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Abstract

Graph labellings form an important graph theory model for the channel assignment
problem. An optimum labelling usually depends on one or more parameters that
ensureminimum separationsbetween frequenciesassignedto nearby transmitters.
The study of spansand of the structure of optimum labellings as functions of such
parametershas attracted substantial attention from researchers, leading to the in-
troduction of real number graph labellings and � -graphs. We survey recent results
obtained in this area.

The conceptof real number graph labellings was introduceda few yearsago,
and in the sequel,a more generalconceptof � -graphsappeared.Though the
two conceptsare quite new, they are so natural that there are already many
results on each. In fact, even someolder results fall in this area, but their
authors useda di�erent mathematical languageto state their achievements.
Sincemany of theseresultsaresorecent that they arejust appearingin various
journals, we would like to o�er the reader a single referencefor the state of
art as well as to draw attention to someolder results that fall in this area.
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1 Graph lab ellings and the channel assignment problem

Graph theory models for radio frequencyassignment problemscan be traced
back to the early 1980'sin the paper of Hale [31]. Sincethen, several di�erent
forms of graph colorings were developed to model such problems, e.g., the
model of T-coloringsof graphs,which forbids certain di�erencesbetweenlabels
at adjacent vertices[47].There are several surveys,e.g.[1,11],that provide an
overview of di�erent approachestaken and results obtained in this area.

Basedon a transmitter frequencyproblem related to him by Lanfear, in 1988
Robertsproposeda newassignment problemwith two levelsof interference[48]
which Griggsadaptedto graphsandextendedto a moregeneralgraphproblem
of distance-constrainedlabellings [30]: For nonnegative integersp1; : : : ; pk , an
L(p1; : : : ; pk)-labelling of a graph G is a labelling of its verticesby nonnegative
integerssuch that vertices at distance exactly i receive labels that di�er by
at least pi . The maximum label assignedto any vertex is called the span
of the labelling. The goal of the problem is to construct an L(p1; : : : ; pk)-
labelling of the smallestspan.The smallestspanof such a labelling is denoted
by � p1 ;:::;pk (G). Becauseof practical applications, the distanceconstraints are
often consideredto decreasewith the distance[6], i.e., p1 � p2 � � � � � pk � 1.
However, there also appears in practical applications the casep1 = 0; p2 =
1 [5,33].

The ideabehind this model is the following: radio-transmitters arerepresented
by verticesof a graph and those that are very closeare joined by edges.The
highest level of interferenceappears among transmitters represented by ad-
jacent vertices. However, someinterferencestill appearsamong transmitters
represented by verticesat distancetwo, three, etc. In order to assignfrequen-
ciese�cien tly from the available range,we seekan assignment of frequencies
from the shortest possibleinterval such that the frequenciesassignedto very
closetransmitters di�er a lot (in order to avoid interference),while the fre-
quenciesassignedto transmitters that are closebut not very closedi�er less.
This idea directly leads to the distance-constrainedlabellings of graphs as
introducedin the previousparagraph.

Distance-constrainedlabellingsarecloselyrelated to ordinary graph colorings:
If p1 = : : : = pk = 1, then the problemreducesto the coloringof the k-th power
of the graph G. Hence,many resultson coloringsof graph powerstranslate to
distance-constrainedlabellings and vice versa. As an example, the reader is
referredto the work of Molloy and Salavatipour [45,46]on coloringsof squares
of planar graphs.

The fundamental caseof distance-constrainedlabelling (basedon the problem
of Lanfear and Roberts) is whenp1 = 2 and p2 = 1. A major open problem on
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L(2; 1)-labellingsof graphsis the conjectureof Griggsand Yeh[30]that asserts
that every graph G with maximum degree� � 2 has an L(2; 1)-labelling of
span at most � 2. The conjecture is still open almost 15 years after it was
published.In a seriesof papers[30,15,40,23],the original upper bound � 2+ 2�
on � 2;1(G) of such graphsG hasbeendecreasedsuccessively to the current best
bound of Gon�calves[23], � 2 + � � 2. The conjecturewas veri�ed for several
special classesof graphs, including graphs of maximum degreetwo, chordal
graphs([50], seealso[14,36]),Hamiltonian cubicgraphs[34]and planar graphs
with maximum degree� 6= 3 [4]. Becauseof practical applications of the
distance-constrainedlabelling, it is not surprising that there is alsoa growing
body of paperson their algorithmic aspects [2,7,18,19,35,43].

McDiarmid's survey [42]dealswith a generalversionof the channelassignment
problem, which is described by a graph G in which each edgee is assigned
a positive integer weight (separation) w(e). We consider labellings c of the
vertices of G with positive integerssuch that the labels of adjacent vertices
u and v di�er by at least w(uv). The span of the labelling c is its maximum
label. The goal is to �nd a labelling of minimum span. When the weights of
all edgesequal one, then the minimum span is just the chromatic number of
G.

It is not hard to seethat distance-constrainedlabellings of graphswith con-
straints at distanceat most k canbeviewedasa specialinstanceof the channel
assignment problem with the underlying graph being the k-th power of the
original graph G.

