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Abstract

Graph labellings form an important graph theory model for the channel assignmen
problem. An optimum labelling usually depends on one or more parameters that
ensureminimum separationsbetween frequenciesassignedto nearby transmitters.
The study of spansand of the structure of optimum labellings as functions of suc
parameters has attracted substartial attention from researters, leading to the in-
troduction of real number graph labellings and -graphs. We survey recert results
obtained in this area.

The conceptof real number graph labellings was introduced a few yearsago,
and in the sequel,a more generalconceptof -graphsappeared.Though the
two conceptsare quite new, they are so natural that there are already many
results on ead. In fact, even someolder results fall in this area, but their
authors useda di erent mathematical languageto state their achievemerts.
Sincemany of theseresultsaresorecen that they arejust appearingin various
journals, we would like to o er the readera single referencefor the state of
art aswell asto draw attention to someolder resultsthat fall in this area.
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1 Graph labellings and the channel assignment problem

Graph theory modelsfor radio frequencyassignmenh problemscan be traced
bad to the early 1980'sin the paper of Hale [31]. Sincethen, se\eral di erent
forms of graph colorings were deweloped to model sud problems, e.g., the
model of T -coloringsof graphs,which forbids certain di erencesbetweenlabels
at adjacert vertices[47]. There are se\eral surweys,e.g.[1,11],that provide an
overview of di erent approatestaken and results obtained in this area.

Basedon a transmitter frequencyproblem related to him by Lanfear, in 1988
Roberts proposeda newassignmeh problemwith two levelsof interference[48]
which Griggsadaptedto graphsand extendedto a moregeneralgraph problem

integerssud that vertices at distance exactly i receiw labelsthat dier by
at least p;. The maximum label assignedto any vertex is called the span

labelling of the smallestspan. The smallestspanof sud a labelling is denoted
by .. (G). Becauseof practical applications, the distance constrairts are
often consideredo decreasavith the distance[6],i.e.,p1 P2 pe 1.
Howeer, there also appearsin practical applications the casep; = O;p, =

1[5,33].

The ideabehind this model is the following: radio-transmitters arerepreseted

by verticesof a graph and thosethat are very closeare joined by edges.The

highest level of interferenceappears among transmitters represeied by ad-

jacert vertices. Howewer, someinterferencestill appearsamongtransmitters

represeted by verticesat distancetwo, three, etc. In order to assignfrequen-
ciese ciently from the available range, we seekan assignmenh of frequencies
from the shortest possibleinterval sud that the frequenciesassignedto very

closetransmitters dier a lot (in order to avoid interference),while the fre-

guenciesassignedo transmitters that are closebut not very closedi er less.
This idea directly leadsto the distance-constrainedlabellings of graphs as
introducedin the previous paragraph.

Distance-constrainedabellingsare closelyrelated to ordinary graph colorings:
If pp = ::: = px = 1,thenthe problemreducedo the coloring of the k-th power

of the graph G. Hence,many results on coloringsof graph powerstranslate to

distance-constrainedabellings and vice versa. As an example, the readeris

referredto the work of Molloy and Salavatip our [45,46]on coloringsof squares
of planar graphs.

The fundamenal caseof distance-constrainedabelling (basedon the problem
of Lanfear and Roberts) is whenp; = 2 and p, = 1. A major open problemon



L (2; 1)-labellingsof graphsis the conjectureof Griggsand Yeh[30]that asserts
that ewery graph G with maximum degree 2 hasan L(2;1)-labelling of
span at most 2. The conjectureis still open almost 15 years after it was
published.In a seriesof papers[30,15,40,23]the original upper bound 2+ 2
on ,.1(G) of such graphsG hasbeendecreaseduccessigly to the currernt best
bound of Goncalves[23], 2+ 2. The conjecturewas veri ed for se\eral
special classesof graphs, including graphs of maximum degreetwo, chordal
graphs([50], seealso[14,36]),Hamiltonian cubic graphs[34]and planar graphs
with maximum degree 6 3 [4]. Becauseof practical applications of the
distance-constrainedabelling, it is not surprising that there is alsoa growing
body of paperson their algorithmic aspects[2,7,18,19,35,43].

McDiarmid's survey [42]dealswith a generalversionofthe channelassignment
problem which is descrited by a graph G in which ead edgee is assigned
a positive integer weight (separation) w(e). We consider labellings ¢ of the
vertices of G with positive integerssud that the labels of adjacen vertices
u andv dier by at leastw(uv). The span of the labelling c is its maximum
label. The goalis to nd a labelling of minimum span. When the weighs of
all edgesequal one, then the minimum spanis just the chromatic number of
G.

