CONVEX FUNCTIONS GIVE INEQUALITIES

PROF. MARIA GIRARDI

1. BASICS

Notation 1.1. Throughout this presentation:

e (a,b) =1 C R where a,b € RU{z£o0}

e ©: I — R is a function

e p € (1,00) and its conjugate exponent p' € (1,00) is defined by % + z% =1.

Definition 1.2. ¢: I — R is conver —
ryel, te(0,l) =  oltz+{1-t)y) < to()+1-1)ey) .

Picture.

(1.1)

a x tr+(1—1t)y Yy b
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2. HOLDER’S INEQUALITY

Lemma 2.1. Let ¢: I — R be convex. Then:

i=1 i=1 i=1

ot ot i
viel |, te(01) = 90(22:1 x) < iz lie(@) (2.2)

Z?:l ti Z?:l L

Proof. (2.1): Use (1.1) and induction. (2.2): Let #; = D771 t;] " ti and apply (2.1). |
Recall. Geometric-Arithmetic Mean Inequality: GM < AM
n 1/n 1 n
;>0 eN = i < - i
Using convex functions, we can generalize the GM-AM inequality.

Proposition 2.2. Generalized GM-AM inequality:

>0 , t;e(0,1) , zn:ti=1 — [z < > tia (2.3)
p . :

Proof. Let ¢: (0,00) — R be ¢(z) = —Inz. Then

=1
© is convex - —1In (Z t; xl> < Z t; (—Inz;)
i=1

=1

- i In (z) < In (i t; Iz> : (2.4)

Now exponentiate both sides of (2.4). [

An immediate corollary follows now.

Corollary 2.3. Young’s Inequality:

Ty P
x>0 l<p<oo — T o Xy < — + —= . (2.5)
b



Proof. Apply (2.3) to

N /P
T - = (aD)P (:cé’)
|
Recall. For a sequence {x;}! | = {x1,...,z,} from R:
n 1/p
Heitisilly, = [Z \$i|p] :
i=1

Theorem 2.4. Holder’s Inequality in ¢,: For sequences {z;}!, and {y;}?; from R:

i -yitiall, < Hzadisdle, - vl

that is

1/p'

n n 1/p n
Sl < S| (S| 26)

When p = 2 = p/, note that (2.6) is just the Cauchy-Schwarz Inequality.

Proof. WLOG: Neither [|{z;}i[|,, nor [I{yi}ill,, is 0. WLOG: [[{z}ill,, = 1 = [Huikill,,
for if not then:

T ~ ~ Yi ~
= = H{@hl, =1 . vi= = Huhll, =1.
{15, o Kyl b

Z;

By Young’s Inequality

. "l il 1 1 /
E |z < E — + = = = Hahllp, + 5 Hwkhlly, = 1.

i=1

Here are two exercises of Generalized Holder’s Inequalities in £,,.

: Jin k 1 _
Exercise. For sequences {z;};_; from R and };_, =1
k n k
J Jjin
sz' < HH{% i:l”g o
; . Pj
Jj=1 i=1 0 j=1
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1_ 1

; An n 4L
Exercise. For sequences {z;};_; and {y;};., from R and .- + - = —

Mo vdill,, < el - Il -

Hint: 4— + 1 =1

p1/p3s ' p2/p3

Recall. For a nice function f: I — R,

11, = | [176 az "

Theorem 2.5. Holder’s Inequality in L,: For nice functions f,g: I — R,

1 -glle, < I, - lllz,

that is,
1/p , 1/p
Ju@selae < | [isor] | [lor]
I I I
Proof. WLOG: Neither |[f]|, nor |[g]|, , is 0 or co. WLOG: [|f|, = 1 = |gl, , forif
not so:
> / ~ g -
f= = m =1 , g=— = |gl,, =1.
11z, Ly lgllz, Fe

By Young’s Inequality
1f@F | lg@))” 1 -
/I|f<fc>g(af)| de < /I + =5 17, + v lgllz, = 1.

Here are two exercises of Generalized Holder’s Inequalities in L,.

Exercise. For nice functions f;: I — Rand 2% L =1

i=1p;
k
15
j=1

k
< I 1fill, -
J
j=1
Exercise. For nice functions f,g: I — R and pil + p% = pig

Ly

1 gy, < 17l - lll,, -
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3. JENSEN’S INEQUALITY

Lemma 3.1. Let ¢: I — R be convex. Let x,y,z € [ with x <y < z. Then

ply) —wla) _ plz) —wl) _ p(z) —ely)

3.1
Yy—x o z— o zZ—y (3.1)
Picture.
| | | | |
1 1 1 1 1
a x Y z b
Proof. Key idea:
y=tr+(1-t)z=-—J 4977, — e(y) < tp(x) + (1 —t)p(2) -

Z—x z—x
Think of what this says in the picture; the needed algebra then follows easily. [
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Proposition 3.2. Let ¢: I — R be convex and xg € I. Then

(1) ¢ is continuous at z

(2) ¢ (w0) == lim,, - WEO)%Z(“) exists
(3) ¥ (o) := limwr_,xar %ﬁ’émo) exists
(4) ¢"(z0) < ¢ (20) -

Proof. (1): Find: a < a; < ag < xg <by <by <b. If x € [ag, bs] \ {x0}, then

a a as z T T ba by b

by (3.1)
A = Plar) —ela) o) —el@) o elb) =) 5
Ao — A1 To— T bl_b2
and so
‘M < max (|A],|B|) .
To— X

(2)—(4): Consider

| | | | | | |

| | | 1 1 1 1

a x T Zo Ty Z, b

By (3.1)
plxo) —p(m) _ plzo) —o(@) _ ¢(@) = elzo) _ p(zr) = @(x0)
To — Ty - To — Ty - Tr — T - T, — To
and so
tip AP ) < g ot EELZER) )



Observation 3.3. Let ¢: I — R be convex and xg € I. Let

/

¢ (z0) < m < ¢\ (z) .
Consider the line

l(z) = m(z — xo) + (o)
through the point (zo, ¢ (z9)). Then

l(z) < ¢(x) Veel. (3.3)

A line y = I(z) through the point (zq, ¢ (zo)) that satisfies (3.3) is called a supporting line
of y = p(x) at xg. Draw yourself a picture to see the choice of terminolgy here. Thus

Observation 3.3 says that convex functions always have supporting lines.

Picture.

Proof. By (3.2)

plzo) —plr) . plzy) —plzo)
To — Xy - - T, — To
Thus
m(z — ) < () — (o) Vo € I\ {xo} .



Theorem 3.4. Jensen’s Inequality: Let ¢: R — R be convex and f: I — R be integrable.

0 ( [ dx) < [ty i (3.4)

If I = (a,b) has finite length, then

() < e

If I =(0,1), then

Remark. Theorem 3.4 may be thought of as a continuous version of Lemma 2.1.

Proof. (3.4): Let [, f(x)dx = zo and ¢’ (z9) < m < ¢/ (x9). Then by Observation 3.3
m(z — o) + p(z0) < p(2) VreR.
Thus
m(f(x) = x0) + p(x0) < @ (f(2)) Veel. (3.6)
Now integrate both sides of (3.6) over I := (0, 1).
(3.5) follows applying (3.4) to

g(z) = fa+xz(b—a)): I —-R.