To capture better someof the properties of distance-constrainedlabellings as
a function of the separationspi , Griggs was led to introduce the more gen-
eral model of real number labellings with distance constraints [26]. An even
more generalmodel, � -graphs,was later proposedby Babilon et al. [3], which
is a special caseof the channel assignment problem, in which there are only
k possibleedge weights, except that the labels and weights are real num-
bers, not integers.Theoretical results for distance-constrainedlabellings can
beextendedto � -graphs,and several openconjectureson distance-constrained
labellings were proven in the more general� -graph context.

We introduce these real number labellings in the next section, and survey
the main results about them in the following sections,including the general
theoretical results as well as formulas for speci�c �nite and in�nite graphs.
We concludewith someof the prominent open problems.
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2 Lab ellings with variable weights

Graph labellingswith real numberswere�rst mentioned in the paper of Griggs
and Yeh [30]. They observed that the study of L(2d;d)-labellings of graphs
for a real number d is equivalent to the study of L(2; 1)-labellings by the
Scaling Property that we recall later. Subsequently, people worked out the
optimal L(p;q)-spans of speci�c graphs as functions of (integers) p and q.
Among these, Georgesand Mauro [22] determine spansof optimal L(p;q)-
labellings of in�nite d-regular trees,and van den Heuvel et al. [32] and Leese
andNoble[41]provide resultsfor the circular versionof the problem.A natural
generalizationof distance-constrainedlabellings basedon ideasabove is the
notion of real number graph labellings introducedby Griggs and Jin [26].

An L(p1; : : : ; pk)-labelling of a (possibly in�nite) graph G for real numbers
p1; : : : ; pk is a function f : V(G) ! R such that jf (v) � f (w)j � pi for any
two verticesv and w at distanceexactly i in G. The span of the L(p1; : : : ; pk)-
labelling f is equal to the di�erence of the supremum and the in�m um of
the labels, i.e., supv2 V (G) f (v) � inf v2 V (G) f (v). The in�m um of the span of
all L(p1; : : : ; pk)-labellings of G is denoted by � d(G; p1; : : : ; pk) (the super-
script d stands for distance constrained labellings). It can be shown that
there always existsan optimum L(p1; : : : ; pk)-labelling, i.e., a labelling of span
� d(G; p1; : : : ; pk). Let us remark that if all the parametersp1; : : : ; pk are inte-
gers,then � p1 ;:::;pk (G) = � d(G; p1; : : : ; pk) by Theorem3 below.

By the CompactnessPrinciple, if the maximum degreeof a graphG is bounded,
there exists a labelling of �nite span.On the other hand, if k � 2 and G con-
tains verticesof arbitrarily large degree,then G neednot have a labelling of
�nite span.Sincethe labelsof an optimum labelling f can be madenonnega-
tive by subtracting inf v2 V (G) f (v) from the label of each vertex, there is always
an optimum labelling with nonnegative reals.Hence,we can require the labels
f (v) of the verticesto be nonnegative realsand de�ne the spanof the labelling
to be the supremum of the labelsusedin the labelling. The spansof optimum
labellings with nonnegative realscoincidewith � d(G; p1; : : : ; pk).

The valuesof � d(G; p1; : : : ; pk) can be viewed asa function of the parameters
p1; : : : ; pk . Griggs and Jin [26] showed that � d(G; p1; : : : ; pk) is a continuous
piecewiselinear function of its parameterson [0; 1 )k . Wesay that a function is
piecewiselinear, if thereexistsa partition of its domaininto (possiblyin�nitely
many) measurableparts such that the function is linear on each of them.

The function � d(G; p1; : : : ; pk) alsosatis�es the so-calledScalingProperty [26],
i.e., for every positive real number � :

� � d(G; p1; : : : ; pk) = � d(G; � p1; : : : ; � pk) .
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In particular, if k = 2, the valuesof � d(G; p1; p2) are fully determinedby the
valuesof the function for p2 = 1. Hence,we often describe only the valuesof
� d(G; x; 1) instead of giving the entire description of the function � d(G; x; y).

The instancesof the channel assignment problem derived from distance-con-
strained labellings of graphs are of special structure. However, there is no
need to restrict ourselves to the channel assignment problems only of this
type.Similarly, asrealnumber graphlabellingsgeneralizedistance-constrained
labellings of graphs, we can generalizethe notion of the channel assignment
problem. A � -graphG is a graph with k typesof edges.We allow two vertices
to be joined by several edgesof di�erent types.A labelling f of the verticesof
the � -graph G with nonnegative real numbersis said to be proper with respect
to the parametersx1; : : : ; xk if the labelsof every pair of verticesu and v joined
by an edgeof the i -th type di�er by at leastx i . The span of the labelling is the
supremum of the labels of the vertices. The in�m um of the spansof proper
labellings is denoted by � G(x1; : : : ; xk). The valuesof � G(x1; : : : ; xk) viewed
as a k-parameter function form the � -function of G.

It is important to note for the remainderof the paper, wewill always implicitly
assumethat for every choice of the parametersx1; : : : ; xk , the value of the
function � G(x1; : : : ; xk) is �nite. As we discusslater, this is equivalent to the
statement that G (viewedasan ordinary graph) canbecolored(in the ordinary
sense)with a �nite number of colors.

The results of [26] on real number graph labellings readily translate to the
more generalsetting of � -graphs:

Theorem 1 Let G be a (possiblyin�nite) � -graph with k typesof edges.The
� -function of G is a continuous, non-decreasingand piecewiselinear function
of x1; : : : ; xk on [0; 1 )k .