It is not hard to seethat distance-constrainedabellings of graphswith con-
straints at distanceat mostk canbe viewed asa specialinstanceof the channel
assignmenh problem with the underlying graph being the k-th power of the
original graph G.

To capture better someof the properties of distance-constrainedabellings as
a function of the separationsp;, Griggs was led to introduce the more gen-
eral model of real numter labellings with distance constrairts [26]. An even

more generalmodel, -graphs,waslater proposedby Babilon et al. [3], which

is a special caseof the channel assignmen problem, in which there are only

k possible edge weights, except that the labels and weights are real num-

bers, not integers. Theoretical results for distance-constrainedabellings can

be extendedto -graphs,and se\eral openconjectureson distance-constrained
labellings were proven in the more general -graph cortext.

We introduce these real number labellings in the next section, and survey
the main results about them in the following sections,including the general
theoretical results as well as formulas for speci ¢ nite and in nite graphs.
We concludewith someof the prominert open problems.



2 Labellings with variable weights

Graph labellingswith real numberswere rst mertioned in the paper of Griggs
and Yeh [30]. They obsened that the study of L(2d;d)-labellings of graphs
for a real number d is equivalert to the study of L(2;1)-labellings by the

Scaling Property that we recall later. Subsequetly, people worked out the

optimal L(p;q)-spans of specic graphs as functions of (integers) p and q.

Among these, Georgesand Mauro [22] determine spansof optimal L(p;q)-

labellings of in nite d-regular trees,and van den Heuwel et al. [32] and Leese
and Noble[41] provide resultsfor the circular versionof the problem. A natural

generalizationof distance-constrainedabellings basedon ideas above is the

notion of real numter graph lakellings introduced by Griggs and Jin [26].

labelling f is equal to the di erence of the supremum and the in m um of
the labels, i.e., sup,,y ) f (V)  infyay () f (V). The inmum of the span of

By the Compactness$rinciple, if the maximum degreeof agraph G is bounded,
there exists a labelling of nite span.On the other hand, if k 2 and G con-
tains vertices of arbitrarily large degree,then G neednot have a labelling of
nite span. Sincethe labels of an optimum labelling f canbe madenonnega-
tive by subtracting inf,,y () f (v) from the label of eat vertex, there is always
an optimum labelling with nonnegatie reals.Hence,we can require the labels
f (v) of the verticesto be nonnegatie realsand de ne the spanof the labelling
to be the suprenum of the labelsusedin the labelling. The spansof optimum
labellings with nonnegatiw reals coincidewith  4(G; py;:::;py).

piecewiselinear function of its parameterson [0; 1 ). We sa that a function is
piecewiselinear, if there existsa partition ofits domaininto (possiblyin nitely
many) measurableparts sud that the function is linear on eat of them.



In particular, if k = 2, the valuesof 9(G;p.;p.) are fully determinedby the
valuesof the function for p, = 1. Hence,we often descrilte only the valuesof
4(G; x; 1) instead of giving the ertire description of the function 9(G;x; y).

The instancesof the channel assignmenh problem derived from distance-con-
strained labellings of graphs are of special structure. Howeer, there is no
needto restrict oursehesto the channel assignmet problems only of this
type. Similarly, asreal number graph labellingsgeneralizedistance-constrained
labellings of graphs, we can generalizethe notion of the channel assignmenh
problem. A -graphG is a graph with k typesof edgesWe allow two vertices
to bejoined by seeral edgesof di erent types.A labelling f of the verticesof
the -graph G with nonnegatiwe real numbersis saidto be proper with respect

by an edgeof the i-th type di er by at leastx;. The span of the labelling is the
suprenum of the labels of the vertices. The in m um of the spansof proper

as a k-parameterfunction form the -function of G.

It isimportant to note for the remainderof the paper, we will always implicitly

statemert that G (viewedasan ordinary graph) canbe colored(in the ordinary
sense)with a nite number of colors.

The results of [26] on real number graph labellings readily translate to the
more generalsetting of -graphs:

Theorem 1 Let G be a (possiblyin nite) -graph with k types of edges.The
-function of G is a continuous, non-decreasing and piecewiselinear function

It is not hard to seethat the -function alsosatis es the Scaling Property:

Theorem 2 (Scaling Prop erty) Let G be a (possiblyin nite) -graphwith
k typesof edgesand ;Xi;:::;Xx nonneyativereals. It holdsthat:

underlying graph of) G decreaseddy one, our assumptionthat the function
c iIswell-de ned is equivalert to the assumptionthat G hasa nite chromatic
number.

