Math 550A - INFORMAL SUMMARY - Spring 2000

‘ Ch 1: Geometry ‘

1.1. Vector - deterermined by its magnitude (i.e. length) and direction.

Remark: a POINT P = (a,b,c) determines a VECTOR oP = (a,b,c)

1.2. Products Given: A = (a1, as,as) and B = (by, by, bs)
0 < LAB def angle between A & B def Oap < 7
TAB def the right-hand-rule unit vector L to A and B
direction angles 0 < a, 8,7 <7 for A.
Then:
length of A = A = \/a%-l—a%-l-a% = A+ A
dot product = A« B = HEH HB" coslOap = aiby + asbs
o o ik
cross product = AxB = [HAH HBH sinGAB] M,; = |a1 az as
by by b3
Lo L L air az as
triple product — [A,B,C] — AxB-C — |b by b
1 C2 C3
- A+ B
angle btw. = LAB = cos! - —
Al ||B
a = LAT = cos_l(al/ ff)
g = Af/fj = cos_l(az/ ff)
v = LAk = cos_l(ag/ ff)
1.3. 1.2 in action ff;é 0 and B £ 0
Ais a UNIT vector < ||A]| =1
the NORMALIZED vector of A is “2:”
A & B are ORTHONORMAL + A1 B and |4 =1 = ||B
A1 B < A& B are PERPENDICULAR <> A+ B=0 <+« A&B
A|B & A& B are PARELLEL < AxB=0 ++ A=kB forsome keR
the area of the triangle determined by Aand Bis Area = % AxB
the area of the parallelogram determined by Aand Bis Area = ||[AxB

the volume of the parallelepiped determined by ff, B , Cis Vol = ‘ [ff B,C

+ a3b3

so cos® o+ cos? B+ cos’y =1



1.4.

1.5.

1.6.

Algebraic Properties

= A’x(sé
BxC
AxC

A+B =B+4 o~ A’xé:—(Bfo
<J+§>-C’:A’-C‘+§-é - (J+§>><C*:A'><C‘+
E-(§+5>2A’-E+E-5 o A’x(*+6*:fi’><§+
Components
The parallel-perpendicular decomposition of B is B= §|| + B, where:

g:zg-fzg:@.A:) i is || to 4
I o I [an) T |
B, = WA - B - f is L tod .
§|| is called the orthogonal projection of B onto A .
The (signed) component of B along A is:

N + HénH ifOSHABST('/2 N N A’

comp 7B def . L g cosbap L 3. —
— HB” if 7T/2<9AB<7T A
Equations and parameterizations
> The line £ through Ry = (zo, Yo, z0) and parallel to vy = (a, b, ¢) :
:E(t):a:0+at T — Xo _ Y—Yo _ Z— 20
R(t) = RO +tvy <— y(t) =1vyo + bt <~ a ¢
2(t) =20 + ct if abe # 0

> The plane P through Ry = (zo, yo, 20) and with normal @ = (a, b, ¢) :

((x,y,z>—ﬁo) e =0 = a(r —x9) + bly—1yo) + c(z—20) =0

<= ar + by + cz=d where d=axqg + byy + czg .

> For a plane P given by ax + by +cz =d :
~ |azy +byy +cz1 —d

d (P, (z1,y1,21)) = Vet + 2

> For radius p, center Ry, and a right-handed system of orthonormal vector €7, €3, €3:

R(t) = EO + COStpgl + Sintpéé + at 63

oif @ =0: is a circle in the plane determined by €; and €5

oif @ > 0: is a right-handed helix with pitch 27 |a| and axis parallel to €3

oif a < 0: is a left-handed helix with pitch 27 |a| and axis parallel to €5 .



1.7. Force: For a constant force F' acting thru a displacement D
DThewordeonebyﬁis W=D-F
> The torque 7 due to F at the point D is r=DxF .
1.8. Cylindrical Coordinates (r,6,z) of (z,y,z):
r=>0 0<O<27 —00 < 2z <00
xr = rcosf y = rsinf z=z
tan~! (y/z) if (z,y) € 15" quad
r=yz2+y? 6= 7 + tan~!(y/z) if (z,y) € 2/3* quad z=12z
21 + tan~!(y/z) if (z,y) € 4" quad
1.9. Spherical Coordinates (p,6,¢) of (z,y,z): noter = psing
p=0 0<fo<2r 0<op<m
x = psin¢cosh y = psin¢sinf z = pcos¢
p=+x2 + y? + 22 6 = as above ¢:cos_lz
p

Figure 1.4.2

Representing a point (z,y, z) in Cartesian coordinates in its cylindrical coordinates (r, 6, z).

