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ABSTRACT. We study the problem of when the hyperspace CL(A) of a subspace
A of a space X is canonically representable as a subspace of the hyperspace
CL(X), where both CL(A) and CL(X) are endowed with one of the following
hypertopologies: Fell, Wijsman, d-proximal, Hausdorff, locally finite, proximal
ball.

1. INTRODUCTION

For every topological space X, we denote by C'L(X) the collection of all
closed non-empty subsets of X. Let C be a class of topological spaces, closed
under subspaces, and let, for every X € C, T'(X) be a fixed topology on CL(X),
called T-hypertopology on CL(X). For any space X € C and any subspace
A of X, we denote by i4 x the map between the spaces (CL(A),T(A)) and
(CL(X),T(X)), defined by the formulais x(B) = clx B, for each B € CL(A).
Obviously, for each subspace A of X, the map i x is an injection. It is
natural to ask when 74 x is a homeomorphic embedding for every subspace A
of X, i.e. when the hyperspace CL(A) of the subspace A of X is canonically
representable as a subspace of the hyperspace CL(X), or, in other words, when
the commutability between hyperspaces and subspaces holds. This question
was raised implicitly by H.-J.Schmidt in [6] where he proved that, if C is the
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class of all topological spaces and T is the lower Vietoris hypertopology, then
the above map is always a homeomorphic embedding (see [6,Theorem 11(1)]).
In its present general form this question was formulated by G.Dimov. He
investigated it in [2] for T equal either to the upper Vietoris hypertopology or
to the Vietoris hypertopology. We investigate this problem for 7" equal either
to the Fell, or d-proximal, or Wijsman, or proximal ball, or locally finite, or
Hausdorff uniform hypertopology answering a question of G. Dimov. As in [2],
we study also the following problems: when the map 74 x is a homeomorphic
embedding (resp., an (inversely) continuous map) for a fixed subspace A of X7

Now, we will introduce/recall some definitions and notations. We say that
an injection i : A — X between two spaces A and X is inversely (uniformly)
continuous, if the inverse map j = (i | A)~! : i(4) — A is (uniformly)
continuous. By HS(T,C)/ITHS(T,C)/COM(T,C) we denote the class of all
spaces X from the class C such that for each subspace A of X the map i4 x
is continuous/ inversely continuous/a homeomorphic embedding with respect
to the hypertopology T. Let (X, ) be a uniform space, U € i, z € X, and
F C X. Then

Bx(z,U) = {ye X :(z,y) €U}
Bx(F.U)“ U Bx(y,U).

Let (X,d) be a nietric space, € > 0, x € X, and F C X. Then
Bx (z,¢) = {ye X :d(x,y) < e}

Bx(z,9) Y {y € X : d(z,y) £ ¢}
Bx(Fe)™ U Bx(y,e).
yel
For a topological space X and G C X we set:
G ={FeCL(X): FNG # @}
Gt={FeCL(X): FCG}.
For a uniform space (X, ) and G C X we set:

Gttt ={F € CL(X) : there exists U € il such that Bx(F,U) C G}.
For a metric space (X,d) and G C X the last notation transforms into:

GtT ={F € CL(X) : there exists ¢ > 0 such that Bx(F,e) C G}.

Let X be a topological space. The lower Vietoris hypertopology V™~ on CL(X)
has for a subbase the family {G~ : G is open in X }.The upper Vietoris hyper-
topology V* on C'L(X) has for a base the family {G* : G is open in X }.The
Vietoris hypertopology V on CL(X) is the supremum of V= and V*. The class
of all T;-spaces will be denoted by 7; (for i =0, 1,2, 3, 3%), and the class of all
normal spaces — by A (normal spaces are not assumed to be, in general, T}-
spaces). We denote by N the set of all natural numbers, and for every k € N,
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we set kN = {kn : n € N}. We denote by R the real line endowed with its
natural topology.

2. A LEMMA

The following lemma will facilitate our considerations with respect to certain
hit-and-miss hypertopologies.

Lemma 2.1. Let, for every space Z, the T-hypertopology on CL(Z) has the
formT(Z) =T (Z)NT*(Z), where T~ (Z) is the lower Vietoris hypertopology
on CL(Z), and the hypertopology T+ (Z) has for a base the family BT T (Z)
which is closed under finite intersections and satisfies the following conditions:

(x) if V€ BTt(Z) and F € V, then CL(F) C'V;

(xx) if V.€ BTt (Z) and Fy,F5 € V, then F; UF, € V.
Let X € 71, and let A be a subspace of X. Then:

(a) the map ia x : (CL(A), T(A)) — (CL(X),T(X)) is continuous iff the
map ia x : (CL(A),TT(A)) — (CL(X),T* (X)) is continuous;

(b) the map ia x : (CL(A),T(A)) — (CL(X),T(X )) is inversely con-
tinuous iff the map ia x : (CL(A),TT(A)) — (CL(X),TT(X)) is inversely
continuous.

Proof. Let BTT(X) be a fixed base of the T -hypertopology on C'L(X) which
satisfies the conditions (%) and (xx) and which is closed under finite intersec-
tions. Let BT~ (X) be the standard base of the lower Vietoris hypertopology
on CL(X), and let BT (X) be the base of the T-hypertopology on CL(X)
which consists of all finite intersections of the elements of BT (X)U BT~ (X).
Then the elements of BT'(X) are of the form (N}_, G, ) NV, where V is from
BT (X) and Gy, is an open subset of X (for each k = 1,...,n). On CL(A),
we fix a base BT1(A) and construct BT(A) analogously.

(a)(=) Let the map i 4, x be continuous with respect to T'. Let F' € CL(A),
and let U € BT*(X) be a neighbourhood of ¢lx F'. By the continuity of i4 x
with respect to 7', there exists a neighbourhood V of F' such that V € BT(A)
and i4,x (V) € U. This neighbourhood V has the form V = (N}_,G, ) N'W,
where W € BT (A) and Gy, is an open subset of A (for each k = 1,...,n).
Obviously, F' € W. We are going to show that i4 x (W) C U.

