2, on Q = and the desired result follows. O

We now prepare for the derivative bounds. Let s =¢ —y in (4.2). Then

(2, y) = —— ep™/(22) 7/77,, ohu(sy)/(2vE) 1L K, kVa? + s2 ds
e 2me — N 9%

T husy/vE) L rVa? + 52
+ e K, ds| .
s=—y \/an + 32 2e

Differentiating, on II, we have

T e | bu [TV hastwyeve) L rVa? + 52
(zu)y(z,y) e e K, ds
2me 2vE Jom— oo V2 1+ s2 2e

7 o] R /2 2
by / e~ bu(s+y)/(2VE) 1 K, KVI~ T+ 5 ds + gKl (ﬁ) 7
\ﬁ s=—y r

2 \/a;‘2 —+ 32 2e 2e

where r = /22 + y2. Differentiating again, a computation gives

b? T 0 [2 KT
= v opx/(2¢e) Y| 2
(4.7) (Zu)yv(xay) 4€ZM(xay) + e € dy [TKl (25):| on I,

where we used the earlier formula for z,,(z,y). The identity (4.7) gives a simple relationship between z, and
its even-order y-derivatives. It enables us to bound these derivatives in Lemma 4.5.
Set A\ = kr/(2¢) and define the operator o by

_10()
“O=3ax
Now
00) _90) ox _ ry o) _ (w%y\ (1) 00) _ (r%
(4.8) Oy O\ Oy  2er ON  \ 4e? A) ON  \ 4e? ().
Hence (4.7) can be written as
Bi RI pz/(2s) I{Qy 1
(4-9) (Zu)yy(xay) = gzu(x,y) + Ire? € @U XKl(/\) .

We shall differentiate (4.9) repeatedly to obtain a formula for D2%z,(z,y).

Lemma 4.3. Let k be a non-negative integer. There exist constants oy, which depend only on k and m,
such that

k m
(4.10) 22 [0 (L) = 32 aem (22 ppm210m (L)
’ Yol4e2 T\ "\ 4e? A

m=k+1
for all (z,y) € I1,.
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Proof. Use induction on k. The case £ = 0 clearly holds true with ap; = 1. Fix £ > 0 and assume that
(4.10) is valid for that k& and some constants oy k1, ...,k 2k+1. Define ag., to be 0 for m < k+ 1 and
m > 2k + 1; these supernumerary terms enable us to write the sums below in a compact form. Then, using
(4.8),

D2kt K%y Lo 222 =~ £\ okt _m L
Ve (W) [ =gy | 2 e (gm) v (500

m=k+1

2k+2 /{2 m 1
= Z [(Zm — 2k — o m + ak7m_1} ( ) Yok gm ()\Kl(/\)> .

4e2
m=k+1

Differentiating again, a computation gives

2
otz [ Ky (1

8 2k+2 I€2 m 1
= — { Z [(Zm — 2]€ — 1)0{k7m + ak,m—1:| <4€2> me—Qk—Qo,m <>\K1()\)) }

8y m=k+1
2k+2
-y {ak’m,l + (4m — 4k — Dagm + (2m — 2k)(2m — 2k + 1)ak,m+1}
m=k+1
Fu'2 m—+1 . . 1
<462) y2 2k 10, +1 ()\Kl(/\))
2k+3

= Z {oz;wn_g + (4m — 4k — B)ag m—1 + (2m — 2k — 2)(2m — 2k — 1)ak7m}

m=k+2
'%2 " —2k—-3 _m 1 K
(462) y e ()\ 1()\))’

since 2m — 2k —2 = 0 when m = k+1 and aj 1 = ag,r = 0. That is, we have shown that (4.10) holds true
with k replaced by k 4+ 1 and ogt1,m = ak,m—2 + (4m — 4k — 5)agm—1 + (2m — 2k — 2)(2m — 2k — 1) o m
form=k+2,...,2k + 3. By the principle of induction, the proof is complete. O

We next require an identity.

Lemma 4.4. For k=0, ---, one has D;kz(m,y) = A+ B, where
v+1 62 k
A:Zdu ﬁ zu(ac,y)7
pn=0

. k=1 [v+1 iz \7| 22 o 4
B= e/ 3 | du <i§> > D (52) WD R (),
j=v+1 | u=0 m=k—j

and the outer sum in B is interpreted as 0 if v+ 1>k — 1.

Proof. If k = 0 then B = 0 and the result is obvious. Assume k is a positive integer. Applying Dzk_2 to
(4.9) and invoking Lemma 4.3 yields

b2 _ KX - = &2\ m— m (1
D) = DY 5(00) + g @l Y v (1) e (SE)).
m=k
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Using this identity recursively, we get

Djkzu(xa y)

82 2 o 62 2k—3 2\ ™M 1
o R e R e B ()
m=k—1
2k—1 m 1
+ Z Ok 1.m (4 2) y2m—2k:+10_m (AKI(A))]

2 k bg J 2k—2j—1 m 1
M x/(2e 2m—2(k—j5)+1 _m
<4> (o) + ey >Z<4€> > i (1) I (LR

m=k—j
Hence ngz(x, y) = A+ B; where, using the compatibility condition (4.1),

k—1 [v+1 b2j2k231 m 1
B, = px/(ZE)Z Zd ( ) Z ap_j 1m(4€2> y2m—2(k—j)+10_m (AKl()\)>