It is not hard to seethat the � -function alsosatis�es the ScalingProperty:

Theorem 2 (Scaling Prop ert y) Let G be a (possiblyin�nite) � -graphwith
k types of edgesand � ; x1; : : : ; xk nonnegative reals. It holdsthat:

� � G(x1; : : : ; xk) = � G(� x1; : : : ; � xk) .

Becauseof the Scaling Property, the function � G(x1; : : : ; xk) is �nite for all
valuesof x1; : : : ; xk if and only if it is �nite for one choice of positive values
of x1; : : : ; xk . Since � G(1; : : : ; 1) is equal to the chromatic number of (the
underlying graph of) G decreasedby one, our assumption that the function
� G is well-de�ned is equivalent to the assumptionthat G hasa �nite chromatic
number.

The notion of � -graphs provides us with a more general framework for the
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study of real number graph labellings.Considera graphH and realsp1; : : : ; pk .
Let us considerthe following � -graph G with k typesof edges:the verticesof
G are the sameas thoseof H and two verticesu and v are joined by an edge
of the i -th type, 1 � i � k, if their distancein H is exactly i . It is easyto see
that the following holds:

� G(x1; : : : ; xk) = � d(H ; x1; : : : ; xk) .

Becauseof this closeconnection,we decidedto usesimilar notations for the
functions describing spansof optimum labellings of � -graphs and optimum
real number graph labellings.

In the rest of this paper, we survey results obtained on real number graph
labellings and � -graphs. We start with general results obtained in this area
and we then focuson results obtained for speci�c in�nite and �nite graphs.

3 General structural results

In this section,we survey generalresults on � -graphsand real number graph
labellings.Oneof the �rst questionsthat comesto mind is whether the setsof
labelsusedin an optimum labelling canbeassumedto beof somespecialform.
The answer to this questionwasprovided in the paper [26].They de�ne the D-
set D(x1; : : : ; xk) of x1; : : : ; xk to be the set of all combinations of x1; : : : ; xk

with non-negative integer coe�cien ts. Let us remark at this point that N
denotesthe set of non-negative integersthroughout the paper.

D(x1; : : : ; xk) =

(
kX

i =1

� i xk for some� i 2 N

)

.

The next theoremof [26] wasproved for real number graph labellings,but its
proof readily translates to the setting of � -graphs(with �nite spans):

Theorem 3 (Griggs and Jin [26]) Let G be a (possibly in�nite) � -graph
with k typesof edges.For all nonnegative real numbers x1; : : : ; xk , there is an
optimal labelling f with respect to x1; : : : ; xk , suchthat f (v) = 0 for somever-
tex and for all verticesv, f (v) 2 D(x1; : : : ; xk). In particular, � G(x1; : : : ; xk) 2
D(x1; : : : ; xk).

Theorem3 can alsobe derived from a later theoremof Babilon et al. [3]: they
establishedan analogueof the classicalGallai-Roy Theorem for the channel
assignment problem for an in�nite underlying graph with �nitely many edge-
weights. Recall that the Gallai-Roy Theorem[20,49]statesthat the chromatic
number of a graph G decreasedby one is equal to the length (the number of
edges)of a longestoriented path of an orientation of G for which the length of

6



a longestpath is minimized. We state the result of [3] using the languageof � -
graphs.An orientation of a graph G is said to be �nitary if there is a constant
K � 0 such that every oriented walk has length at most K . In particular,
a �nitary orientation is acyclic and doesnot contain in�nite oriented paths.
Note that there could be an acyclicorientation without in�nite oriented paths
that is not �nitary . The weight of a path is the sum of the weights of its
edges.Finally, the weight of an orientation is the supremum of the weights
of its oriented paths. Note that if the orientation of a � -graph is �nitary , the
supremum is always attained and is �nite (sinceG hasonly �nitely many edge
types). Moreover, it can be shown that there exists a �nitary orientation of
minimum weight, and its weight is equal to the spanof an optimum labelling:

Theorem 4 (Babilon et al. [3]) Let G be a (possiblyin�nite) � -graphwith
k typesof edges.The optimal span of the labelling of G with respect to x1; : : : ; xk

is equal to the minimum weightof a �nitary orientation of G.

Let us remark that the proof of Theorem4 involvesthe Axiom of Choice.

Given a �nitary orientation of the minimum weight, it is easy to construct
an optimum labelling of a � -graph G: let f (v) of a vertex v be the maximum
weight of an oriented path that endsat v. It is straightforward to check that
the labelling f is a proper labelling of G and that its span is equal to the
weight of the orientation. By Theorem4, the labelling f is optimum.

We alreadyknow that the � -function of any � -graph is a continuouspiecewise
linear function. A natural question is whether the � -function is always com-
prisedof only �nitely many linear parts. Griggsand Jin [26]proposedthat this
is true for real number graph labellings (the PiecewiseLinearity Conjecture).
They veri�ed their conjecturefor �nite graphs,and got more support for the
conjecture by verifying it for in�nite graphs with conditions at distance at
most two. The proof of the conjecturefor � -graphswith two typesof edgesis
implicitly contained in [3]. The conjecturewas eventually proved (for general
k) by Kr�al' [37] in the more generalsetting of � -graphs.Moreover, he proved
it in the following stronger form (we state the result asTheorem5 later): not
only the � -function of each � -graph is a piecewiselinear function comprisedof
�nitely many parts, but, for every �xed k � 1 and � � 1, there existsa single
�nite partition of [0; 1 )k such that the � -function of every � -graph with k
typesof edgesand chromatic number at most � is linear on every part of the
partition.