From F' € V, it follows that, for each £ = 1,...,n, there exists g, € FNG}.
Let G ={g1,...,9n}. Obviously, G € CL(A). Since G € CL(F) and F € W,
the condition (%) implies that G € W.

Let now M be an arbitrary element of W. We set M; = M UG. Since M,
G € W, we obtain, by (xx), that M; € W. In addition, M; € G, for each
k=1,...,n. Hence My € V, and therefore i4 x(M;) € U. We have that
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iax(M)=cxM CclxM =iax(M1)and ig x(M;) € U. Now, by (*), we
obtain that i4 x (M) € U. Consequently, i4 x(W) C U. Therefore, i4 x is
continuous with respect to T .0]

(«<=) Let the map i4 x be continuous with respect to 7F. Since the map
ia,x is continuous with respect to T~ (by the H.-J.Schmidt’s theorem [6,The-
orem 11(1)]) and T'=T~ VT, it is clear that i4 x is continuous with respect
to T'.LJ

(b)(=) Let the map i x be inversely continuous with respect to 7'. Let
F € CL(A), and let U € BT*(A) be a neighbourhood of F. Since the map
ia,x 1s inversely continuous, there exists a neighbourhood V of clxF' such
that V € BT(X) and iZ}X (V) € U. This neighbourhood V has the form
V = (NP_,G.) N W, where W € BT (X) and Gy is an open subset of X
(for each k = 1,...,n). Obviously, cIlxF € W. We are going to show that
ix'x(W)CU.

From clx F € V, it follows that G Nclx F' # &. But Gg is open in X, and
therefore Gy N F # @ (for each k = 1,...,n). Hence, for each k = 1,...,n,
there exists g, € FNGy. Let G ={g1,...,gn}. Obviously, G € CL(X). Since
G Cclx F and clx F € W, the condition (x) implies that G € W.

Let now clx M (M € CL(A)) be an arbitrary element of Wiz x(CL(A)).
We set My = GUM. Since clx M, = GUclx M and G, clx M € W, we obtain,
by (#x), that clxM; € W. In addition, cIxM; € G, for each k =1,...,n.
Hence clx M, € V, and therefore M; = Z'Z,lX(ClXMl) € U. Since M € CL(M,)
and M; € U, we obtain, by (%), that M € U. Consequently, Z;,lx (W) C U.
Therefore, i4 x is inversely continuous with respect to T+.0]

(«<=) Let the map i4 _x be inversely continuous with respect to 7. Since
the map i4 x is inversely continuous with respect to 7~ (by the H.-J.Schmidt’s
theorem [6,Theorem 11(1)]) and T'= T~ VT, it is clear that i4 x is inversely
continuous with respect to 7.1

3. FELL HYPERTOPOLOGY F

Definition 3.1. Let X be a topological space. The lower Fell hypertopology
F~ on CL(X) coincides, by definition, with the lower Vietoris hypertopology
V™ on CL(X). The upper Fell hypertopology F* on CL(X) has for a base the
family BF(X) = {G" : G isopen in X and X \ G is compact }. The Fell
hypertopology F on CL(X) is the supremum of F~ and F+.

In this section we will investigate the case T = FT (see §1 for T') but, by
lemma 2.1, all results formulated here will be true also for the case T' = F.
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Proposition 3.2. Let the topological space X is Hausdorff. Then, for every
subspace A of X, the map iax : (CL(A),FT(A)) — (CL(X),F" (X)) is
inversely continuous, i.e. THS(FT,T3) = Ts.

Proof. Let A be an arbitrary subspace of X. Let F' € CL(A), and let Ut €
BF*(A) be a neighbourhood of F. We set W = X \ (A\ U). Since A\ U
is compact and X is Hausdorff, we obtain that W is an open subset of X.
In addition, X \ W is compact because X \ W = A\ U. Therefore W &
BF*(X). An easy verification shows that W is a neighbourhood of ¢lx F
and that i;}X(Wﬂ C U*. Therefore, the map ig x : (CL(A4),FT(A)) —
(CL(X),F* (X)) is inversely continuous.l

Example 3.3. There exists a topological space X € 7;\7; and a subspace A of
X such that the map i4 x is not inversely continuous, i.e. ZHS(F+,T7) ;Cé 7.
Let Y = N and the topology on Y be {@}U{U C N: 2N\U is finite or empty}.
Let X =Y @& P and A = 2NU P, where P = {x} is one-point space and * ¢ Y.
Then we assert that 74 x is not inversely continuous.

It is easy to check that Y is not compact and that 2N (as a subspace of
Y) is compact. Let’s set F' = {x} and U = {*}. Then we have that U is an
open subset of A and A\ U = 2N is compact. Thus U™ is an open subset of
(CL(A), F*(A)). Since F is a closed subset of A and F C U, we obtain that
U™ is a neighbourhood of F in (CL(A), FT(A)).

Let’s assume that ¢4, x is inversely continuous. Then there exists a neigh-
bourhood W of clxF such that W € BFT(X) and i}'\(WT) C UT.
Since X € 77, we obtain that W N A C U, and hence W N 2N = @&. The
set W NY is open in Y because W is open in X. Consequently, either
WnNY =@ or 2N\ (WNY) is finite. But, since W N 2N = &, we obtain
that 2N\ (W NY) =2N\ W = 2N. Therefore W NY =@, i.e. W C {x}, and
from clx FF C W, we conclude that W = {x}. Then X \ W =Y, and conse-
quently X \ W is not compact. This is a contradiction because W' € BF T (X).
Therefore, i 4, x is not inversely continuous.ll

Let’s remark, that ZHS(F*,7; \ T2) # @, i.e. there exists a topological
space X € Tq \ 7z, such that for every subspace A of X, the map is x is
inversely continuous (see example 3.10).