7=0 | u=0 m=k—j

o k=1 |v+1 j2 J| 2k—2j—1 m
- /(2¢) “r 2m—2(k—j)+1 ym
= D= ebx/(2e Z Zd“ <4€> Z Qk—j—1,m (452) y m— J L (AKI()\))

j=v+1 | p=0 m=k—j

by (4.1). Now [1, (9.6.28)] provides the useful identity

7 ($EIN) = (D" K (),

SO
. k—1 |v+1 B2 J| 2k—2j—1 W2\
x/(2¢e m m—2(k—j —m—
B = 2L i) 3 13, <4> S ()™ rm (4> g2 DTN L ().
j=v+1 | p=0 m=k—j
Recalling that A = kr/(2¢) gives By = B. O
Now we can proceed with the estimation of derivatives. Set
0, ift<o0
H(t) — 3 % — )

1, ift>0.

and
¢3(z,y) = exp S~ exp (—qx) :
162y/22 + 2 2p

Lemma 4.5. Let r* > ¢ be given. Fore <r <r* and k=0,1,..., there is a C = C(r*, k,v) such that
(4.11) |DyF2(a,y)| < Ce™ [pa(x, |yl) + H(k —v —1)r" " oy, y)] .

Proof. If k = 0 the result is immediate from Lemma 4.2, so assume that & is a positive integer. Let (z,y) € II,
with e < r < r*. Lemma 4.2 implies that

v+1
(4.12) |A] < Ce™ > " dy] |zu(x,y)| < CeFga(x, |y]).

pn=0
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For r > ¢ we have A > k/2 > p/2 > 0, so by [1, (9.7.2)] there exists C such that
(4.13) 0 < K;(A) <CAX Y2 for 0 <i < 2k +1.

Thus in estimating B one must bound exp|[(pz — x7)/(2¢)]. Now

_ 2.2 2.2 2.2 2 2.2 2 2
(4.14) A e A deqr < pey® — deqr S—&—@7
2 2e(px + K1) 2e(px + Kr) dekr 8er  2p

where in the final inequality we used x = \/p? + 4eq < 2p for ¢ sufficiently small. Applying these inequalities
and using « < r, the quantity |B| is bounded by

k—1 2k—2j—1 o\ 1/2 o -

Ce—1 —j —m |, 12m—2(k—j)+1,—m (7) _by” _9r

€ Z € Z | e ™yl T - exp { —¢— | exp %
j=v+1 m=k—j

k—1 2k—2j—1 T m—(k—5)+1/2 2 P
- C —k.j— 7 _gJ _2r
Y OY e (5) exp< 85r)exp< )

j=v+1 m=k—j

(4.15) < Ce™ M gs(a, ),

since r < r*, where we used the standard inequality tre=Ct < C for all t > 0 and fixed A > 0. Using our
bound (4.12) for |A|, using (4.15) to bound |B|, and recalling that B vanishes when v +1 > k — 1, the proof
is complete. O

In the next result the assertion of Lemma 4.5 is simplified by absorbing ¢3 into ¢2 and by removing the
function H.

Corollary 4.1. Let r* > ¢ be given. Fore <r <r* and k=0,1,..., there is a C = C(r*, k,v) such that
(4.16) |DZF2(z,y)| < C[e7F + e 170 gy(x, Jy)).

Proof. We assert that there is a constant C such that ¢3(z,y) < Ca(x, |y|) for r < r*. If py?/(16er) >
Blyl/(2v/E), then clearly ¢3(z,y) < ¢2(x, |y]). If py?/(16er) < Blyl/(2v/E), then |y| < 83/er/p, so

9 . 2% 2 _
exp (4ﬂ r > QSQ(SC, |y\) Z exp < ql‘) exXp <45 r 45 7") 2 exp (qx) 2 ¢3(I7y)7
p 2p 2

p

so the assertion is shown. Combining this fact with 0 < H(-) < 1, (4.16) follows from Lemma 4.5. O
We now treat the case r < e.

Lemma 4.6. For k=0,1,..., there is a C = C(k,v) such that if r < 2¢,
(4.17) ’ngz(a:,yﬂ <Clehevtprta2h],

Proof. Taking r < ¢ and referring to Lemma 4.4 one has |A| < Ce™*. Since |K,11(N\)| < C'A™™L for

4/18/05 18 P6.tex



A < C (see [1, (9.6.9)]),

k—1 v+1 2k—2j—1
Bl<ca Y [ze 75 s

j=v+1 =0 m=k—j
2k—2j-1
< Cae™ 1 Z Z e—m 2m 2(k—j)+ lr—m 1(r/€)—m 1
j=v+1 m=k—j
k—1 2k—2j—1
— Cgr—2e-1 Z 817jy72(k7j)+1 Z Y2 2m
j=v+1 m=k—j
k—1
< Car—2e1 Z gy =20+ 2(k=3) . =2(k—j)
j=v+1
k—1
= Cgyr—272k Z e Ir¥
j=v+1

S Cwyr_Q_ka_”_1r2”+2

— C€7V717,2V+272k}.