The notion of -graphs provides us with a more generalframework for the



Let us considerthe following -graph G with k typesof edgesthe vertices of
G are the sameasthoseof H and two verticesu and v are joined by an edge
of the i-th type,1 i Kk, if their distancein H is exactlyi. It is easyto see
that the following holds:

Becauseof this closeconnection,we decidedto use similar notations for the
functions describing spansof optimum labellings of -graphs and optimum
real number graph labellings.

In the rest of this paper, we survey results obtained on real number graph
labellings and -graphs. We start with generalresults obtained in this area
and we then focuson results obtained for speci ¢ in nite and nite graphs.

3 General structural results

In this section,we survey generalresultson -graphsand real number graph
labellings. One of the rst questionsthat comesto mind is whether the setsof
labelsusedin an optimum labelling canbe assumedo be of somespecialform.
The answer to this questionwasprovided in the paper [26]. They de ne the D-

with non-negatiwe integer coe cients. Let us remark at this point that N
denotesthe set of non-negatiwe integersthroughout the paper.
( & )
D(Xq;:::;Xk) = Xk forsome ; 2 N
i=1

The next theorem of [26] was proved for real number graph labellings, but its
proof readily translatesto the setting of -graphs(with nite spans):

Theorem 3 (Griggs and Jin [26]) Let G be a (possiblyin nite) -graph

Theorem3 can alsobe derived from a later theorem of Babilon et al. [3]: they
establishedan analogueof the classicalGallai-Roy Theorem for the channel
assignmen problem for an in nite underlying graph with nitely many edge-
weights. Recallthat the Gallai-Roy Theorem[20,49]statesthat the chromatic
number of a graph G decreasedyy oneis equalto the length (the number of
edges)of a longestoriented path of an orientation of G for which the length of



a longestpath is minimized. We state the result of [3] usingthe languageof -
graphs.An orientation of a graph G is saidto be nitary if thereis a constart
K 0 sudh that ewery oriented walk has length at most K. In particular,
a nitary orientation is acyclic and doesnot cortain in nite oriented paths.
Note that there could be an acyclic orientation without in nite oriented paths
that is not nitary . The weight of a path is the sum of the weights of its
edges.Finally, the weight of an orientation is the suprenum of the weights
of its oriented paths. Note that if the orientation of a -graphis nitary , the
suprenum is always attained and is nite (sinceG hasonly nitely many edge
types). Moreover, it can be shovn that there existsa nitary orientation of
minimum weight, and its weight is equalto the spanof an optimum labelling:

Theorem 4 (Babilon et al. [3]) Let G be a (possiblyin nite) -graphwith
is equal to the minimum weightof a nitary orientation of G.
Let us remark that the proof of Theorem 4 involvesthe Axiom of Choice.

Given a nitary orientation of the minimum weigh, it is easyto construct
an optimum labelling of a -graph G: let f (v) of a vertex v be the maximum
weight of an oriented path that endsat v. It is straightforward to ched that
the labelling f is a proper labelling of G and that its spanis equalto the
weight of the orientation. By Theorem 4, the labelling f is optimum.

We already know that the -function of any -graphis a cortinuous piecewise
linear function. A natural questionis whether the -function is always com-
prisedof only nitely marny linear parts. Griggsand Jin [26] proposedthat this

is true for real number graph labellings (the PiecewiseLinearity Conjecture).

They veri ed their conjecturefor nite graphs,and got more support for the

conjecture by verifying it for in nite graphs with conditions at distance at

most two. The proof of the conjecturefor -graphswith two typesof edgess

implicitly cortained in [3]. The conjecturewas evertually proved (for general
k) by Kral' [37]in the more generalsetting of -graphs.Moreover, he proved
it in the following stronger form (we state the result as Theorem5 later): not

only the -function of eath -graphis a piecewisdinear function comprisedof
nitely many parts, but, for every xed k 1and 1, there existsa single
nite partition of [0;1 )X sudh that the -function of every -graph with k

typesof edgesand chromatic number at most is linear on ewery part of the

partition.

Griggsand Jin [26]alsoconjecturedthat Theorem3 canbere ned in the sense
that it is enoughto considercombinations of the parameterswith nonnegatie
integercoe cien ts that do not exceeda constarnt dependingonly on G and not
the separationparametersx; themseles (the Coe cient Bound Conjecture).