Proposition 3.4. Let X be a Hausdorff space, and let A be a subspace of
X. Then iax : (CL(A),F*t(A)) — (CL(X),F*(X)) is continuous iff A is
closed in X.

Proof. (=) Let the map i4 x be continuous. Assume that A is not a closed
subset of X. Then A # @, and we can find a point yo € X \ A such that
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each neighbourhood of yy in X to have a non-empty intersection with A. We
set W = X \ {yo}. Then W is open in X and X \ W is compact. Therefore
W is an open subset of (CL(X),F*(X)). Let zp € A. Then zy € W,
{x0} € CL(A), and clx{xzo} = {x0} € WT. Since the map is x is continuous,
we obtain that there exists a neighbourhood U™ € BF*(A) of {z¢} such that
iax(UT)CWT. Since yo ¢ A\ U, A\ U is compact and X € Ty, there exist
open subsets Uy and U; of X such that yo € Uy, A\U C Uy and UyNU; = 2.
We set G = A\ U;. Then G € U™, and therefore clyG € W+. We will
show that yg € clxG. Let V be an arbitrary neighbourhood of yo in X. We
set Vo = VN Uy. Then Vj is a neighbourhood of 3y in X, and therefore
ANVy# @. Since A=GU(ANU;) and (ANU;)NVy = &, we obtain that
ANVy = GNVy. Consequently GNVy # &, and hence GNV # &. Since V was
an arbitrary neighbourhood of yy in X, we conclude that yy € clxG, which
together with clxG € W™ implies yo € W. Thus, we obtain a contradiction,
since, by definition, W = X \ {yo}. Therefore, A is a closed subset of X.[J

(«<=) Let A be a closed subset of X. Then it is easy to check that the map
ta,x is continuous.l

Corollary 3.5. HS(T,T3) = {discrete spaces} for T € {F+,F}.
Let’s recall the following statement.

Theorem 3.6 (A.H.Stone [7, Theorem 1, (1) and (5)]). Let X be a
topological space. Then X is hereditarily compact iff every strictly decreasing
sequence of closed subsets of X is finite.

Proposition 3.7. Let X € HS(F',T1). Then every closed compact subspace
of X 1is hereditarily compact.

Proof. First we will show that if M is a proper closed compact subspace of X,
then M is hereditarily compact. Let W = X \ M. Then W is a non-empty
open subset of X such that X \ W is compact. Therefore W is an open
subset of CL(X). Let N be an arbitrary subspace of M. We will show that N
is compact. We set A = W U N and fix a point xg € W. Then, since X € 7T,
the set {zo} is closed in A and clx{xo} € WT. The continuity of i4 _x implies
that there exists a neighbourhood U™ of {x¢} such that UT € BFT(A) and
iax(UT) C WT. From the last inclusion, we obtain that U C W (because
X € T7). Consequently N = A\ W C A\ U. On the other hand, we have that
N = M N A, and therefore N is closed in A. Then N is closed in A\ U, which
is compact. Hence, N is compact. Therefore, M is hereditarily compact.
Now we will show that if X is compact, then X is hereditarily compact.
By theorem 3.6, it is enough to prove that every strictly decreasing sequence
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My 2 My 2 My 2 ... of closed subsets of X is finite. The space M; is a
proper closed subset of X and M; is compact. Hence, by the first part of our
proof, we obtain that M; is hereditarily compact. Now, by theorem 3.6, the
sequence My 2 My 2 ... is finite. Therefore, the original sequence is finite,
too.l

Example 3.8. We will show that the necessary condition, stated in 3.7, is not
sufficient. Let K be the set of the real numbers, endowed with the topology,
generated by the base:

{la,a+¢e)\S:a€ K,e >0 and |S| < Rg}.

Since the compact subspaces of K are precisely the finite subspaces, every
closed compact subspace of K is hereditarily compact. On the other hand, K
is Hausdorff and non-discrete. Therefore, by 3.5, K doesn’t belong to the class
HS(F*,73). Hence, K ¢ HS(F*,7;).1

Example 3.9. We will show that HS(F ", 71\ T2) & T1 \ T».

By 3.6, it is enough to construct a space X € 77 \ 73 which has a closed,
compact, non-hereditarily compact subspace M. We set Y = N,

71 ={U C N: 2N\ U is finite or empty},

79 = {U C 2N : 4N\ U is finite or empty},
and 7 = 7y U1y U {@}.The verification that 7 is a topology is strightforward.
We set M = 2N U {1} and endow M with the topology, induced by 7. Next,
we set X = M & P, where P = {x} is one-point space and * ¢ Y.Then:

a) M is a closed subset of X;

b) M is compact: let {U, : v € I'} be a collection of open subsets of YV’
which covers M. Then 1 € U, for some « € I'. We have U, # @ and U, ¢ 2N.
Hence U, € 71, and therefore 2N\ U,, is finite or empty. Now, it is easy to find
a finite subcovering of M;

¢) M is not-hereditarily compact: {4N\ {4k — 2} : £k € N} is an open
covering of 2N which has not a finite subcovering. Therefore, 2N is a non-
compact subspace of M.

Finally, it is easy to see that X € 7; \ 72.1

Example 3.10. We will show that COM(F*,7; \ T2) # &. Indeed, every
infinite set, endowed with the cofinite topology, belongs to the class

COMFH, T\ T) R
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4. D-PROXIMAL HYPERTOPOLOGY ¢

Definition 4.1. Let (X,4) be a uniform space. The lower d-proximal hyper-
topology 6~ on C'L(X) coincides, by definition, with the lower Vietoris hyper-
topology V™~ on CL(X). The upper d-prozimal hypertopology 6™ on CL(X) has
for a base the family {G** : G is open in X }. The d-prozimal hypertopology &
on CL(X) is the supremum of §~ and §7.