In the penultimate step we have used the fact that 0 < r?/e < 4e < 4. We therefore get

|D§kz(x,y)\ <O(e P eV 1p2 2720 for r < e,

O
To get estimates for odd-order derivatives we need an interpolation inequality.
Lemma 4.7. Let f € C?[y,y + 8] for some § > 0 and some y. Then
"(y)] < 267! max +6 max |f"(n)|
FWI257 (7046 max (7700
Proof. By the mean value theorem there exists n’ € (y,y + d) such that
=07 fly+8) = fly)l <2671 max |f(n)]-
n€ly,y+94]
Hence ,
7
')l ={f'(n) - / f"(s)ds| <2071 max |f(y)|+6 max [f"(y)|-
v n€ly,y+9] n€ly,y+9]
O

The odd-order y-derivatives of z can now be estimated.
Lemma 4.8. Let r* > ¢ be given. For k=0,1,..., there is a C = C(r*,k,v) such that

(4.18a) D (2, y)| < Cle™ 12 4 e 2 =2 for 1 < g,
(4.18b) |D§k+lz(x,y)| < Cle k=12 4 gm k=12 =k 4172100 (1 |y|) for e < 7 < r*,

Proof. As z(z,y) is an odd function of y, without loss of generality we can take y > 0. Let (x,y) be a point
with r <e. Set I = [y,y + r] and r' = /22 4+ y’2 where y’ € I. The quantities r/r’ and 7’/r are bounded

in I. From Lemma 4.6,

ma>1<|D§kz(x,y’)| < C(€7k+671/71r21/72k+2)’ ma>1<|D2k+2 ({E y )| < C( —k—-1 +€7U71r2V72k).
y'e y'€
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Using Lemma 4.7 with f(y) = D2"z(z,y) and § = r we obtain
|Dzk+1z(m‘,y)| S C(T_lé'_k + E_V_1T2V_2k+1 4 T{;‘_k_l + E_V_1T2V_2k+1).

We want to show that each of the 4 terms on the right-hand side of this inequality is bounded by the right-
hand side of (4.18a). For the second and fourth terms this is seen by inspection. For the first term, we have
r=le=k < Cev—1p2v=2k+1 provided 222 < Ce¥~v~1 and this is true since 2 < r < e. For the third
term, since r < Ce we have re *~1 < ¢=%=1/2_finishing the proof of (4.18a).

Next, let (x,7) be a point with € <7 < r*. Set J = [y,y 4+ e'/?r] and v’ = \/22 + y'2 where y’ € J. The
quantities 7/r" and r’/r are bounded for ' € J. Also, ¢a(z, |y|) < ¢a(z,|y|) for y' € J. Therefore, from
Corollary 4.1,
max [ D2(, /)| < O™ &1+ )on(a, ),

max DY 7(a,1/)| < O 41 H)on o).

(4.19)

Suppose v < k. By Lemma 4.7 with f(y) = D*2(z,y) and § = £'/2r'/2, one gets
|D§k+1z(m,y)| < C(E_k_l/QT_l/Q + E—k—l/Z,ry—k+1/2 + E_k_l/z’l“l/Q +€_k_1/27“”_k+1/2)¢2($, |y‘)

We want to show that each of the 4 terms on the right-hand side of this inequality is bounded by the right-
hand side of (4.18b). For the second and fourth terms this is seen by inspection. Since v < k — 1 we have
rEL/2 < pr=k+1/2 for ¢ < r*. Applying this inequality to the first and third terms, we obtain (4.18b). In the
case v > k, the inequalities (4.19) imply that

max |D§kz(x,y’)| < Ce oz, |y)), max \D§k+2z(x, Y| < Ce ™ o(x, |y|) for e <r <.
y'el y'el

Lemma 4.8 with § = £!/2 then gives (4.18b). O
The main result of this section follows. It extends the previous bounds to all derivatives of z.

Theorem 4.1. Let r* > € be given. Let m and n be non-negative integers. Then there exists a constant C,
which depends on r*, m,n and v, such that

(4.20a) ‘D;“D;‘z(@y)’ < C{E_”/Q +evttmm=n el (v, m, n,r)} for r <e, (4.20a)
(4.20b) |D$Dgz(x,y)’ < Cem/? [1 4 FImmen 20 g, |y|) for & < v <
where

p2vrZ=mening| o ifm4n < 2u 42,
7/1(’/,7’%7%7') = 2v+4+2—m—n 1
r , ifm+n>2v+2.

Proof. We use induction on m. The case m = 0 is covered by Corollary 4.1, Lemma 4.6, and Lemma 4.8.
Let M be a non-negative integer. Assume that (4.20) holds true for m = M and all n > 0. We shall use a
variant of the argument in [6, Lemma 2.2] to deduce a bound on | D)t D}z (x, y)|, where n > 0 is fixed and
satisfies (M + 1) +n > 2v + 1.

Now 0 = (D} Dy)Lz = L(D) D}z) on II,,.. That is,

(4.21) (—ewgs + pwy)(@,y) = s(z,y),

where we set w(z,y) = D) D'z(x,y) and s(x,y) = (eDY Dyt?z + qD)Y Dy z)(x,y).
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Fix (z,y) € I, with » < 1. Let £ € [z,z + 1]. Multiplying (4.21) by the integrating factor —e~'e=P*/¢
then integrating from & to x + 1, we obtain

x+1
o+ 1,y)e PEHV/E (6, y)e /e — o= / s (1, y) dt,
t=¢

ie.,

T+
(4.22) Wa(€,y) = wa(w + 1, y)e PEHI=0/z | o1 / PO 25 y) dt.
t=¢

Integrate (4.22) from £ =2 to £ =z + 1:

r+1
w(z +1,9) —w(z,y) =ep (1 — efp/s)wx(x +1,9) +e! /

=z

r+1
/ e P8/ 5(¢, ) dt dE.
t=¢

Hence

x+1

(4.23) we(x+1,y) = ﬁ {w(m +1,y) —w(z,y) — 5—1/

=x

x+1
/ e PU=O/Eg(t ) dt dg] .
t=¢

In (4.22) take £ = x and substitute (4.23):

pe "/ Y AR LRy
z\4s = T .7\ ]-7 - ) —& TPETRE ta dtd
o) = S ol + L) —wle) =7 [ [0 g v
x+1
+5_1/ e PE=D/E5(t, y) dt
t=x
pefp/g r+1 t L 3
(4.24) :m [w(x—kl,y)—w(x,y)—/t_m s(t,y) /:xs LemP(t=8)/ qe dt

x+1
+€71/ e PU=2)/2g(¢ y) dt.
¢
But f;:x e~ lemP=0/ed¢ < O and ! ft‘z;l e P(t=2)/2 qt < O, so the identity (4.24) implies that