P :
set of all numbers of the form }‘=1 iX; for someintegers i, 0 i A.
The conjectureassertsthat for every graph G and ewery integerk 1, there

Jin [26] made the stronger conjecture that the number A could be chosen
depending only on k and the maximum degree of G, not on G itself (the
Delta Bound Conjecture).

Both the Coe cient Bound Conjectureand the Delta Bound Conjecturewere
provenin [37]in a strongerform: rst, the proof worksin the moregeneralset-
ting of -graphs,and second,t works more generallyfor graphswith bounded
chromatic number , not just for thosewith boundedmaximum degree (note
that + 1). Let us now state the result.

Theorem 5 (Kr al' [37]) For everyk 1 and 1, there exist constants
A.. andBy. suchthatthespce[0;1 )X can be partitionedinto By. polyhedral
oones, such that the -function ¢(X1;:::;X,) of every -graph G (possibly

Even more surprising is the following consequenceoncerningthe number of
possible -functions of -graphs.

Theorem 6 (Kr al' [37]) There exist only nitely many (piecewise-linr)
functions that can be the -function of a -graphwith at mostk typesof edges
and chromatic numker at most

The key ingrediert of the proofsof Theorem5 and 6 is Theorem4. It is shavn
that for every xed k and , the length of the longest oriented path of a
minimum-weight nitary orientation of G canbe boundedby a constart Cy.
dependingonly on k and . Howewer, the constart Cy. grows enormouslyin
k. In particular, it is not even boundedby a tower function of k. We beliewe
that the boundsobtainedin [37]are far from optimal and canbe improved. In
particular, we think that Cy. canbe boundedby a function exponertial in k
and and maybe even polynomial in one of the parameters(seeProblem 24
in Section6).

BesidesTheorems5 and 6, the technique usedin [37] provides the following
generalizationof the CompactnessPrinciple to -graphs.

Theorem 7 (Kr al' [38]) Every -graphG with k typesof edgesand a nite
chromatic numker contains a nite sulgraph H suchthat g(X1;:::;Xk) =



subgraph H for ewvery choice of (Xq;:::;Xx), but it doesnot guarartee the
existenceof sudh a universal nite subgraphH. Also note Theorem 7 implies
the Piecewiselinearity Conjecture of Griggs and Jin.

We mertioned that the constaris Ax. and By. in Theorem5 arereally huge.
Substartially better boundsthan theseare known for real number graph la-
bellings with conditions at distanceat most two, aswell asfor -graphswith
two typesof edges.Hereis a re nement of Theorem5 for real number graph
labellings from [26].

Theorem 8 (Griggs and Jin [26]) Let G be a (possiblyin nite) graph G
with maximum degree . For all nonnegatlvereals X1;000 Xk, there is an opti-

Theorem5 can be re ned for -graphsG with two types of edgesusing the
next lemma:

Lemma 9 (Babilon et al. [3]) LetG bea (possiblyin nite) -graphG with
two types of edgesand let ,be the maxjmum degree of G. The -function is
a linear function on the set 0; W f1g.

By the ScalingProperty, the number of linear parts of the -function on[0;1 )?
is equal to the number of its linear parts on [0;1 ) flg. Fix a -graph G
with maximum degree, gpd let h(x) T &(X 1). By Lemma09, the function
h is linear on the intervals 0; W flgand[2 2+2 +1;1) fig.
By the CompactnessPrinciple, h(1) . An argumert usedin the proof of
Theorem4.5in [3] yieldsthat ewery linear pieceof h starts and endsat a point
of the form = where + (2 2+2 +1)=0( 2. Sincethere are at
most O( 8) sud points, the following re nement of Theorem5 holds:

Theorem 10 Let 1 be a xed integer. The space [0;1 )? can be parti-
tioned into at mosts = O( 9 parts S; :: 7 Ss such the -function of every

To conclude,we brie y mertion boundson the number of linear parts of nite
-graphsin terms of their orders.

Theorem 11 (Babilon et al. [3]) LetG a -graphof order n with two types
of edges.The numker of linear parts of its -function doesnot exeed O(n?).



As we discussin Section 6 before Problem 28, the functions 9(G;x; 1) for
most graphs G have the \up-down" behavior. The opposite type of behavior
is that the -function is either corvex or concave. In sud a case,the bound
of Theorem 11 can be signi cantly improved.

Theorem 12 (Babilon et al. [3]) Let G a -graphof order n that hastwo
types of edgessuchthat its -function is convex. The numler of linear parts
of ¢ doesnot exaeed O(n%2). Moreover, there existsa -graph G of order n
suchthat ¢ is a convexfunction with ( n%2) linear parts.