In this section we will investigate the case T = 6T (see §1 for T) but, by
lemma 2.1, all results formulated here will be true also for the case T = 9.

Proposition 4.2. Let (X, ) be a uniform space, and let (A,D) be a subspace
of (X,80) (where U is the restriction of the uniformity 4 on A x A). Then the
map i x : (CL(A),07 (L)) — (CL(X),dt (W) is:

(a) continuous;

(b) inversely continuous.

Proof. (a) Let F € CL(A), and let OT" be a neighbourhood of clxF in
CL(X).
Then there exists U € 4 such that Bx(clx F,U) C O. Choose W € I such
that 3W C U and set Q = ANintx(Bx(clx F,W)). Then @ is open in A, and
hence Q@ is open in CL(A). We will show that:

1) Q™" is a neighbourhood of F in CL(A);

2) iA,X(Q++) C O+,

Proof of 1). We must show only that ' € Q**. We choose U; € i such that
2U; € W and set V.= U; N (A x A). We will show that B4(F,V) C Q.
Let h € Ba(F,V). In order to prove that h € @, it suffices to check that
Bx(h,U;) C Bx(clxF,W). Let g € Bx(h,U;). Then (h,g) € U;. Since
h € Bo(F,V), we can find f € F such that (f,h) € V C U;. From (h,g) € Uy
and (f,h) € Uy, we obtain that (f,g) € Uy + U; = 2U; C W. Therefore,
g € Bx(f,W), and hence g € Bx(clxF,W).0J

Proof of 2). Let G be an arbitrary element of Q**. We will show that
Bx(clxG,W) C O. Let h € Bx(clxG,W). Then there exists h; € clxG such
that (h,h1) € W. For this hy we can find g € G such that g € Bx(hy, W).
Then (hy,g9) € W.

Since G € Q1T, we have that BAo(G,V) C Q for some V € . Then
g € BA(G,V) C Bx(clxF,W), and therefore we can find f € clx F such that
(g, f) € W. Finally, from (h,h,) € W, (h1,g9) € W and (g, f) € W, we obtain
that (h, f) e W+ W +W =3W CU. Hence h € Bx(f,U) C Bx(clxF,U) C
0.0



ON THE COMMUTABILITY BETWEEN HYPERSPACES AND SUBSPACES 9

(b) Let F € CL(A), and let QT be a neighbourhood of F in CL(A). Then
there exists V' € U such that B4 (F,U) C Q. Since U is the restriction of 4 on
A x A, there exists U € U such that V= U N (A x A). Choose W € i such
that 3W C U and set O = intx(Bx(clxF,W)). Then O is open in X, and
hence O*™ is open in CL(X). We will show that:

1) O** is a neighbourhood of clx F in CL(X);

2) i ' (OT) C Q.

Proof of 1). We must show only that clx F € OT*. Choose W; € U such that
2W; € W. We will show that Bx (clx F, W) C O. Let h € Bx (clx F,Wy). For
providing that h € O, it suffices to check that Bx (h, W) C Bx(clx F,W). Let
g € Bx(h,W1). Then (g,h) € W;.Since h € Bx(clxF,W;) we can find f €
clx F such that (h, f) € Wi. From (g, h) € W7 and (h, f) € W7, we obtain that
(9, f) € W1 + Wy =2W; CW. Therefore, g € Bx(f,W) C Bx(clxF,W).0J

Proof of 2). Let G € CL(A) be such that clyG € OT*. We will show that
BA(GaWN(AxA) CQ. Let h € BA(G,W N (A x A)). Then there exists
g € G such that (h,g) € W. From clxG € O and g € G, it follows that there
exist f1 € clx F such that (g, f1) € W. For this f; we can find f € F such that
f € Bx(f1,W). Then (f1, f) € W .Finally, from (h,g) € W, (g, f1) € W and
(f1,f) € W, we obtain that (h, f) € W+W+W = 3W C U. But h, f € A, and
therefore (h, f) e UN (A x A) =V. Hence, h € BA(f,V) C Ba(F, V) C Q.1

Corollary 4.3. HS(T,T31) =THS(T,T31) = COM(T, T;1) = T3
for T € {6%,6}.

1
2

5. HAUSDORFF UNIFORM HYPERTOPOLOGY H

Definition 5.1. Let (X,4) be a uniform space. For every U € 4 we set
H(U) = {(F\G) € CL(X) x CL(X) : F C Bx(G,U) and G C Bx(F,U)}.

The Hausdorff uniformity 4 on C'L(X) has for a uniformity base the collection
{H(U) : U € U}. The Hausdorff uniform hypertopology H on CL(X) is the

topology induced by the Hausdorff uniformity £l on CL(X).

In this section the hyperspaces CL(X) and CL(A) will be endowed with
the Hausdorff uniformities.

Proposition 5.2. Let (X, ) be a uniform space, and let (A,V) be a subspace
of (X, ) (where U is the restriction of the uniformity 4 on A x A). Then the

map i x : (CL(A), D) — (CL(X),4) is:
(a) ([5, Corollary 5.4]) uniformly continuous;
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(b) inversely uniformly continuous.

Proof. (b) Let H(V) be an arbitrary element of the base of the Hausdorff
uniformity on CL(A) . Then V € U and V has the form V =W N (4 x A)
for some W € . Let U € 4 be such that 20 C W. We will show that
(iax Xiax) H(HU)) CH(V).