(4.25) jwole,)| < Cllwle + Ly)|+ fule,y) +_max_|s(t,y)].

Suppose that e < r < r*. For fixed y (and fixed m,n), the bound (4.20b) is monotonically decreasing as
a function of z if m 4+ n/2 > v + 1, while if m +n/2 < v + 1 then r*+1=7=7/2 < C. In both cases it follows
that when using (4.20b) to bound terms of the form |w(-,y)| and |s(-,y)|, the worst case occurs when the

first argument is as small as possible. Thus (4.25) and the inductive hypothesis imply that
Iwm(a?,y)\ < C€_n/2 {1 +’I“V+1_M_n/2} ¢2($, |y|) + 068_(n+2)/2 [1 +TV+1—M—(’H.+2)/2:| ¢)2($7 ‘y|)
(426) < C&_—n/Q |:1 +’I“V+1_(M+1)_n/2:| ¢2(£L’, |y|),

which is the desired inequality.
Now suppose that 7 < e. Instead of using (4.24), we multiply (4.21) by the integrating factor —e~'e=P%/¢
then integrate from x to /€2 — y2. This yields

we(v/e2 —y?,y)e PV e2-y?fe _ wgc(a:,y)e_pf’j/E =_¢! / e‘pt/ss(t,y) dt,
t=x
ie.,
52_ 2
we(w,y) = we (Ve —y?,y)e PVEVImm/e g o / e P 25 (t,y) dt.
t=x
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Hence

£2—q2

(4.27) )] < loa(VE= R+ [ " e g1,y .
t=

x

We use (4.26) to bound |w,(1/e2 — y2,y)| and the inductive hypothesis to bound |s(t,y)|, obtaining

|we (7, y)| < C {s_"/2 {1 + 5V+1—(M+1>—n/2}

[e2 2
+€—1/ e—p(t—m)/e [g—n/Q +€V+1—M—TL +€_V_1¢(V, M, n, /2 +y2):| dt
t

=z
2 y2

+/ e—p(t—x)/a [E—(n+2)/2+8u+1—M—(n+2) +€_V_11P(V, M,?’L+2, /t2+y2)} dt}
t=x

IA

Ver—y?
C{s‘"/2+5”_M_”+a_”_1/ (v, M,n+ 2, m) dt}
t

=T

2 M 1 Ve
Cle™?4ev- _”—i—e_”_/ Vv, M,n+2,t +y)dt
t

=x

IA

(4.28) <C {5_"/2 4+ gyt (MAD)=—n 4 eV (v, M + 1,n,r)}

on evaluating the integral. This is the desired inequality.

This completes the inductive step, and the theorem is proved. O

If m+n>2v+2and r <e then e?H1=m=" < Ce V" Lh(v,m,n,r). Also, ) < Cif m+n<2v+2. It
follows that (4.20a) implies

| DDy z(x,y)| < C’[a*"/z + 6”“*’”*"} form+n<2v+2andr<e,

(4.29) | DDy z(z,y)| < C[ ”/2+5_”_1|lnr|} form+n=2v+2andr <e,
|D Dy z(x,y)| < C[ /2y s_”_1r2”+2_m_”} form+n>2v+2andr<e.

Using Theorem 4.1 we return to the quarter-plane problem of Section 2 and prove

Theorem 4.2. Let g, h satisfy (2.2) and suppose the first v+ 1 compatibility conditions for the problem
(2.1) are satisfied. Let u satisfy (2.1). Then for r* > e and integers m and n satisfying 2m +n < 2¢ there

is a constant C' depending on r*, ¢ and v such that

| Dy Dyu(,y)| < C(Gar + Har) [6 n2 4 gvtlom "} form+n<2+2andr<e
| Dy Dyu(z,y)| < C(Gae + Hae) [5_”/2 +er Y lnr\] form+n=2v+2andr<e

(430 | Dy Dyu(z, y)| < C(Gae + Har) [5 R "} form+n>2v+2andr<e,
| Dy Dyu(a,y)| < C(Gae + Har)e ™"/ [1 + 7‘”“*’”*"/2} 92/ (2p) =PY/(2VE) for ¢ < <1

Proof. We use the decomposition (2.15). From Theorem 3.3, [ D Dyju; (z,y)| < Ce=n/2e=9/2p) e =Vay/(2VE)
for m+n < m+n < 2{. Setting m = 0 it follows that (2.7) holds true, and therefore (2.14) holds true.
Applying Theorem 3.2 we find that |D}'Djus| < Ce"/2¢=92/(2P)e=VaY/(2VE) for 2m + n < 20. The

derivatives of z are bounded using Theorem 4.1. O
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5 The unit square problem

We now return to the problem (1.1). Our purpose is to derive pointwise bounds for the derivatives of the
solution u. Our method consists in expressing the solution as a sum of half-plane problems and quarter-
plane problems (see (5.23)) plus a remainder term. The remainder term satisfies (1.1) with data that is both
completely compatible at the corners and exponentially small. The final bounds show the various phenomena
experienced by u: an exponential boundary layer on the side x = 1, characteristic boundary layers on the
sides y = 0, 1, and corner singularities at the four corners of Q.