Babilon et al. [3] conjecturethat the bound on the number of parts cortained
in Theorem 11 can be improved to a linear function of n (seeProblem 25in
Section6).

4 Results on specic nite graphs

Determining optimal spans of real number graph labellings for particular

graphsis alsoimportant. Though determining the spanseven for small graphs
is quite challenging,thereis already a large family of graphsfor which spansof
their optimal real number labellings are known. For the reader'scorvenience,
we include someof them here. For paths and cycles,Georgesand Mauro [21]
worked out the valuesof 9(G;xy;x,) for integersx;  X» 1, which can
be extendedby the ScalingProperty and cortinuity to give 9(G;x; 1) for all

realsx 1. The results of [21] are extendedto x < 1 and proven in the real
number model in [27]. The new methods could also be helpful for computing
the optimal spansof real number graph labellings of other graphs.

Theorem 13 (Griggs and Jin [27], cf. Georges and Mauro [21]) The fol-
lowing valuesare spans of optimal real numkbker graph lakellings of the path P,
2 n 6

8

X; if n= 2,

1; fn=3and0 x 1=2,

2x; fn=3and1=2 x 1,

d Xx+ 1 ifn=3andx 1,

(Pn;x; 1) =
X+ 1;if n= 4,
x+ 1 ifn2f56gand0 x 1,
2x; ifn2f56gandl x 2, and
“x+2ifn2f56gandx 2

10



0 1 5 3 4 %

Fig. 1. The function 9(P,:x; 1) for paths P, with at least se\en vertices(n 7).

For paths P, with n 7 vertices, the following valuesare spans of optimal
lakellings: 8

x+ Lif0 x 1=2
§ 3, if1=2 x 253

WPuixi)=_ 20 if2=3 x 1,
% 2x;, ifl1 x 2 and

” x + 2; otherwise(x  2).

The function 9(P,;x; 1) is depictedin Figure 1.

Similarly asfor paths, the valuesof 9(C,;x; 1) for cyclesC, canbe inferred
for x 1 from the paper of Georgesand Mauro [21]. In [27], the results were
extendedto x < 1 and t in the scenarioof the real number graph labellings.
Note that unlike in the caseof paths, the optimal spanof a cycle dependsfor
large cyclesalsoon the congruenceclassof its length modulo twelve.

Theorem 14 (Griggs and Jin [27], cf. Georges and Mauro [21]) The fol-
lowing valuesare spans of optimal lakellings of the cycle C; and Cs:

%
%

© 2x; otherwise(n = 5andx 2).

if n=5and0 x 1=
4x;if n=5and1=2 x 1,
4

2x;if n=3,
2;
4Cn;x; 1) =

ifn=5and1l x 2, and

11



The valuesof spans of optimal lakellings of the cycleC, forn=4o0rn 6
are givenin the following table:

dCrix;1) | n 120 | n 1215711 |n 12210 n 1239 n 1248 |n 126
x 2 [0;1=2] X+ 1 2 2 2 X+ 1 2
X 2 [1=2; 2=3] 3x 2 2 2 3x 2
X 2 [2=3;1] 2 3X 3X 2 3x 2
x 2 [1;2] 2X X+ 2 X+ 2 2x X+ 2 2x
X 2 [2;3] X+ 2 2X 2X 22X X+ 2 2X
x2[3;1) X+ 2 2X X+ 3 22X X+ 2 X+ 3

Another classof graphsfor which the optimal spansof real number labellings
are known is the classof wheels(a wheel W,, is the graph obtained from the
cycle C, by adding a new vertex adjacen to all the vertices of the cycle).
In this case,the valuesof optimal spansfor large wheelsdepend only on the
parity of the basecycle.

Theorem 15 (Griggs and Jin [27]) The following valuesare spans of op-
timal lakellings of the wheels W3 and Wj:

8

§3x; if n= 3,
d x+1 ifn=4and0 x 1=3,
(Wh;x; 1) =

§4x; ifn=4and1=3 x 1, and

- 2X + 2; otherwise(n = 4andx 1).

For odd wheels W,,, n
following formula:

5, the spans of optimal lakellings are given by the

: n_t, ifo x 13,

% X+ 3% 0if 183 x  1=2
YWh;x; 1) = _ nx; if 1=2 x 1,

§x+n 1if1 x "2 and

3X; otherwise(x  1;1).

2

12



Finally, for evenwheels Wn, 6, we have:

4x+n=2 2;if 1=3 x 1=2,
Y(Whix; 1) = if =2 x 1,
% X+n 1 fl x n=2 1, and
2X + n=2; otherwise(x n=2 1).

