
Spring 2008, Math706 – Numerical Linear Algebra

Homework 6

1. Suppose Arnoldi iteration is executed for a particular A and b until at some step n,
an entry hn+1,n = 0 is encountered.

(a) Show how AQn = Qn+1H̃n can be simplified in this case. What does this imply
about the structure of a full m×m Hessenberg reduction A = QHQ of A?

(b) Show that Kn is an invariant subspace of A, i.e., AKn ⊆ Kn.

(c) Show that Kn=Kn+1=Kn+2=· · · .
(d) Show that each eigenvalue of Hn is an eigenvalue of A.

(e) Show that if A is nonsingular, then the solution x of the system Ax = b lies in
Kn.

2. The recurrence xn+1 = xn + αrn = xn + α(b−Axn), where α is a scalar constant, is
known as a Richardson iteration.

(a) What polynomial p(A) at step n does this correspond to?

(b) What choice of α would you recommend for the matrix A of Example 35.1 in the
textbook and what would you expect to be the corresponding convergence rate?
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
a. Show that (I−A)k = 0.

b. Assume that the GMRES is used to solve a linear system Ax = b. What is the
maximum number of steps that GMRES would require to converge to the exact
solution?

4. The conjugate gradient method is applied to a spd matrix A with the result ‖e0‖A = 1,
‖e10‖A = 2 × 2−10. Based solely on this data, what bound can you give on κ2(A)?
What bound can you give on ‖e20‖A?

5. We have describe CG as an iterative minimization of the function φ(x) = 1
2
xTAx−xTb.

Another way to minimize φ – far slower in general – is by the method of steepest descent.

(a) Derive the formula ∇φ(x) = −r for the gradient of φ(x). Thus the steepest
descent iteration corresponds to the choice pn = rn instead of pn = rn + βnpn−1

in the CG Algorithm.
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(b) Determine the formula for the optimal step length αn of the steepest descent
iteration.

(c) Write down the full steepest descent iteration.
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