Let (clxF,clxG) € H(U), where F,G € CL(A). Let x € F. Then z €
clxF C Bx(clxG,U). Hence there exists z € c¢lxG such that (z,z) € U.
Since z € clxG, we can find y € G such that (z,y) € U. From (x,z) € U and
(z,y) € U, we obtain that (z,y) € U+ U =2U C W. Since z,y € A, we have
that (z,y) € W N (A x A) = V. Consequently, x € Ba(y,V) C Ba(G,V).
Thus, we showed that ' C B4(G,V). In a similar way we prove that G C
B (F,V). Therefore, (F,G) € H(V).1

Corollary 5.3. HS(H,T51) =IHS(H,T31) = COM(H, T31) =Ty

D=

6. LOCALLY FINITE HYPERTOPOLOGY LF

Definition 6.1. Let X be a topological space. The lower locally finite hyper-
topology LF~ on C'L(X) has for a base all sets of the form O~ = {F € CL(X) :
FNG # @ for every G € O}, where O is an open locally finite family. The up-
per locally finite hypertopology LFT on CL(X) coicides, by definition, with the
upper Vietoris hypertopology V* on CL(X). The locally finite hypertopology
LF on CL(X) is the supremum of LF~ and LFT.

Proposition 6.2. Let X be a topological space, and let A be a subspace of X .
Then the map ia x : (CL(A),LF~(A)) — (CL(X),LF (X)) is cotinuous.

Proof. Let F € CL(A). Let us fix a neighbourhood of ¢lx F' from the base of
LF~-hypertopology on C'L(X). This neighbourhood has the form O~ where
O = {0, : v € I'} is an open locally finite family in X. Then Q@ = {O, N A :
~v € I'} is an open locally finite family in A. It is easy to check that F' € Q~
and i4 x(Q7) € O~. Therefore, the map i4 x is continuous with respect to

LF- 1

Proposition 6.3. Let X € 71, and let A be a subspace of X. Then:

(a) the map 14 x : (CL(A),LF(A)) — (CL(X),LF(X)) is continuous iff
the map ia x : (CL(A), LFt(A)) — (CL(X),LFT (X)) is continuous;

(b) the map ia x : (CL(A),LF(A)) — (CL(X),LF (X)) is inversely con-
tinuous iff both maps ia x : (CL(A), £.7-"+( )) — (CL(X),LFT (X)) and
iax : (CL(A),LF(A)) — (CL(X),LF (X)) are inversely continuous.
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Proof. (a)(=>) Let the map i4 x be continuous with respect to LF. Let
F € CL(A), and let U be a neighbourhood of ¢lx F from the base of LF*-
hypertopology on CL(X). By the continuity of i4 x with respect to LF, there
exist an open subset V' of A and an open locally finite family O in A such that
FeO NVt andig x(O-NV*T) CUT. Obviously F' € V. We will show
that ig x(VT)CUT.

Let O = {O, : v € I'}. For every v € I we choose a point z, € F'N O,
and set C' = {z, : vy €I'}. Then C € CL(A). Indeed, let x € A\ C. Since O
is a locally finite family, there exists a neighbourhood W, of x in A such that

the set I'g = {y € T' : W, N O, # @} is finite. Then, since A € 77, the set

w ! (Nyery A\ {z4}) N W, is open in A, and x € W, but WNC = @.

Let now G be an arbitrary element of V. We set Gy = G U C. Then
Gy € V*. In addition, for every v € I, G1 N O 2 {z,} # @. Consequently
Gi1 € O~ N VT and therefore clxG; € UT. Hence clxG C clxG; C U.
Therefore, ia x(G) = clxG € UT.0]

(«<=) Let the map i4_x be continuous with respect to LF'. By 6.2 the map
ia,x is continuous with respect to LF~. Therefore, since LF = LF~ V LFT,
it is clear that i4 x is continuous with respect to LF.OI

(b)(=) Let the map i4 x be inversely continuous with respect to LF. Let
F € CL(A), and let V* be a neighbourhood of F from the base of LF*-
hypertopology on CL(A). Since the map i4,x is inversely continuous with
respect to LF, there exist an open subset U of X and an open locally finite
family O = {O, : v € '} in X such that clx F € O~ NU* and i;‘}X(O_ﬂUJF) C
V*. Obviously cix F € Ut. We will show that i, 'y (UT) C V.

From clx F' € O~ it follows that clx F'N O, # &. But O, is open in X and
therefore N O, # &. For every v € I' we choose a point z, € F'N O, and set
C={z,:veTl}.

Let now clxG (G € CL(A)) be an arbitrary element of UT. We set Gy =
GUC. Then clxG1 = clxGUclxC C clxGUclx F C U, and therefore clxG; €
UT. In addition, for every v € T, clxG1 N O, 2 {z,} # @. Consequently
clxG, € O~. From clxG1 € O~ NnUT it follows that G; € V*. Hence
G C G, C V. Therefore iZ}X(chG) =GeVT.

Thus we proved that the map 74 x is inversely continuous with respect to
LF*. Now we will show that the map 4 x is inversely continuous with respect
to LF~.

Let FF € CL(A), and let us fix a neighbourhood of F' from the base of
LF~-hypertopology on C'L(A). This neighbourhood has the form O~ where
O = {0, : v € T'} is an open locally finite family in A. Since the map i x is
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inversely continuous with respect to LF, there exist an open subset U of X and
an open locally finite family @ = {Q : A € A} in X such that clx FF € Q@ NU™T
and Z;}X(Q_ NUT)CO~. Weset P={QxNU: e A}. Then P is an open
locally finite family in X and clx F' € P~. We will show that iZ}X (P7)CO.

First we will prove the following statement: (x) for every v € I' there exists
A € A such that @ NUNA C O,. Suppose that there exists v € I" such that for
every A € A the set (QxNUNA)\ O, is non-empty. Then, for every A € A, we
choose a point ) € (QAxNUNA)\ O, and set C = {x) : A € A}. Since X € T;
and Q is a locally finite family in X, we easily obtain that C' € CL(X). Hence
C € CL(A). Obviously clxC = C € Q- NUT, but @'Z}X(CZXC') =C ¢ O~
because C'N O, = @. This is a contradiction because i;}X(Q_ NUYT)CO.
Thus, statement (x) is proved.