Griggsand Jin [26]alsoconjecturedthat Theorem3 canbere�ned in the sense
that it is enoughto considercombinations of the parameterswith nonnegative
integercoe�cien ts that do not exceeda constant dependingonly on G and not
the separationparametersx i themselves (the Coe�cient Bound Conjecture).
Let us state their conjecture more formally. Let D(A; x1; : : : ; xk) to be the
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set of all numbers of the form
P k

i=1 � i x i for someintegers � i , 0 � � i � A.
The conjectureassertsthat for every graph G and every integer k � 1, there
existsa number A such that for every choiceof x1; : : : ; xk , there is an optimal
L(x1; : : : ; xk)-labelling f of G with labelsf (v) 2 D(A; x1; : : : ; xk). Griggs and
Jin [26] made the stronger conjecture that the number A could be chosen
depending only on k and the maximum degree� of G, not on G itself (the
Delta Bound Conjecture).

Both the Coe�cien t Bound Conjectureand the Delta Bound Conjecturewere
proven in [37] in a strongerform: �rst, the proof works in the moregeneralset-
ting of � -graphs,and second,it works moregenerallyfor graphswith bounded
chromatic number � , not just for thosewith boundedmaximum degree� (note
that � � � + 1). Let us now state the result.

Theorem 5 (Kr �al' [37]) For every k � 1 and � � 1, there exist constants
Ak;� andBk;� suchthat the space [0; 1 )k can be partitioned into Bk;� polyhedral
cones, such that the � -function � G(x1; : : : ; xp) of every � -graph G (possibly
in�nite) with k types of edgesand chromatic number at most � is a linear
function of x1; : : : ; xp on each of the cones.

Moreover, for eachof the cones,there exist linear functions f v(x1; : : : ; xk) such
that a vertex labelling of G assigninga vertex v the value of f v(x1; : : : ; xk) is
an optimal labelling of G, and f v(x1; : : : ; xk) 2 D(Ak;� ; x1; : : : ; xk).

Even more surprising is the following consequenceconcerningthe number of
possible� -functions of � -graphs.

Theorem 6 (Kr �al' [37]) There exist only �nitely many (piecewise-linear)
functions that can be the � -function of a � -graphwith at most k typesof edges
and chromatic number at most � .

The key ingredient of the proofsof Theorem5 and 6 is Theorem4. It is shown
that for every �xed k and � , the length of the longest oriented path of a
minimum-weight �nitary orientation of G can be boundedby a constant Ck;�

depending only on k and � . However, the constant Ck;� grows enormouslyin
k. In particular, it is not even boundedby a tower function of k. We believe
that the boundsobtained in [37]are far from optimal and canbe improved. In
particular, we think that Ck;� can be boundedby a function exponential in k
and � and maybe even polynomial in oneof the parameters(seeProblem 24
in Section6).

BesidesTheorems5 and 6, the technique usedin [37] provides the following
generalizationof the CompactnessPrinciple to � -graphs.

Theorem 7 (Kr �al' [38]) Every � -graph G with k typesof edgesand a �nite
chromatic number contains a �nite subgraph H such that � G(x1; : : : ; xk) =
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� H (x1; : : : ; xk) for all (x1; : : : ; xk) 2 [0; 1 )k.

Note that the CompactnessPrinciple implies the existenceof such a �nite
subgraph H for every choice of (x1; : : : ; xk), but it does not guarantee the
existenceof such a universal �nite subgraphH . Also note Theorem7 implies
the PiecewiseLinearity Conjecture of Griggs and Jin.

We mentioned that the constants Ak;� and Bk;� in Theorem5 are really huge.
Substantially better bounds than theseare known for real number graph la-
bellings with conditions at distanceat most two, aswell as for � -graphswith
two typesof edges.Here is a re�nement of Theorem 5 for real number graph
labellings from [26].

Theorem 8 (Griggs and Jin [26]) Let G be a (possibly in�nite) graph G
with maximum degree � . For all nonnegativereals x1; : : : ; xk , there is an opti-
mal labelling f with respect to x1; : : : ; xk such that f (v) 2 D(2� 5; x1; : : : ; xk)
for everyvertex v of G. In particular, � G(x1; : : : ; xk) 2 D(2� 5; x1; : : : ; xk).

Theorem 5 can be re�ned for � -graphs G with two types of edgesusing the
next lemma:

Lemma 9 (Babilon et al. [3]) Let G be a (possiblyin�nite) � -graphG with
two types of edgesand let � be the maximum degree of G. The � -function is
a linear function on the set

h
0; 1

2� 2+2�+1

i
� f 1g.

By the ScalingProperty, the number of linear parts of the � -function on [0; 1 )2

is equal to the number of its linear parts on [0; 1 ) � f 1g. Fix a � -graph G
with maximum degree�, and let h(x) = � G(x; 1). By Lemma 9, the function
h is linear on the intervals

h
0; 1

2� 2+2�+1

i
� f 1g and [2� 2 + 2� + 1; 1 ) � f 1g.