We begin with the smooth component, S, in the solution u of (1.1). Let f* be a smooth extension of
f from @ to the half plane = > 0. Also, let g and ¢g* be smooth extensions of g, and g, from [0,1] to
(—o00,00), and let g¥ and ¢ be smooth extensions of g5 and g,, from [0, 1] to [0, 00). Then S is defined to be

the solution of the incoming half-plane problem
(5.1) LS = f* for x > 0, S(0,y) = gi(y) for — oo <y < 0.

Sharp derivative bounds for a similar incoming half-plane problem are given in Theorem 3.1, but under the
hypothesis of a homogeneous boundary condition. One can reduce (5.1) to this case by setting U(z,y) =
S(z,y) — g5, (y) for all (z,y) € Q; then LU = f* + g% (y) — qg,(y) for x > 0, and U(0,y) = 0 for all y.
Theorem 3.1 now implies that

(5.2) 1D Dy Sllco,n, < D5 DyUlloo,m, + 1Dy gl e < CUS Imn,o0m, + [|gullnt2,0or)-

The function S will be a good approximation of u except near characteristic and outflow boundaries
(where there may be boundary layers) and near corners (where there may be corner singularities). We deal
first with the exponential outflow boundary layer. Let E be the solution to the outgoing half-plane problem

LE =0 for z < 1, E(1l,y) =gi(y) — S(1,y) for — oo <y < 0.
Applying Theorem 3.4 with W (z,y) = E(1 — z,y) we obtain
(5.3) |Dy' Dy E(z,y)| < Ce™me PA=2)/% for m 4+ n < 20.

The function S + F satisfies L(S + E) = f on @, agrees with the boundary data for u on the side z = 1
of @), and by Theorem 3.4 agrees—up to an exponentially small term—with the boundary data for u on the
side x = 0 of Q.

To deal with the disagreement between S + E and the boundary data gi on the side y = 0, define the
incoming corner function zoo(x,y) as the solution of the quarter-plane problem

Lzgo=0for0<z, 0<y,
(5.4) z00(x,0) = g5 (z) — S(x,0) for 0 < x,
200(0,y) = 0 for 0 < y.

Similarly, to handle the boundary data g’ on the side y = 1 of Q, define zo1(z,y) by

Lzpy =0for 0 <z, and y < 1,
(5.5) zo1(x, 1) = gn(x) — S(z,1) for 0 < z,
201(0,y) =0 for y < 1.

Theorem 4.2 will be used to give bounds on the derivatives of zgg and zp1.
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Set M) =u — (S + E + 290 + 201). Then u(?) is the solution of the problem
Lu™ =0in Q,
(5.6) uM (z,0) = gM(z), uP(z,1)=gP(x) for 0 <z <1,
u(0,9) =9 (), uP(1y) =gV (y) for 0 <y <1,

(@) = —E(x,0) — 201 (2, 0),
W(w) = —B(x,1) — z00(x, 1),
(1)(31) ~E(0,y),
9 (y) = —200(1,9) — z01(1, y).-

T

T

The data of the problem (5.6) are compatible to arbitrary order at the corners (0,0) and (0,1), but
compatibility conditions at the corners (1,0) and (1,1) are not necessarily satisfied. To handle these incom-
patibilities, we shall define functions 219 and z1; as the solutions of certain quarter-plane problems. When
doing this, we avoid the inadvertent introduction of any incompatibility at other corners of (Q by means of
a cut-off function y : R — [0,1] that is smooth with x(¢) = 0 for t < 1/2 and x(t) = 1 for ¢ > 2/3. Thus,
define the outgoing corner functions z19 and z1; by the problems

Lz1p =0 for x < 1, 0 <y,
(5.8) z10(z,0) = —x(z)E(x,0) for z < 1,
z10(1, ) = —x(1 = y)200(1,y) for 0 <y;
Lz =0forz <1, y<l,
(5.9) z11(x, 1) = —x(x)E(z, 1) for x < 1,
z21(1,y) = =x()z01(1,y) for y < 1.
Lemma 5.1, stated below, gives bounds on z19 and z1; and their derivatives.
Set u?@ = M) — (210 + 211). Then u® satisfies the problem

Lu® =0in Q,
(5.10) u?@(z,0) = ¢ (x), u®(2,1) = ¢P(z) for 0 <z < 1,
ul?(0,y) = g2 (y), u®(1,y) = gP(y) for 0 <y < 1,
where
99 (x) = —201(2,0) — 211 (,0) — (1 — x(2)) E(x,0),
(5.11)

Yy) = 7E(an) - 210(07y) - 211(0, y)7
y) = —[1 = x(1 = y)lzo0(L,y) — [1 = x(»)]201(1,3).
We examine the properties of the boundary data (5.11). First, note that by Theorem 3.4, Theorem 4.2

and Lemma 5.1, each of the functions gg )7 gg), gl(f ) and g£2) appearing in (5.11), and their derivatives, are

(x)

97(12)($) = _ZOO(xv 1) - 210(1', 1) - (1 - X(I))E(ZL‘7 1>7
(y)
(

exponentially small.
Second, we assert that the data of (5.10) are compatible to arbitrary order at all four corners of Q.

