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Instructions:

(1) On the “proof problems”, write only a neat formal proof (and definition) on the
page. If so needed, do your “thinking scratch work” on the back of the previous
page. Failure to follow this may result in no points.

(2) The “Mark Box” indicates the problems along with their points. Check that your
copy of the exam has all of the problems.

(3) This is a closed book/closed notes exam covering (from An Introduction to Analysis
by M. Stoll — 1993 preprint version) § 3.3, 3.4, 3.5, 3.6, 3.7

(4) Throughout this exam, the notation is:

(X,d) denotes an arbitrary metric space. E denotes a subset of X .

(i.e. p, € E).
{an}, {bn} & {cn} denote sequences in R |.

{pn} is a sequence in E

R denotes the set of real numbers.

Other notation is as in class.

(5) Part 3 consists of 3A & 3B. Do 1 of the 2 problems. Put a BIG X through the
page of the problem which you do NOT want us to count.

(6) Part 4 consists of 4A & 4B & 4C. Do 2 of the 3 problems. Put a BIG X through
the page of the problem which you do NOT want us to count. In Part 4, you may
use, without proving, any result from class.

1. If the statement is true, then circle T. If the statement is false, then circle F. The
scoring is 2 points for a correct answer, 1 point for a blank answer, and 0 points for a
incorrect answer.

1) Tor F: Every bounded sequence in R is convergent.

2) Tor F: If the sequence {a,} is not bounded above, then lim,,, a, = 00.

3) Tor F: If pisalimit point of E, then thereisaseq.in E which convergesto p.

4) T or F: 1If the sequence {p,} has a subsequence which converges, then the
sequence {p,} also converges.

5) T or F: A bounded sequence {c,} is convergent if and only if limc, = limec, .

6) Tor F: lim(a, +b,) > lima, +limb,

7) T or F: Every convergent sequence {p,} is a Cauchy sequence.

8) Tor F: If lim, ,00a, =0, then Y - a, converges.

9) Tor F: For any sequence {c,} in R, the corresponding sequence {ax} where
ar, = inf{c,: n > k} is monotone increasing.

10) Tor F : For any sequence {c,} in R, the corresponding sequence {b;} where

bi, = sup{c,: n > k} is monotone increasing.
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2-1) By definition, the sequence {a,} in R converges to a € R if:

Ve >0

%%

%%

2-2) Reproduce the proof of the following theorem:
If {a,} is monotone and bounded, then {a,} converges.
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Let {a,} and {b,} be bounded sequences in R. Show that

fim(an + by) < Tmay, + [mby .

Kk
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Let s =0. For n> 1, let s, be defined by

_ 1
Som = and Sam+1 = 5 + S2m -

N[ =

S2m—1

D=

Show that lim,_,. s, =1 and lim . s, =

Kk
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4A-1) By definition, the sequence {a,} in R is monotone increasing if:

4A-2) Let {a,}32; be a monotone increasing sequence in R. Prove that if a subsequence
{an, }32, converges, then the sequence {a,};2; also converges.
® Hint: In problem 2, you wrote out the definition of convergent sequence.



4B-1) Construct an example of bounded sequences {a,} and {b,} in R such that
lim(a, +b,) # lima, + limb,. Give a brief explanation of your example.

4B-2) Construct an example of bounded sequences {a,} and {b,} in R such that
lim(a, - b,) # lima, -limb,. Give a brief explanation of your example.
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Recall that by definition, a sequence {a,} in R is Cauchy if:
Ve>0 dNoel such that Vn,m> Ny |a, —am| <e€.

4C-1) Prove that if the sequence {a,} in R is Cauchy, then for any real number X, the
sequence {Aa,} is also Cauchy.

4C-2) Prove that if the sequences {a,} and {b,} in R are both Cauchy, then the sequence
{a, + by} is also Cauchy.