By the CompactnessPrinciple, h(1) � �. An argument usedin the proof of
Theorem4.5 in [3] yields that every linear pieceof h starts and endsat a point
of the form � =� where� + � � �(2� 2 + 2� + 1) = O(� 3). Sincethere are at
most O(� 6) such points, the following re�nement of Theorem5 holds:

Theorem 10 Let � � 1 be a �xed integer. The space [0; 1 )2 can be parti-
tioned into at most s = O(� 6) parts S1; : : : ; Ss such the � -function of every
� -graph G with maximum degree � is a linear function of x1 and x2 on each
Si , i = 1; : : : ; s.

To conclude,we brie
y mention boundson the number of linear parts of �nite
� -graphsin terms of their orders.

Theorem 11 (Babilon et al. [3]) Let G a � -graphof order n with two types
of edges.The number of linear parts of its � -function doesnot exceed O(n2).
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As we discussin Section 6 before Problem 28, the functions � d(G; x; 1) for
most graphsG have the \up-down" behavior. The opposite type of behavior
is that the � -function is either convex or concave. In such a case,the bound
of Theorem11 can be signi�cantly improved.

Theorem 12 (Babilon et al. [3]) Let G a � -graph of order n that has two
types of edgessuch that its � -function is convex.The number of linear parts
of � G does not exceed O(n2=3). Moreover, there existsa � -graph G of order n
suchthat � G is a convexfunction with 
( n2=3) linear parts.

Babilon et al. [3] conjecturethat the bound on the number of parts contained
in Theorem 11 can be improved to a linear function of n (seeProblem 25 in
Section6).

4 Results on speci�c �nite graphs

Determining optimal spans of real number graph labellings for particular
graphsis alsoimportant. Though determining the spanseven for small graphs
is quite challenging,there is alreadya largefamily of graphsfor which spansof
their optimal real number labellings are known. For the reader'sconvenience,
we include someof them here.For paths and cycles,Georgesand Mauro [21]
worked out the values of � d(G; x1; x2) for integers x1 � x2 � 1, which can
be extendedby the ScalingProperty and continuity to give � d(G; x; 1) for all
reals x � 1. The results of [21] are extendedto x < 1 and proven in the real
number model in [27]. The new methods could alsobe helpful for computing
the optimal spansof real number graph labellings of other graphs.

Theorem 13 (Griggs and Jin [27], cf. Georges and Mauro [21]) The fol-
lowing valuesare spans of optimal real number graph labellings of the path Pn ,
2 � n � 6:

� d(Pn ; x; 1) =

8
>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>:

x; if n = 2,

1; if n = 3 and 0 � x � 1=2,

2x; if n = 3 and 1=2 � x � 1,

x + 1; if n = 3 and x � 1,

x + 1; if n = 4,

x + 1; if n 2 f 5; 6g and 0 � x � 1,

2x; if n 2 f 5; 6g and 1 � x � 2, and

x + 2; if n 2 f 5; 6g and x � 2.
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Fig. 1. The function � d(Pn ; x; 1) for paths Pn with at least seven vertices (n � 7).

For paths Pn with n � 7 vertices, the following valuesare spans of optimal
labellings:

� d(Pn ; x; 1) =

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

x + 1; if 0 � x � 1=2,

3x; if 1=2 � x � 2=3,

2; if 2=3 � x � 1,

2x; if 1 � x � 2, and

x + 2; otherwise(x � 2).

The function � d(Pn ; x; 1) is depicted in Figure 1.

Similarly as for paths, the valuesof � d(Cn ; x; 1) for cyclesCn can be inferred
for x � 1 from the paper of Georgesand Mauro [21]. In [27], the results were
extendedto x < 1 and �t in the scenarioof the real number graph labellings.
Note that unlike in the caseof paths, the optimal spanof a cycledependsfor
large cyclesalsoon the congruenceclassof its length modulo twelve.

Theorem 14 (Griggs and Jin [27], cf. Georges and Mauro [21]) The fol-
lowing valuesare spans of optimal labellings of the cycleC3 and C5:

� d(Cn ; x; 1) =

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

2x; if n = 3,

2; if n = 5 and 0 � x � 1=2,

4x; if n = 5 and 1=2 � x � 1,

4; if n = 5 and 1 � x � 2, and

2x; otherwise(n = 5 and x � 2).
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The valuesof spans of optimal labellings of the cycle Cn for n = 4 or n � 6
are given in the following table:

� d(Cn ; x; 1) n � 12 0 n � 12 1; 5; 7; 11 n � 12 2; 10 n � 12 3; 9 n � 12 4; 8 n � 12 6

x 2 [0; 1=2] x + 1 2 2 2 x + 1 2

x 2 [1=2; 2=3] 3x 2 2 2 3x 2

x 2 [2=3; 1] 2 3x 3x 2 3x 2

x 2 [1; 2] 2x x + 2 x + 2 2x x + 2 2x

x 2 [2; 3] x + 2 2x 2x 2x x + 2 2x

x 2 [3; 1 ) x + 2 2x x + 3 2x x + 2 x + 3

Another classof graphsfor which the optimal spansof real number labellings
are known is the classof wheels(a wheelWn is the graph obtained from the
cycle Cn by adding a new vertex adjacent to all the vertices of the cycle).
In this case,the valuesof optimal spansfor large wheelsdepend only on the
parity of the basecycle.