§x+n—2 1, if0 x 1=3,

Other natural classe®f graphsto be consideredare completegraphsand com-
plete multipartite graphs.The function 9(K,;x;1)= (n 1)x for complete
graphsis straightforward to determine. A little more complexsituation is for
completebipartite graphs:

Theorem 16 (Griggs and Jin [29]) The following valuesare spans of op-
timal labkellings of the completebipartite graphKp,.n,, N1 Nyt

% maxfn, 1,n, 1+ Xg; if x 2 [0; 0:5],
KninosXs1)= _ (2n, 1)x+ maxing n, 1+ x;0g;if x 2 [0:5;1], and

:

X+ni+n, 2 otherwise.

There are mary other graphsG, e.g.,Knesergraphs[17], for which the values
of the function 9(G;x4;:::;x,) arestill not determined.lt is also of interest
to compute \maximal" spansfor important classesf graphs, sud as planar
graphswith boundeddegree.More precisely for a classG of graphsG, let us
dene 9(G;xy;:::;xk) asfollows:

The problem s then to determinethe valuesof the function 9(G;X1;:::;Xy)
for a given classG of graphs.Unfortunately, it seemghat a completesolution
ewven for planar graphswith a xed boundeddegree 3 is completely out
of readt of the preseh methods.

5 Results on specic innite graphs

In practical applications, in nite graphs often provide a corveniert model
for the underlying topology of the network. Instead of consideringa nite
graph, one can model a network as a regular tiling of the plane. Hence,the

13



in nite triangular lattice 4, the in nite squarelattice and the in nite

hexagonallattice  naturally appearin sud applications. Howeer, let us
start with the \simplest" in nite regular graph, an in nite regular tree. Real
number graph labellings of in nite d-regular trees have already beenstudied
in the framework of distance-constrainedlabellings of graphs: Georgesand
Mauro [22] determined optimum spansof in nite d-regular trees T4 for x

1 and Calamoneri et al. [13] completed the characterization for x 2 [0; 1].
Though in nite treesseemto be very simple graphs, the characterization of
their optimum spans,in particular for x 2 (3=2;d 1), is very complex.

Theorem 17 (Calamoneri et al. [13], Georges and Mauro [22]) The fol-
lowing valuesare spans of optimal lakellings of the in nite d-regular tree Ty,
d 2

: x+d 1, if0 x 1=2
(2d 1)x; if 1=2 x dH2d 1),
d; if dq2d 1) x 1,

d x; ifl1 x dgd 1),
X+ d; if dqd 1) x 3=2
2x+d 2ifd 1 x d and

x+2d 2ifd x.

If x 2 (3=2,9) and x bxc > 1=2, then the optimal span is given by the
following:

8
T x 1) = 2 (2s+ 1)(x bxc)+2x+d 2 s;ifx bxc ZSS++23' and
T 2bxe+ d; otherwise,
whee s = 4 xo 2"

2bxc+1

Finally, if either x 2 [29) andx Ixc 1=2or x 2 [§;d 1), then the
optimal span is given by the following:

% BOCx+ bxc 2 if x  bxc®: andd i O,

oTaxnye e XHDXe Lifx xeglandd e,
d: X 1) =
% d+2 bxc rX +r 2, |f X bXCM and d bxc r 6 01 1,

bxc d+bxc r

“ X+ bxc+d 1 otherwise.

Sincethe valuesof 9(Ty; x; 1) canbe quite hard to read out from Theorem17
even for a small xed integer d, let us state as its corollariesthe values of

14



spans of optimal labellings of the in nite path (the in nite 2-regular tree)
and the in nite 3-regular and 4-regular trees (the functions are depicted in
Figures 1, 2 and 3). Note that the valuesof optimal labellings of the in nite

path coincidewith the valuesof optimal labellings of long paths (this follows
from the CompactnessPrinciple).

Corollary 18 The following valuesare spans of optimal lakellings of the in-
nite path T,:

Ty x 1) =

: x+1Lif0 x 122

% 3, if1=2 x 253
2, if 223 x 1,

§ 2x; ifl1 x 2 and

© X+ 2; otherwise(x  2).

Corollary 19 The following valuesare spans of optimal lakellings of the in-
nite 3-regular tree Ta:

x+2 if0 x 122
5X; if 1=2 x 35,
3 if 35 x 1,
3x; if1 x 3=2
Xx+3 f3=2 x 2
2x+ 1if2 x 3 and

I(Ts;x;1) =

 RKARRRIIRRARY,  AKKRXKRXRRXXRAXRIAN/ CO

X + 4; otherwise(x 3).