Let now clxG (G € CL(A)) be an arbitrary element of P~. Let v € T.
By statement (%), there exists A € A such that Qx NU NA C O,. From
clxG € P~ it follows that clxGN(QxNU) # &. But Q,NU is open in X, and
therefore GN(Q\NU) # @. Since G C A, we obtain that @ # GN(Q\NU) =
GN(@xNUNA) CGNO,. Consequently, for every vy € I', GN O, # @ ie.
G € O~ . Therefore, iZ}X(P_) co-.O0

(<=) Let the map i4 x be inversely continuous with respect to both LF~
and LFT. Since LF = LF~ V LFT, it is clear that the map i4 x is inversely
continuous with respect to LF .l

Corollary 6.4. (a) HS(LF,T1) = HS(V,T1) 2 1y;
(b) THS(LF, T,) = THS(LF~, 1) NTHS(V, T1);
(¢) COM(LF,T) =THS(LF~,T1) NCOM(V, T7).

Proof. By 6.3 and 2.1, we immediately obtain all equalities, and by N C
HS(V,Tp) [1, 1.3], we obtain the inclusion 7, C HS(V,7;).1

The class HS(V, 73) was extensively investigated in [1] and [2]. In [1] was
given an internal characterization of this class. In addition, [2] provided char-
acterizations of the classes ZHS(V,77) and COM(V, 7).

Example 6.5. We will show that COM(LF,T) G COM(V,T3). By 6.4(c),
it is clear that COM(LF,T3) € COM(V,T3). We will describe a space X €
COMV, T2) \COM(LF, Tz).

Let F be a free ultrafilter on N, let ¥ = NU{c} ( where ¢ ¢ N) and define a
topology on ¥ as follows: all points of N are isolated, and the neighbourhoods of
o are the sets UU{o} for U € F. By [2, 2.14], ¥ € COM(V,7T3). On the other
hand ¥ ¢ COM(LF,T3). Indeed, let us set A = N. Then O = {{z} : x € A}
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is an open locally finite family in A and A € O~. Let us assume that the map
ia,x is inversely continuous with respect to LF~. Then there exists an open
locally finite family @ = {Qx : A € A} in X such that X = clxA € Q™ and
Z'Z’IX(Q_) C O~ = A. By statement (x) from the proof of 6.3(b)(=) it follows
that for every z € A there exists A(x) € A such that Q) N A C {z} i.e. such
that Q) = {7} or Qi) = {z,0}. Now it is clear that every neighbourhood
of the point o intersects infinite number of elements of Q. Consequently,
the family Q is not locally finite. This is a contradiction which shows that

the map i4 x is not inversely continuous with respect to LF~. Therefore
X ¢ COM(LF,T3). Hence, by 6.3(b), it follows that ¥ ¢ COM(LF,T>).M

Example 6.6. The class COM(LF,7;) is non-empty. Indeed, it is easy to
check that every discrete space as well as every infinite set, endowed with the
cofinite topology, belong to the class COM(LF,7;).1

7. WILISMAN HYPERTOPOLOGY W

Definition 7.1. Let (X,4) be a uniform space, and let the uniformity 4 be
generated by a family 3 of pseudometrics on X. The Wijsman hypertopology W
on C'L(X) is the weakest topology on C'L(X), such that for each z € X and for
each pseudometric p € B, the map F' — p(x, F'), from CL(X) to R, is continu-
ous. For a metric space (X, d) the above definition transforms into the following
one: The lower Wijsman hypertopology VYW~ on C' L(X) coincides, by definition,
with the lower Vietoris hypertopology V= on CL(X); the upper Wijsman hy-
pertopology Wt on CL(X) has for a subbase the family {Wx (z,7) : = €
X,r € R}, where Wx (z,7) = {F € CL(X) : there exist a real number R =
R(F) such that R > r and F N Bx(z, R) = @}; the Wijsman hypertopology VW
on CL(X) is the supremum of W~ and W.

In this section (except in 7.2) we will investigate the case T = W (see §1
for T') but, by lemma 2.1, all results formulated here will be true also for the
case ' = W.

Proposition 7.2. Let (X,4) be a uniform space, and let the uniformity 4 be
generated by a family P of pseudometrics. Let (A,S0) be a subspace of (X, L)
( where the uniformity U is generated by the family Pa = {p|Ax A : p €
B}). Then the map is x : (CL(A), W(U)) — (CL(X),W(H)) is inversely
contInuUouUs.

Proof. For every x € X (resp. x € A) and for every p € B we denote by g,
(resp. fz,) the map from iy x(CL(A)) (resp. CL(A)) to R, defined by the
formula. g, ,(F) = p(z, F) (1ep. fo.,(F) = plz, F)).
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Then, by definition of the Wijsman hypertopology, it follows that the maps
9z,p (z € X, p € P) and the maps f, , (x € A, p € P) are continuous. In
addition, for fixed x € A and p € B the diagram:

1

(iax (CL(A)), W(H)) —2 (CL(A), W(D))

gz,pl J/foc,p
R

R —

is commutative. Really, for an arbitrary F' € CL(A), we have g, ,(cIxF) =
o, X F) = p(2, F) = fup(F) = fu (i’ (el F))

Let S = {f, ,(V):2z € A pePand V is open in R}. Then S is a subbase
of the Wijsman hypertopology on C'L(A). We will show that i4 x(U) is open
inia x(CL(A)) for each U € S.