Theorem 15 (Griggs and Jin [27]) The following valuesare spans of op-
timal labellings of the wheels W3 and W4:

� d(Wn ; x; 1) =

8
>>>>>>>><

>>>>>>>>:

3x; if n = 3,

x + 1; if n = 4 and 0 � x � 1=3,

4x; if n = 4 and 1=3 � x � 1, and

2x + 2; otherwise(n = 4 and x � 1).

For odd wheels Wn , n � 5, the spans of optimal labellings are given by the
following formula:

� d(Wn ; x; 1) =

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

n� 1
2 ; if 0 � x � 1=3,

3x + n� 3
2 ; if 1=3 � x � 1=2,

nx; if 1=2 � x � 1,

x + n � 1; if 1 � x � n� 1
2 , and

3x; otherwise(x � n� 1
2 ).

12



Final ly, for evenwheels Wn , n � 6, we have:

� d(Wn ; x; 1) =

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

x + n=2 � 1; if 0 � x � 1=3,

4x + n=2 � 2; if 1=3 � x � 1=2,

nx; if 1=2 � x � 1,

x + n � 1; if 1 � x � n=2 � 1, and

2x + n=2; otherwise(x � n=2 � 1).

Other natural classesof graphsto beconsideredarecompletegraphsand com-
plete multipartite graphs.The function � d(K n ; x; 1) = (n � 1)x for complete
graphsis straightforward to determine.A little more complexsituation is for
completebipartite graphs:

Theorem 16 (Griggs and Jin [29]) The following valuesare spans of op-
timal labellings of the completebipartite graph K n1 ;n2 , n1 � n2:

� d(K n1 ;n2 ; x; 1) =

8
>>>>><

>>>>>:

maxf n1 � 1; n2 � 1 + xg; if x 2 [0; 0:5],

(2n2 � 1)x + maxf n1 � n2 � 1 + x; 0g; if x 2 [0:5; 1], and

x + n1 + n2 � 2; otherwise.

There are many other graphsG, e.g.,Knesergraphs[17], for which the values
of the function � d(G; x1; : : : ; xk) are still not determined.It is alsoof interest
to compute \maximal" spansfor important classesof graphs,such as planar
graphswith boundeddegree.More precisely, for a classG of graphsG, let us
de�ne � d(G; x1; : : : ; xk) as follows:

� d(G; x1; : : : ; xk) = sup
G2 G

� d(G; x1; : : : ; xk) .

The problem is then to determinethe valuesof the function � d(G; x1; : : : ; xk)
for a given classG of graphs.Unfortunately, it seemsthat a completesolution
even for planar graphswith a �xed boundeddegree� � 3 is completely out
of reach of the present methods.

5 Results on speci�c in�nite graphs

In practical applications, in�nite graphs often provide a convenient model
for the underlying topology of the network. Instead of consideringa �nite
graph, one can model a network as a regular tiling of the plane. Hence,the
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in�nite triangular lattice � 4 , the in�nite square lattice � � and the in�nite
hexagonallattice � H naturally appear in such applications. However, let us
start with the \simplest" in�nite regular graph, an in�nite regular tree. Real
number graph labellings of in�nite d-regular trees have already beenstudied
in the framework of distance-constrainedlabellings of graphs: Georgesand
Mauro [22] determined optimum spansof in�nite d-regular trees Td for x �
1 and Calamoneri et al. [13] completed the characterization for x 2 [0; 1].
Though in�nite trees seemto be very simple graphs, the characterization of
their optimum spans,in particular for x 2 (3=2; d � 1), is very complex.

Theorem 17 (Calamoneri et al. [13], Georges and Mauro [22]) The fol-
lowing valuesare spans of optimal labellings of the in�nite d-regular tree Td,
d � 2:

� d(Td; x; 1) =

8
>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>:

x + d � 1; if 0 � x � 1=2,

(2d � 1)x; if 1=2 � x � d=(2d � 1),

d; if d=(2d � 1) � x � 1,

d � x; if 1 � x � d=(d � 1),

x + d; if d=(d � 1) � x � 3=2,

2x + d � 2; if d � 1 � x � d, and

x + 2d � 2; if d � x.

If x 2 (3=2; d
2) and x � bxc > 1=2, then the optimal span is given by the

following:

� d(Td; x; 1) =

8
><

>:

(2s + 1)(x � bxc) + 2x + d � 2 � s; if x � bxc � s+2
2s+3 , and

2bxc + d; otherwise,

where s =
j

d�b xc� 2
2bxc+1

k
.

Final ly, if either x 2 [2; d
2) and x � bxc � 1=2 or x 2 [d

2; d � 1), then the
optimal span is given by the following:

� d(Td; x; 1) =

8
>>>>>>>><

>>>>>>>>:

d+ bxc
bxc x + bxc � 2; if x � bxcd+1

d and d � bxc 0,
d+ bxc� 1

bxc x + bxc � 1; if x � bxc d
d� 1 and d � bxc 1,

d+2 bxc� r
bxc x + r � 2; if x � bxcd+ bxc� r +1

d+ bxc� r and d � bxc r 6= 0; 1,

x + bxc + d � 1; otherwise.