Corollary 20 The following valuesare spans of optimal lakellings of the in-
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Fig. 2. The function 9(T3;x; 1).

nite 4-regular tree Ty:

4 if 4=7 x 1,

4x; if 1 x 4=3

x+ 4 if43 x 3=2
Tux;1)= _ 3x+1if 322 x 53,

6; if 5=3 x 2,

3X; if2 x 25, and

x+5 if25 x 3, and

2x+ 2;if3 x 4, and

8
x+3 if0 x 1=2,
7X; if 1=2 x 4=7,

~ X+ 6; otherwise(x 4).

Let usturn our attention to in nite plane lattices. The problem for the trian-

gular lattice 4 hasarich history. Griggs [25] posedan integer versionof the
problemin the 2000International Math Corntest in Modeling (MCM). Among
271teamswhich participated in the contest, v eteams[8,16,24,44,51¢btained
newresultsfor particular choicesof parameters.In particular, Goodwin, John-
ston and Marcus [24] determined 9( 4 ;x; 1) for x 4. Sewral other choices
of x 1 werelater settled by Jin and Yeh[33]and by Zhu and Shi [52]. Cala-
moneri [10] determinedthe function for x 3 and gave boundsfor x 2 [1; 3].

Griggs and Jin [28] determined the valuesof 9( ,;x; 1) for all x 62(1=3; 1)

and Kral' and Skoda [39] completedthe missingcases.
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5 5 3
Fig. 3. The function 9(T4; x; 1).
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0 0b5 050 075 i 5 3 4 5 b

Fig. 4. The function 9( 4 ;x; 1). Note that someof the parts of the functions are
enlargedto display the behavior of the function in those parts.

Theorem 21 (Kr al' et al. [39], cf. Calamoneri [10], Griggs et al. [28])

17



The following valuesare spans of optimal lakellings of the triangular lattice 4 :

8
X+ 3if0 x 1=3
11x; if 1=83 x 3=8§,

X+ 3if 328 x 255,
8+ 1;if 25 x 3=7,
x+ 4 if 3=7 x 1=,
ox; if 1=2 x 4=7,
X+ 4if 4=7 x 23,
8x; if 223 x 5=,
Y 4:x1)=_x+5 if57 x 34,
5+ 2,if 374 x 455,

6; if 45 x 1,
6xX; if 1 x 4=3
8; if 4=3 x 2,

4x; if 2 x 11=4,

11, if 114 x 3,

X+ 2if3 x 4 and
- 2X + 6; otherwise(x  4).

A Manhattan cellular system [6] related to the squarelattice nds its ap-
plications in the cellular networks in cities. The valuesof 9( ;x;1) for all
X 2 [0;1 ) were determinedin [28]. Independerly, Calamoneri[9,10] deter-
mined the function 9( ;x;1) for x 3 (let us remark that somebounds
in [9] are not completely correct and were xed in the journal version[10] of
the paper). Let us point out the following interesting fact (that as we will
seealso holds for the hexagonallattice): sincethe in nite 4-regulartree T4
is homomorphicto , the function 9(T,;x; 1) is bounded from above by

4 ;x;1). Surprisingly, the valuesof 9( ;x;1) and 9(T.;x; 1) agreefor
X 622:5; 3). The readercancomparethe functions 9( ;x;1)and 9(T;x; 1)
depictedin Figures5 and 3.

Theorem 22 (Griggs and Jin [28], cf. Calamoneri [10]) The following

18



A

5 5 5
Fig. 5. The function 9( ;x;1).
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valuesare spans of optimal lakellings of the squak lattice
8
X+ 3if0 x 1=2

7X; if 1=2 x 4=7,
4; if 4=7 x 1,
4x; if 1 x 4=3
x+4 if43 x 3=2
C 1= 3x+1if 32 x 53,

6; if 5=3 x 2
3X; if 2 x 83,
8; if 83 x 3,

2xX+2,if3 x 4, and

~ X+ 6; otherwise(x 4).

Besidesthe triangular and square lattices, the plane can also be tiled by
hexagons Calamoneri[10] determinedthe valuesof 9( .;x;1)forx 2 [2;1)
and provided lower and upper boundsfor x 2 [1;2]. The function 9( 4;x; 1)
was completely determined in [28]. As in the caseof the squarelattice, the
functions 9( 4;x;1) and 9Y(Ts;x; 1) agreefor most of the valuesof x|see
Figures 6 and 2. Let us emphasizethat this is not the casefor the trian-
gular lattice and the in nite tree Tg sincethe function 9¢( ;x;1) and

4(Te; x; 1) agreeonly for few valuesof x (seeFigures 4 and 7). We suspect
that the reasonfor this di erent behavior could be the presenceof a lot of
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Fig. 6. The function 9( 4:x; 1).