Let U € S. Then U = f_ (V) for some open subset V of R, z € A4,

and p € PB. Consequently is x(U) = ia x(fy (V) = g5 ,(V). Since g, , is
continuous, the set g, (V) is open in i4, x (CL(A)). Hence the set is x (U) is

open in i4 x (CL(A)). Therefore, i4, x is inversely continuous.ll

Lemma 7.3. Let (X,d) be a metric space, A be a subset of X, and M be an
open totally bounded subspace of X such that M Nclx A # @. Then, for every
e > 0, there exists a finite subset C of M N A, which is e-dense in the space
M N Cle.

Proof. Let G be a finite, £/2-dense subset of M NclxA. For each g € G we
have M N Bx(g,e/2)NclxA D {g} # @. Since M N Bx(g,£/2) is open in X,
we obtain that M N Bx(g,£/2) N A # @. Then, for each g € G, we choose a
point ¢(g) € M N Bx(g,¢/2) N A and put C = {c(g) : ¢ € G}. This C is a
finite subset of M N A and it is easy to check that C is e-dense in M Nclx A.R

Let’s recall the following

Definition. Let (X, d) be a metric space. The metric d is called B-TB ( ball-
totally bounded) if every open d-ball, except X eventually, is totally bounded.

Obviously, every totally bounded metric is B-TB. The converse is not true.
For example, the standard Euclidean metric on R™ (n € N) is B-TB, but not
totally bounded.

Definition. Let (X, d) be a metric space. The metric d is called an ultrametric
if it is satisfies the following stronger form of the triangle inequality:
for every x,y,2 € X, d(z,y) = maz{d(z,y),d(y,2)}.
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Proposition 7.4. Let (X,d) be a metric space. If the metric d is either B-TB
or ultrametric, then, for every subspace A of X, the map
iax : (CL(A),WT(d|A x A)) — (CL(X),Wt(d)) is continuous.

Proof. Let F € CL(A), and let U be a neighbourhood of clx F' from the base
of W-hypertopology on CL(X). We are going to find a neighbourhood V of
F in CL(A) such that i4 x(V) C U.

The neighbourhood U has the form N*  Wx (2, %) for some z, € X and
r, 20, (k=1,...,m). Let k be fixed. Since clxF € Wx (xk,71), we can find
a real number Ry > 7y such that clx F'N Bx(z, Rx) = @. We choose a real
number [, such that Ry > I, > 7.

If clx AN Bx(xg,l;) = @, then i4 x (CL(A)) C Wx (zk,7k), and therefore
we can ignore the ingredient Wx (xx, 1) of U. Consequently, there is no loss
of generality in assuming that clx A N Bx (zg, k) # @.

Let’s regard first the case when d is B-TB. Since F' is non-empty and clx F'N
Bx (zk,lx) = @, we obtain that Bx(xg,lr) # X. Therefore, Bx(xg,l)) is
totally bounded. We set e = Ry — I, > 0. Then, by lemma 7.3 (we must
set there X = X, A = A/ M = Bx(zk,lx), e = € and C' = (%), there exists a
finite subset Cy of AN Bx (xk,lx), which is ex-dense in clx AN Bx (zk, lx). We
set Vi, = N{Wal(c,ex) :c € Cy} and V =N, V. Then V is open in CL(A).

For fixed k and ¢ (¢ € Ck) we set ¢ = Ry — d(c,z). Then € > ¢ and
FNBy(c,e) =@. Hence F € Wy(c,e). Therefore, F € V.

Let G € V. Then, for fixed k and ¢ (c € Cf), we have that G € Wa(c,ep).
Hence GNBy(c,ex) = @ and, since G C A, we obtain that GN Bx (¢, &) = 2.
Then clxGNBx(c,ex) = & too, because Bx (¢, &) is open in X. Consequently
cxGN (Ueee,Bx(c,er)) = @. But clx AN Bx(xk, k) C Ueee, Bx (¢, k), and
therefore clxG Nclx AN B)((:L'k,lk) = &. Hence clxG N Bx(l‘k,lk) = @ and,
since [, > 7y, we obtain that clxG € Wx (zy,ri). Hence, clxG € U.

Let’s now regard the case when d is an ultrametric. Then, for every k =
1,...,m, we choose a point ay € AN Bx (zk, ;) and set V.= N, Wa(a, ).
Since a € Bx (zg, R) and d is an ultrametric, we have By (ax, Rx) =
Bx (zk, Ri). Therefore F'N By(ag, Rx) C clx F N Bx(z, Rx) = @ and, since
Ry > li, we obtain that F' € Wy (ag,lx) (for each k = 1,...,m). Therefore,
FeV.

Let G € V. Then G N Bx(ag,lx) = @. Consequently @ = clxG N
Bx(ag,li) = clxG N Bx(zk,lx) and, since l > ri, we conclude that clxG €
Wx (zk, 7). Thus clxG € U. Therefore, iq x(V) C U.R

Proposition 7.5. Let (X,| ||) be a linear normed space (over R or C), d
be the metric, induced by the norm, and, for every subspace A of X, the map
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iax : (CL(A),WT(d|A x A)) — (CL(X),W*(d)) be continuous. Then the
metric d is B-TB.

Proof. We need a lemma first.

Lemma 7.6. In the assumptions of proposition 7.5, let € > 0, and let D =
{y e X :r =d(z,y) < R}, where x € X, r and R are possitive real numbers
such that 0 < R —r < /4. Then there ezists a finite e-dense subset of D.