Sincethe valuesof � d(Td; x; 1) canbe quite hard to readout from Theorem17
even for a small �xed integer d, let us state as its corollaries the values of
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spansof optimal labellings of the in�nite path (the in�nite 2-regular tree)
and the in�nite 3-regular and 4-regular trees (the functions are depicted in
Figures 1, 2 and 3). Note that the valuesof optimal labellings of the in�nite
path coincidewith the valuesof optimal labellings of long paths (this follows
from the CompactnessPrinciple).

Corollary 18 The following valuesare spans of optimal labellings of the in-
�nite path T2:

� d(T2; x; 1) =

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

x + 1; if 0 � x � 1=2,

3x; if 1=2 � x � 2=3,

2; if 2=3 � x � 1,

2x; if 1 � x � 2, and

x + 2; otherwise(x � 2).

Corollary 19 The following valuesare spans of optimal labellings of the in-
�nite 3-regular tree T3:

� d(T3; x; 1) =

8
>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>:

x + 2; if 0 � x � 1=2,

5x; if 1=2 � x � 3=5,

3; if 3=5 � x � 1,

3x; if 1 � x � 3=2,

x + 3; if 3=2 � x � 2,

2x + 1; if 2 � x � 3, and

x + 4; otherwise(x � 3).

Corollary 20 The following valuesare spans of optimal labellings of the in-
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Fig. 2. The function � d(T3; x; 1).

�nite 4-regular tree T4:

� d(T4; x; 1) =

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

x + 3; if 0 � x � 1=2,

7x; if 1=2 � x � 4=7,

4; if 4=7 � x � 1,

4x; if 1 � x � 4=3,

x + 4; if 4=3 � x � 3=2,

3x + 1; if 3=2 � x � 5=3,

6; if 5=3 � x � 2,

3x; if 2 � x � 2:5, and

x + 5; if 2:5 � x � 3, and

2x + 2; if 3 � x � 4, and

x + 6; otherwise(x � 4).

Let us turn our attention to in�nite plane lattices. The problem for the trian-
gular lattice � 4 hasa rich history. Griggs [25] posedan integer versionof the
problem in the 2000International Math Contest in Modeling (MCM). Among
271teamswhich participated in the contest, �v eteams[8,16,24,44,51]obtained
newresultsfor particular choicesof parameters.In particular, Goodwin, John-
ston and Marcus [24] determined� d(� 4 ; x; 1) for x � 4. Several other choices
of x � 1 were later settled by Jin and Yeh [33] and by Zhu and Shi [52]. Cala-
moneri [10] determinedthe function for x � 3 and gave boundsfor x 2 [1; 3].
Griggs and Jin [28] determined the valuesof � d(� 4 ; x; 1) for all x 62(1=3; 1)
and Kr�al' and �Skoda [39] completedthe missingcases.
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Fig. 3. The function � d(T4; x; 1).
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Fig. 4. The function � d(� 4 ; x; 1). Note that someof the parts of the functions are
enlargedto display the behavior of the function in those parts.

Theorem 21 (Kr �al' et al. [39], cf. Calamoneri [10], Griggs et al. [28])
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The followingvaluesare spansof optimal labellings of the triangular lattice � 4 :

� d(� 4 ; x; 1) =

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

2x + 3; if 0 � x � 1=3,

11x; if 1=3 � x � 3=8,

3x + 3; if 3=8 � x � 2=5,

8x + 1; if 2=5 � x � 3=7,

x + 4; if 3=7 � x � 1=2,

9x; if 1=2 � x � 4=7,

2x + 4; if 4=7 � x � 2=3,

8x; if 2=3 � x � 5=7,

x + 5; if 5=7 � x � 3=4,

5x + 2; if 3=4 � x � 4=5,

6; if 4=5 � x � 1,

6x; if 1 � x � 4=3,

8; if 4=3 � x � 2,

4x; if 2 � x � 11=4,

11; if 11=4 � x � 3,

3x + 2; if 3 � x � 4, and

2x + 6; otherwise(x � 4).

A Manhattan cellular system [6] related to the square lattice �nds its ap-
plications in the cellular networks in cities. The valuesof � d(� � ; x; 1) for all
x 2 [0; 1 ) were determined in [28]. Independently, Calamoneri [9,10] deter-
mined the function � d(� � ; x; 1) for x � 3 (let us remark that somebounds
in [9] are not completely correct and were �xed in the journal version [10] of
the paper). Let us point out the following interesting fact (that as we will
seealso holds for the hexagonallattice): since the in�nite 4-regular tree T4

is homomorphic to � � , the function � d(T4; x; 1) is bounded from above by
� d(� � ; x; 1). Surprisingly, the valuesof � d(� � ; x; 1) and � d(T4; x; 1) agreefor
x 62(2:5; 3). The readercancomparethe functions � d(� � ; x; 1) and � d(T4; x; 1)
depicted in Figures5 and 3.

Theorem 22 (Griggs and Jin [28], cf. Calamoneri [10]) The following
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Fig. 5. The function � d(� � ; x; 1).

valuesare spans of optimal labellings of the square lattice � � :

� d(� � ; x; 1) =

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

2x + 3; if 0 � x � 1=2,

7x; if 1=2 � x � 4=7,

4; if 4=7 � x � 1,

4x; if 1 � x � 4=3,

x + 4; if 4=3 � x � 3=2,

3x + 1; if 3=2 � x � 5=3,

6; if 5=3 � x � 2,

3x; if 2 � x � 8=3,

8; if 8=3 � x � 3,

2x + 2; if 3 � x � 4, and

x + 6; otherwise(x � 4).