5 3 3 3
Fig. 7. The function 9(Tg; x; 1).
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small cyclesin the lattice unlike in the lattices and 4.

Theorem 23 (Griggs and Jin [28], cf. Calamoneri [10]) The following
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Fig. 8. The function _d( s;X; 1). In the parts of the function that are not deter-
mined, the lower and upper bounds are drawn.

valuesare spans of optimal lakellings of the hexagonalattice :

: x+2, if0 x 1=2,
5x%; if 1=2 x 35,
3; if 35 x 1,
Cwix )= _ 3x; if 1 x 5=3,
5; if 5=3 x 2

2x+ 1;if2 x 3, and

~ X+ 4; otherwise(x 3).

Thereis alsoa variant of distanceconstrainedlabeling in which verticesjoined
by a path of length i (instead of vertices at distance exactly i) are required
to have labelsthat dier by at least p;. Note that in this scenario,e.g., two
verticesu and v canbe requiredto have labelsthat di er by maxf p,; ps; psg if
u and v are joined by paths of length two, three and v e. The optimal spans
of this type of labeling for d = 2 are denotedby 9(G; x; 1).

Calamoneriet al. [12] gave boundsfor this type of labeling for in nite lattices
: and 4 andthe in nite lattice that is obtained asthe strong product

of two in nite paths (this lattice canbe viewed asobtainedfrom by adding

non-crossingdiagonalsinside ead face).Let s be this 8-regularlattice.

Sincethis variant of the problem coincidewith the original scenaridfor triangle-
freegraphs,wehave 9( )= d( )and 9 )= 9( 4). Moreover, since

4G;x;1)  9G:;x;1) for every x  0and 4G;x;1) = 9(G;x;1) for
X 1, the lower bounds and some of the results obtained in the original
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scenarioextendto this setting. In particular, the function 9( 4 ;x; 1) is com-
pletely known and is equalto maxf 6; d( 4 ;x;1)g. The known boundson the
valuesof 9( g;x; 1) arethen depictedin Figures8.

6 Open problems

We concludethe paper with suggestingseeral problemsfor further researt on

real number graph labellings. The proof of Theorem5 is basedon an inductive

argumert that yields enormousboundson the valuesAy. and By. . It seems
that sud huge boundsare not necessaryand it could be possibleto establish
better boundson Ay. and By. .

Problem 24 Determine whetherthe constantsAy. andBy. from Theorem5
can be boundal by a function exmnential in k and , or evenby a function
polynomial in one of the parametersk and

Another problem is to provide a bound on the number of linear parts of the
-function of small nite -graphsG. It wasconjectured[3] that the quadratic
bound provided in Theorem11 can be decreasedo a linear one.

Problem 25 Prove that the numter of linear parts of the -function of a
nite -graph G of order n is at most O(n).

The construction of optimal labellings of in nite regular lattices, for instance
in [10,28],are basedon repeating the samepattern of the labels throughout
the lattice. It seemsnatural to ask whether all optimal labellings of regular
lattices must be of sud a type:

Problem 26 Investigatethe structure, in particular the symmetry properties,
of optimal lakellings of the in nite regular latticesG,, G and Gy.

Researb of the dependenceof the circular analogueof the channelassignmen
problemon its parametersprecededhe real number graph labellings, seee.g.,
[32,41].It seemsatural to askwhether Theorem5 in particular canbe proven
in the setting of circular labellings.

Problem 27 Explore circular lakelling analgguesof the real numbker graph
lakellings and determine which of the geneal structural results translate to
this setting.

Finally, it is apparert that the functions 9(G; x; 1) are neither concaze-up nor
concare-dovn. Indeed, they seemquite the opposite. In the examplesshavn
in this paper, starting from x = 0, the graph sectionsalternately increaseand
decreasdan slope. We know that this kind of behavior is not commonto all
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functions 9(G;x; 1) (an exampleis the function asseiated with wheelsW,
descriked in Theorem 15) but we think that there should be a reasonfor this
type of behavior commonto most of the functions 9(G;x; 1).

Problem 28 What is the explanationfor the \up-down" behavior of the func-
tions 9(G;x; 1) for most graphs G?
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