Consider first the corner (0,0). One has
gf) () = —201(2,0) — 211 (x,0) — E(x,0) near =0,
95 (y) = —210(0,y) — 211(0,y) — E(0,y).
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Since z10(x,0) = 0 and 201(0,y) = 0, these can be written as

g§2) () = —201(x,0) — z11(2,0) — z10(x,0) — E(x,0) near z =0,
92 (y) = —210(0,y) — 211(0,y) — 201(0,y) — E(0,y).

But each of the functions zg1, 211, 210 and E is smooth at (0,0), and it follows that the data is compatible

at (0,0) to arbitrary order. A similar argument shows the compatibility at (0,1). Next, consider the corner
(1,0). One has

gf)(x) = —2p1(x,0) — z11(z,0) near x = 1,

(2)

9¢” (y) = —201(1,y) near y = 0.

But 211(1,y) = 0 near y = 0, so
9592)($) = _201($70) - 211(.’15,0) near r = 17
98 (y) = —z01(1,y) — 211 (1, ) near y = 0.

Each of the functions zp; and 217 is smooth at (1,0), which implies that the data is compatible at (1,0)
to arbitrary order. A similar argument shows the compatibility at (1,1). This construction yields the
decomposition

(512) u:S+E+Zoo+Z()1 +210+211 —l—u(2)

Before giving our final result, we establish derivative bounds for the outgoing corner functions z1¢ and
z11. To state the result, and for the final result, we set 7y, = \/(z — \)2 + (y — p)? for A\, u = 0, 1. That is,
. denotes the distance from (z,y) to the vertex (A, ) of Q. Let vy, denote the compatibility of the data

at the corner (A, p).

Lemma 5.1. For m +n < 2¢ and = 0,1, the functions 21, satisfy

(5.13a) |D;"D;‘zlu(x, y)| < C’[s*m*”/2 + 5”1““*’"*”] for m+n < 2vy, +2 and r1, <e,

(5.13b)  |DI*Dyzyu(x,y)| < C[E_m_"/2 e 1nr1M|} for m+n =2vy, + 2 and 1, <e,
(5.13c) |D;RDZ,21H((IJ, y)| < C[E_m_"/z + E_Vlfh_lrle“'+2_m_n} for m+n > 2v1, + 2 and r1, <k,
(5.13d) }D;nDZzlo(x, y)| < Cemmn/2 [1 + T;é°+1_7”_n/2} e PU=0)/e=BY/VE) for ¢ < ryg < r¥,

(5.13e) ‘D;”Dgzu(a:, y)‘ < Cemmn/? [1 + rﬁl+17m7n/2} e P=2)/ec=BU=0/(VE) for ¢ < pyy < 7*.

Proof. The proof is given only in the case u = 0. Write z10(z,y) = —x(2)E(z, y)e ¥/ Ve + 7, (2,y). From
(5.3) and the properties of x we get

(5.14) }D?DZ (X(w)E(w,y)efﬁy/(Q\/g)){ < Cpppe ™M 2e7P(=0)/20=BY/VE) for i 4 < 20,
Now Z; satisfies

LZy(z,y) = e P/ CVE { ey (2)E(x,y) — 26X () Ex (2, y) + [pX (x) — 87 /4] E(2,y) + BVE Ey(z,y)}
forz <1, 0 <y,
Z1(x,0) =0 for x < 1,
Z1(1,y) = —x(1 — y)z00(1,y) + E(1,y)e ¥/ VE) for y > 0.
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The function y(x)E(x,y)e~ ¥/ (V) is smooth, so Z; has the same compatibility at the corner (1,0) as 2.
Define Zs(x,y) = Z1(1 — x,y). Then
L*Zs(w,y) = —ex"(1 = 2) B(1 — z,y) — 2ex'(1 = 2) B (1 — @,y) + [px'(1 — 2) — 52 /4] E(1 — z,y)
+8vVe Ey(1—2,y) on Q,
Zy(z,0) =0 for > 0,
Z5(0,y) = —x(1 — y)z00(1,y) + E(1,y)e ¥/ Ve for 4y > 0.

Let Zo(x,y) = e P*/*v(x,y). Then
L*Zy(z,y) = L*(e7""/*v(x,y)) = e P/ (—eAv + pvg + qv)(z, y).
Hence v satisfies
L'U(l’,y) = epx/s{ - 5XH(1 - ’I,’)E(l - lE,y) - 2€X/(1 - I)Em(l - l’,y) + [pX,(l - IE) - 62/4}E(1 - 'I',y)
+OVEE,(1-2,)} on Q,
v(z,0) =0 for z > 0,
v(0,9) = =x(1 = y)z00(L,y) + E(1,y)e” /¥ for y > 0,

The function v has the same compatibility at (0,0) as z19 at (1,0).