Besidesthe triangular and square lattices, the plane can also be tiled by
hexagons.Calamoneri[10]determinedthe valuesof � d(� H ; x; 1) for x 2 [2; 1 )
and provided lower and upper boundsfor x 2 [1; 2]. The function � d(� H ; x; 1)
was completely determined in [28]. As in the caseof the squarelattice, the
functions � d(� H ; x; 1) and � d(T3; x; 1) agreefor most of the valuesof x|see
Figures 6 and 2. Let us emphasizethat this is not the casefor the trian-
gular lattice � � and the in�nite tree T6 since the function � d(� � ; x; 1) and
� d(T6; x; 1) agreeonly for few valuesof x (seeFigures 4 and 7). We suspect
that the reasonfor this di�erent behavior could be the presenceof a lot of

19



0 1 2 3 4 5 x

2

4

6

8

10

x + 2

5x 3
3x

5
2x + 1

x + 4

Fig. 6. The function � d(� H ; x; 1).
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Fig. 7. The function � d(T6; x; 1).

small cyclesin the lattice � � unlike in the lattices � � and � H .

Theorem 23 (Griggs and Jin [28], cf. Calamoneri [10]) The following
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Fig. 8. The function � d(� S; x; 1). In the parts of the function that are not deter-
mined, the lower and upper bounds are drawn.

valuesare spans of optimal labellings of the hexagonallattice � H :

� d(� H ; x; 1) =

8
>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>:

x + 2; if 0 � x � 1=2,

5x; if 1=2 � x � 3=5,

3; if 3=5 � x � 1,

3x; if 1 � x � 5=3,

5; if 5=3 � x � 2,

2x + 1; if 2 � x � 3, and

x + 4; otherwise(x � 3).

There is alsoa variant of distanceconstrainedlabeling in which verticesjoined
by a path of length i (instead of vertices at distance exactly i ) are required
to have labels that di�er by at least pi . Note that in this scenario,e.g., two
verticesu and v canbe requiredto have labelsthat di�er by maxf p2; p3; p5g if
u and v are joined by paths of length two, three and �v e. The optimal spans
of this type of labeling for d = 2 are denotedby � d(G; x; 1).

Calamoneriet al. [12] gave boundsfor this type of labeling for in�nite lattices
� � , � � and � H and the in�nite lattice that is obtained as the strong product
of two in�nite paths (this lattice canbeviewed asobtained from � � by adding
non-crossingdiagonalsinside each face).Let � S be this 8-regular lattice.

Sincethis variant of the problemcoincidewith the original scenariofor triangle-
free graphs,we have � d(� � ) = � d(� � ) and � d(� H ) = � d(� H ). Moreover, since
� d(G; x; 1) � � d(G; x; 1) for every x � 0 and � d(G; x; 1) = � d(G; x; 1) for
x � 1, the lower bounds and some of the results obtained in the original
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scenarioextend to this setting. In particular, the function � d(� 4 ; x; 1) is com-
pletely known and is equalto maxf 6; � d(� 4 ; x; 1)g. The known boundson the
valuesof � d(� S; x; 1) are then depicted in Figures8.

6 Op en problems

Weconcludethe paper with suggestingseveral problemsfor further research on
real number graph labellings.The proof of Theorem5 is basedon an inductive
argument that yields enormousboundson the valuesAk;� and Bk;� . It seems
that such hugeboundsare not necessaryand it could be possibleto establish
better boundson Ak;� and Bk;� .

Problem 24 Determinewhetherthe constantsAk;� and Bk;� from Theorem5
can be bounded by a function exponential in k and � , or evenby a function
polynomial in one of the parametersk and � .

Another problem is to provide a bound on the number of linear parts of the
� -function of small �nite � -graphsG. It wasconjectured[3] that the quadratic
bound provided in Theorem11 can be decreasedto a linear one.

Problem 25 Prove that the number of linear parts of the � -function of a
�nite � -graph G of order n is at most O(n).

The construction of optimal labellings of in�nite regular lattices, for instance
in [10,28],are basedon repeating the samepattern of the labels throughout
the lattice. It seemsnatural to ask whether all optimal labellings of regular
lattices must be of such a type:

Problem 26 Investigatethe structure, in particular the symmetryproperties,
of optimal labellings of the in�nite regular lattices G4 , G� and GH .

Research of the dependenceof the circular analogueof the channelassignment
problemon its parametersprecededthe real number graph labellings,see,e.g.,
[32,41].It seemsnatural to askwhetherTheorem5 in particular canbeproven
in the setting of circular labellings.

Problem 27 Explore circular labelling analoguesof the real number graph
labellings and determine which of the general structural results translate to
this setting.

Finally, it is apparent that the functions � d(G; x; 1) areneither concave-upnor
concave-down. Indeed, they seemquite the opposite. In the examplesshown
in this paper, starting from x = 0, the graph sectionsalternately increaseand
decreasein slope. We know that this kind of behavior is not common to all
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functions � d(G; x; 1) (an exampleis the function associated with wheelsWn

described in Theorem15) but we think that there should be a reasonfor this
type of behavior commonto most of the functions � d(G; x; 1).

Problem 28 What is the explanationfor the \up-down" behaviorof the func-
tions � d(G; x; 1) for most graphsG?
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