Proof of Lemma 7.6. We set A =X \ Bx(z,r) and F = X \ Bx(x, R+ ¢/4).
Then F' is a non-empty closed subset of A and iy x(F) = clxF € Wx(x, R).
By the continuity of the map i 4 x, it follows that there exists a neighbourhood
V of F from the base of the W -hypertopology on C'L(A) such that is x (V) C
Wx (z, R). The neighbourhood V has the form N, W4 (ax, %) for some ay, €
Aandry 20 (k=1,...,m). Since F € V, for every k = 1,...,m, there exists
Ry, > ri such that F'N Bx(ag, Rk) = 9, i.e.
Bx(ak,Rk)ng($,R+€/4) (1)

Since i4,x (V) € Wx (x, R), we obtain that z € A\ U™, Bx (ax, Rx) implies
z ¢ Bx(z,R). Consequently ANBx (x, R) C U™, Bx(ax, Ry). But, obviously,
D=AnN Bx(l‘, R) Therefore, D C UznleX (ak, Rk) (2)

We are going to show that Ry < &/2 for every k = 1,...,m. Let k be
fixed. We set y = ax + (R — 9) (@x=2) "~ here § is such that 0 < & < Ry.

ak—x||’
Then y € Bx(ak, Ri) and, by (1),Hwe ol!tain that y € Bx(z, R+ ¢/4). Hence
R+e/4 > |ly—z| = |lax—z||+Rr—0. From ay, € A, it follows that ||ax—z| = r,
and therefore R+ ¢/4 > r + Ry, — 6. Consequently Ry, —§ < (R —r) +¢/4 for
every 0 € (0, Ry). Hence, R, S (R—r)+¢e/d<e/d+e/d=¢/2.

From R, < €/2 (for each k = 1,...,m) and (2), we obtain that D C
Ui, Bx (ak,€/2). Obviously, there is no loss of generality in assuming that
DN Bx(ag,e/2) # @ for every k = 1,...,m. For every k =1, ..., m we choose
a point ¢, € DN Bx(ak,e/2) and set C = {c1,...,¢n}. Then C is a finite
e-dense subset of D. Thus, the proof of lemma 7.6 is completed.[]

Now, we are going to show that the metric d is B-TB. Let Bx(zo, Rop)
be an arbitrary open d-ball and ¢ > 0. We choose m € N such that % <
£, ie 2B < m Forevery k=1,...,m weset Dy = {y € X : Bo(k—1) <
d(zo,y) < %k‘} For every k = 2,...,m, the set Dj satisfies the condi-
tions of lemma 7.6. Therefore, for every k = 2,...,m, there exists a finite
e-dense subset of Djy. Obviously, the set {xg} is e-dense in D;. Then, from
Bx (z0, Ro) = UjL, Dy, we conclude that there exists a finite e-dense subset of

Bx (zo, Ry). B
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Corollary 7.7. HS(T, Lin.norm.sp.) = COM(T, Lin.norm.sp.) =
= { finite dimensional spaces } for T € {W,W+}.

Example 7.8. We will costruct a metric space (X,d) such that the metric
d is neither B-TB, nor ultrametric, but, for every subspace A of X, the map
iax : (CL(A),WT(d|A x A)) — (CL(X),WT(d)) is continuous.

Let (X1,d1) and (X2,d3) be bounded metric spaces such that d; is an ul-
trametric which is not B-TB and the metric ds is B-TB, but not ultrametric.
Then we set X = X; & X5 and define a metric d on X by the following way:

dl(xvy) lf T,y S Xl
d(z,y) = < da(z,y) if x,y € Xy

M in all other cases,

where M is a constant which bounds both d; and dy. By proposition 7.3,
(X1,d1) and (X2, ds) belong to the class HS(OW™', Metr.sp.). Then, it is easy
to check that the sum (X, d) belongs to HS(W™, Metr.sp.) too, but, evidently,
the metric d is neither B-TB, nor ultrametric. Therefore, it suffices to find
spaces (X1,d;) and (X3, ds) with the above properties.

Obviously, the interval [0,1] endowed with the standard Euclidean metric
has all properties of (X3, d2). Now we will construct the space (Xi,d;). Let
X1 be the set of all formal power series of an argument x over the ring Z of
the integers. For arbitrary elements f =3 /- arx® and g = Y oreo bra® of X,
we put: f = ¢ (mod z®) iff for every kK = 0,...,s — 1 we have that a; = by.
For every non-zero element f of X7 we put: v(f) = max{s: f =0 (mod z*)}.
When f,g € X1, we put :

p’U=9) if f is different from g
0 if f coincides with g,

dl <f7 g) = {
where p is a fixed real number between 0 and 1.

Let f = 220:0 arz®, n €N, and € = p”. We will show that the open ball
B(f,p"!) has not a finite e-dense subset. Let’s assume that {h;}7, is a
e-dense subset of B(f,p" !). Let a be an integer which is different from the
coefficient of 2™ in hy, for every k =1,...,m. We set h = ( Z;; arx®) + az™.
Then f—h =0 (mod z") and hy —h # 0 (mod ") for every k =1,...,m.
Therefore h € B(f, p" 1), but h & B(hg, p") for every k =1,...,m. Thus we
obtain a contradiction, which shows that B(f, p""!) is not totally bounded.
Hence, d; is not B-TB.H
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8. PROXIMAL BALL HYPERTOPOLOGY B¢

Definition 8.1. Let (X,d) be a metric space. The lower proximal ball hy-
pertopology B6~ on CL(X) coincides, by definition, with the lower Vietoris
hypertopology V™ on CL(X). The upper proximal ball hypertopology BS* on
CL(X) has for a subbase the family {(X \ Bx(z,¢))** : 2 € X and ¢ € R}.
The prozimal ball hypertopology B6 on C'L(X) is the supremum of BJ~ and
BsT.

Proposition 8.2 ([4, (15.5)]). Let (X,d) be a metric space, and let the
metric d be B-TB. Then the prozimal ball hypertopology B on CL(X) and the
Wijsman hypertopology W on CL(X) coincide.

Proposition 8.3. Let (X, d) be a metric space, and let the metric d be B-TB.
Then (X, d) belongs to the class COM(T, Metr.sp.) for T € {B§,B5}.

Proof. Propositions 8.2, 7.2 and 7.4 imply that (X,d) € COM(BJ, Metr.sp.).
Then, by lemma 2.1, we obtain that (X,d) € COM(BST, Metr.sp.).R
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