Write v = v1 4+ vo, where these components are defined by

LUl(fE,y) = 0 on Qv
v1(z,0) = 0 for z > 0,
v1(0,y) = —x(1 = y)z00(1,3) + E(L,y)e W/ Ve for y > 0,

Luy(w,y) = e?*/*[—ex"(1 = 2) E(1 — 2,y) — 2eX'(1 — 2) Eo (1 — x,y) + [pxX'(1 — 2) — B°/4|E(1 — x,y)
+BVEE,(1-a.y)} on Q.
vo(x,0) =0 for z > 0,
v2(0,y) =0 for y > 0.
First consider v;. We shall see in a moment that vy has compatibility of arbitrary order at (0,0), so at

this corner v; has the same compatibility as v, which we already know is the same compatibility as z1¢ at
(1,0), namely v19. By Theorems 3.4 and 4.2,

. - — 1Y)Z200 + e < Cpe "“e” orn < 2/4.
(5.15) D3 (=x(1 = 9)z00(L,9) + B(Ly)e /)| < €260/ VE) forn < 20

Hence Theorem 4.2 yields bounds on the derivatives of vy, with Goe = 0 and Hyy = Cyy in these bounds,
and the compatibility conditions satisfied up to order v1o+ 1. These are the same bounds as for an incoming
corner function.

Next we examine vo. By definition of x, we have Lvy(z,y) = 0 for 0 < z < 1/3 and 1/2 < z. Thus
Ly is identically zero in a neighbourhood of the corner (0,0) and so are the boundary conditions on ws.
Consequently vy is compatible to arbitrary order at this corner and hence lies in C24%(Q) because Lv, €
C?'=22(Q). When 1/3 < x < 1/2, from (5.3) and the definition of vy one gets

(5.16) |Lva(z, y)| < Ce P=22)/e < O,
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As the flow is from left to right, this information about Lvs and the homogeneity of the boundary conditions
lead us to expect that vy is exponentially small for © < 1/3 and at worst grows moderately fast for x > 1/2.

We now prove these assertions using two different barrier functions. In fact, we show the inequality
(5.17) lva(z,y)| < min{Clep(‘rfl/g)/(za), Cozx} on Q,

Let fo = Luvy. Let vy be the extension of ve to II, by an odd reflection around the x—axis: v3(z,y) =
va(z,y) for y > 0, vi(z,y) = —va(z, —y) for y < 0, and let f3 be defined similarly. Then v} is continuously
differentiable in II,, f; has a jump discontinuity on y = 0 and v} is the weak solution of the problem
Lv = f3 in II,, v5 = 0 on OII,. Then vj is given by the representation (3.4) with p1 = p, p2 =0, f = fo
and h = 0. The integral in the representation is easily seen to be convergent. Let 1 (,y) = C1eP(®=1/3)/(22)
and 99(z,y) = Coz. Then Lip; = Ci[q + p?/(4e)|h1, Lapa = Cap + qibo. Hence, using (5.16), for C; and
Cy sufficiently large we have Li; > Lvy on II,. Each of the functions ¥, and 1t is also given by the
representation (3.4); again it is easily seen that the integrals are convergent. Since the 1; are non-negative
one has vg < 1 and vy < g in II,. The inequality (5.17) follows from the representation (3.4) applied to
the functions ¥; — vs.

To bound the derivatives of vy we use Schauder estimates. Stretch the variables by setting & = z/(2¢), n =
y/(2¢e), and 92(§,n) = va(x,y). Then, writing A¢ ,, for the Laplacian and Qg ,, for the positive quadrant in

the new coordinate system,
—A¢ ) Ta + 2ep(D2)¢ + 4e°qls = 4¢%F on Qg y,

where g is Lvy rewritten in terms of £ and 1. We have |[Dg*Dpg(€,m)| < C on Qg for m +mn <20 —2, and

7
moreover |§(§,m)| =0 for 0 < ¢ < 1/(6¢) and for 1/(4e) < £. The Dirichlet boundary conditions for ¢ are of

course homogeneous. From (5.17),
|52(&,m)| < min{CyePE=1/69) 2Cuee} on Qg .
Consequently, for m + n < 2¢ the Schauder estimates yield

CePE=1/(62) if ¢ < 1/(8¢),

D¢*Dpog(€,m)| <
D& D a8, Cet i€ > 1/(8¢).

Here the factor 1/8 could be replaced by any constant smaller than 1/6. Converting back to (z,y) coordinates

we get

Ce=m—nepe=1/3)/(26) if 2 < 1/4,

(5.18) | DY Dy va(x, y)| <
v Ce—m—ny if x> 1/4,

for m +n < 2¢.
Now recall that Zo(x,y) = e P/ (vy 4 v2)(x, y). Set Zo;(x,y) = e P*/%v;(z,y) for i = 1,2. From (5.18)
we get
Cem=neP/(39) if x < 1/4,
|D3' Dy Zaz(,y)| <
Ce~mngePr/e if £ > 1/4,

which implies that

(5.19) |D3' Dy Zaa(,y)| is exponentially small on Q for m +n < 2.

4/18/05 27 P6.tex



To bound the derivatives of Zy;(z,y) = e P*/¢v;(x,y), we have

m

| D" D"Zgl (z,y)] Z( ) e*pI/E\D;D;‘vl(x,yﬂ;
i=0

recalling the bounds on the derivatives of v; that were described (though not explicitly stated) following
(5.15), we therefore get

(5.20a) }D;”DZZm(iU, y)| < C[S_m_"/2 + 5”10+1_m_"] for m +n < 2v19 + 2 and rog < €,

(5.20b) | DDy Zoy (2, y)| < O[e*m*”ﬂ +e 071 In rooﬂ for m +n = 219+ 2 and roo < &,
(5.20¢) }D;nDZZgl(x, y)‘ < C[E‘m_”/Q + 5_”1"_17“35“’%77”7"} for m +n > 2v19 + 2 and roo < &,
(5.20d) |D' D} Zoy (w,y)| < Ce™Pr/ee=m—n/2 [1 + rpaotiome n/2:| “AU/RVE) for e <rgg < 1%,

where the factor e=?*/¢ was dropped from (5.20a)—(5.20c) because e P*/¢ ~ 1 when o < ¢, and the factor
e~9%/(?P) was dropped from (5.20d) as it is insignificant compared with e=P*/¢

