LIMIT SUPERIOR AND LIMIT INFERIOR

Ideas/Defs

Let {s,};2; be a sequence in R. Define two corresponding sequences {ay}7°; and {b;}7° , which examine

the behavior of the tails of {sp}22,, by

a = 1r>11;€ s, = glb{sp:n>k} €RU{—o0} an increasing / sequence
nz

by = sup s, = lub{s,:n>k} €RU{oc0} an decreasing \, sequence.
n>k

Since {ax}72, and {b;}72, are monotone sequences, their limits exist in the extended (R) sense.
Now define (and examine) the limit superior and limit inferior of the sequence {s,}52 ;.

notation def Thm 4.1.6 =

liminfs, = lim s, = lim infs, = lim a ="" supar € R
n—00 n—o0 k—oon>k k—o0 kEN
. tati — def . . Thm 4.1.6 . =
limsups, =" lim s, = lim sups, = lim b, = infb, € R
N—s00 n—oo k—oo p>k k—o0 keN
Claim 1. lim,_, s, < lim, . sy

Claim 2. {s,}, is bounded below < lim

N—00

sn, € R. {85} is bounded above < lim,, .o s, € R.

Claim 3. Let lim,_. s, € R.

lim s, <f <= Ve>0 INeN Va>N |, s,<fB+c¢

n—oo

Claim 4. Let lim,,_, sy, € R.

lim s, >3 <<= Ve>0 VNeN In>N , B-ec<s,

n—oo

Claim 5. Let lim sn € R.

—n—00

lim s, >a <= Ve>0 dNeN Vn>N

n—oo

, a—¢& < Sy

Claim 6. Let lim sp € R.

—n—00

lim s, <a < Ve>0 VNeN dIn>N , s,<a+e

n—oo
Claim 7. lim, s, = —lim, o (—5p)
Claim 8. lim,,_, sy, exists in the extended sense (i.e. in R) <<= lim, , s, = lim, o0 Sn.

In this case, lim Sy, = limy, 00 Sy, = limy, o0 Sy

n—00



Corollary. Let lim, . s, € R. Then lim,_ s, = 3 if and only if

Ve>0 INeN Vn>N |, s, <B+¢
and
Ve>0 YVNeN dn>N |, [B—e<s,

Corollary. Let lim sp € R. Then lim sp = « if and only if

n—00 n—00

Ve>0 dANeN Vn>N |, a—c<sy
and
Ve>0 VNeN dIn>N |, sp<a+e

Claim 9.
(1) limy, oo S =00 & VM € RYN € NIn > N s.t. s, > M

(2) im, . Spn=—00 < VM e RYVN eN3In>Nst s, <M

(3) Timy, o0 S = —00 & limy, o S = —00

(4) im,, . Sp =00 & limy, o0 S = 0
Claim 10. There exists a subsequence {sy, }ro; of {sn}n s.t. limy_o0 55, = limy, o0 Sp, € R.
Also there exists a subsequence {snj }j’;l of {sp}n s.t. limj_,o Sp; = lim, sy € R.

Freebie: each bounded sequence has a convergent subsequence.

Claim 11. Let {s,, },-, be a subsequence of {s,}, such that limy_. s, € R.

Then lim, | s, < limp_o0 Sp, < limy,— o0 Sn-

Claim 12.
lim s, = sup{ lim sp, : {sn,}re is & subsequence of {s,}, s.t. lim s,, € ]I/é}
n—00 k—oo - k—o00
lim s, = inf{ lim sp, : {sn,}re is asubsequence of {s,}, s.t. lim s,, € I@}
n—00 k—oo - k—o0

Claim 13. provided it makes sense:

(2) (Claim 1) o [ o
lim s, + lim ¢, < lim (sp+tn) < lim (sp+tn) < lim s, + lim ¢,
n— o0 n— o0 n— oo n—oo n—oo n—oo
even more ....
. . @ @ . ® o .
lim s, + lim ¢, < lm (sp+tn) < lim s, + lim ¢, < lim (sn+tn) < lim s, + lim ¢,

n— o0 n— o0 n— o0 n— oo n—oo n—00 n—oo n—0o0