Adding the bounds on the derivatives of Zs; and Zso yields bounds on derivatives of Zy. Making the
change of variable £ — 1 — x to return to the original coordinate system then produces bounds on the

derivatives of Z7; these bounds are

(5.21a) ’D;"D;’Zl(x,y” < C[E‘m_"/Q + 5”1°+1_m_"} for m4+n < 2v19+2 and 119 < €,

(5.21b) |D;"DZZ1(a:,y)| < C’[é‘*m*"/2 + e 7"10\] for m +n =20+ 2 and rip < ¢,
(5.21c¢) ’D;”D;‘Zl(x,yﬂ < C’[g_m_"/Z + 5_”10_17“%’1“277”7”] for m +n > 2v19 + 2 and rig < €,
(5.21d) |D DN 7 (2, y)| < Cemm 2 [1 4 pYiotlom= "/2} —p(1=2)/e=By/(VE) for ¢ < pyg < 1

Adding the bounds (5.14) to the bounds (5.21) now gives bounds on the derivatives of z1o for m +n < 2¢.
Observe that in each case the bound of (5.21) dominates the bound of (5.14), so one obtains again (5.21). O

The bounds of Lemma 5.1 could be thought of as indicating that z19 acts like the product of an exponential
outflow layer and an inflow corner layer. In particular note that, unlike the case of inflow corners, the bounds
die off exponentially as one moves upstream.

We now give the main result of the paper. Each term T}, below describes the behaviour induced in the
solution by the vertex at (A, ut); the terms Tp,, also include the effect of the parabolic boundary layers along

y = p. The term Tg describes the effect of the exponential outflow layer at = = 1.

Theorem 5.1. Let m,n be non-negative integers satisfying 2m+mn < 20 and m+n < 20 —2. Let r* > € be
fized. Then for (x,y) € Q and r < r*, the solution u of (1.1) satisfies

|Dy Dy u(x,y)| < C(1+ Too + To1 + Tho + Th1 + Tr)

with
TE — f_:—’rne—p(l—zv)/es7
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where for p= 10,1, one has

Top = T2 groutlmmen for 4 < 2vg, + 2 and 79, < €,
Top = e~ 4 gmvou—l| Inrg,| for m+n = 2y, + 2 and 7y, <€,

Tou =€ ™% fe7vou for m +n > 219, + 2 and ro, <&,

1 2upu+2—m—
1,,“0/110u+ m—n
Ty ="/ {1 + 7“(1;80+17m7n/2} e /VE for e <roo <17,
Tor = /2 {1 + Toygﬁ_l_m_n/z] e U/VE for & <oy <1,
and
T, = emmmn/2 o riptlemen g L < 2v1, + 2 and 1y, <,
Ty, = gmmmn/2 | g7Vl Inry,| for m+n=2v, +2 and r1, <e,
o v 1 201, 42—m—
Ty, =e ™2 4 e 17a1:1“+ " for m+n > 2vy, + 2 and 11, < €,

Tio=¢ ™21+ T;’6°+1_m_n/2]e_ﬂy/(2‘/g)e_p(l_m)/s for e <19 < 7%,

Ty =g ™ "/? [1 + Tﬁlﬂ_m_"/ﬂ e PA=0)/@VE) g=P(=2)/ for ¢ < pyy < 9.

The constants C' and ¢ depend on r*,m, n and ¢, while n denotes the smallest even integer that satisfies

n>n.

Proof. We use the decomposition (5.12). Inequality (5.2) gives a bound on || D} Dy S|o,q- Inequality (5.3)
gives a bound on || D' Dy E| o0 - From Theorem 4.2, | D} Dy 200(z,y)| < CToo. Applying Theorem 4.2 again
with y replaced by 1 —y, one finds that [D}" Dy zo1(z,y)| < CTpr. By Lemma 5.1 with (z,y) replaced by
(1—z,y), we have |D;* Dy z10(z,y)| < CTyo. Similarly, applying Lemma 5.1 with (z,y) replaced by (z,1—y)
yields | D' Dy z11 (2, y)| < CThy.

To bound u(?) we note that each function in the boundary data (5.11) of the problem (5.10) belongs to
C?([0,1]). Let G € C?(Q) be an extension of this boundary data to all of Q. Let u(® = u(®>) — G. Then
u®) satisfies the problem

(5.22) Lu® = LG inQ, u® =0onT.

The boundary data of problem (5.22) is compatible to order v = ¢ at all four corners of @, so (see the
discussion in §2) u(®) € C?*(Q). A standard energy argument shows that

(5.23) 2w @) + 6P| 22@) < CILG L2
Writing —Au®) = e~ 1[LG — puf’) — qu®], one obtains
[u® [ 2(@) < Clle LG = pul) — qui]| L2(q) < Ce™2||LG| 20,
where we invoked (5.23). Continuing, one obtains
1w ey < Ce™F YD LG -2 (g for k=0, , 2L.

Since the data (5.11) are exponentially small, we obtain [|u(®)||g2¢g) < C, and from Sobolev’s inequality,
[4®]20-2.00.0 < C. Tt follows that [|u®||27_2.00.0 < C, as G and its derivatives are exponentially small. [J
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