Figure 1.4.5

Representing a point (x,y, z) in Cartesian coordinates in its spherical coordinates (p, 6, ¢).



Ch 2: Differentiation & §4.1-4.2 Motion|

2.1. Defs.

a. the neighborhood of p € R" of radius ris N,(p) = {¢ € R": |[p—q| <7}
b. open set - pg 94

2.2, Set-up
Given:  an open subset U™ C R™
a function f: uvr —-R™
So elts. of U™ look like & = (z1,...,z,) and Zy= (zo1,-..,Ton)
and f has the form

where fi: U™ — R!

» Limits (pg 98) and Continuity (pg 104)

limz ,z, f(f) =5 & f(f) ~b provided 7~ %
— limz 7z, (f1(Z),..., fm(Z)) = (b1,-.. ,bm)
= limgz ,z fi(Z) = b; foreachi .
£ is continuous at Zo Lot limz ,z, f(f) = f(fo)
= limz_,z,(f1(Z),..., fm(%)) = (f1(Zo),..., fm(Zo))
= limgz ,z fi(Z) = fi(#y) for each i
= each f; is continuous at % .

»  Partial Derivatives of the f;’s and the class C*

Def: An iterated partial derivative (i.p.d.) of f; of order k is of the form:

9 f; 9 [ (8 (o
8mzk8x228mh N 81;% 0x;, \ 0z;, )

Def: fis (in the class) C* at Zy € U™

each of the k*P-ordered i.p.d. of each f; exists and is continuous in a neighborhood of Z.
Def: f'is (in the class) C*¥ on U™
& ]?isC"c at each ¥ € U"
& each of the k*-ordered i.p.d. of each f; exists and is continuous at each & € U™.

Euler’s Theorem 3.1: If f; € C? at ¥, € U™, then O*fi(Zo) _ 0°filFo)

2 1 1 2




» Derivative of f
Form: the matrix of partial derivatives of f,

which is also called the the derivative of f (at 27) :

Of1 9fr 9f1(%o) 9f1(%o)
Oz v oz, Ox1 te 0z,
DMf = o DM (_’0) = :
Ofm Ofm Ofm(Zo) O fm(Zo)
Oz 0 Ozn A mxn Ox1 T Oz, mxn

and consider

Ox1 T Oz Z1 o1
N = N def
DMf(x0)®(x_ 0) — :
—afgz(fo) _Bfgm(:()) em BEn T Zond
Lalifo) (xt1 —xo1) + ... + Lalgo) (n — Zon)
O fm (% O fm (%
el (@1 —201) + .o+ B (o —aoa) ],

Then f is differentiable at Zq if the partials ng; of f exist at £y and if

fo - [f@) + pufeeE-aw]| .

Fl F— (2.2")

ie.,
f1(Z) f1(%o) afal—ifo) (1 —201) + ... + afalT(fo) (xn — Ton)
e |
fM(f) fm(fO) ngz(lfo) (:El—ZE()l) + ... + ang(fo) (xn_m()n)

~s, §2.3 Theorem 9: If fe C' at £y € U™, then fis differentiable at .
If fE C! at each £y € U™, then fis differentiable on U™.




2.3. Special Cases of (2.2"): f:R—-R so: y= f(z) and D, f = [%].

If r =~ z¢ then:

f(z) ~ fzo) + [ ] @ [z — o]

Special Cases of (2.2”): f:R> =R so: z= f(x,y) and D, f = [% g—i] :

If (z,y) ~ (x0,yo) then:

T Oy

0
% (x —x0) + oy (v — o) -

T x r — T
f(a:,y) ~ f($0,yo) + [3f(60,y0) O f(zo0,Y0) ] ® |: 0:|
~ f(zo,y0) +

2.4. Differentiation Rules

Given:  an open subset U C R® and Zye€ U™
functions f : U™ - R™ and g: U™ — R™ that are each differentiable at &

a constant ¢ € R.

Then:
D, |e f] @) = ¢D, |fa0)]
D, |+ §| @) = D |fl0)| + D, [9(@)
D, |fi| @) "= D, [f@)] §@) + f(@) D, 3@0)]
[ Pl e D [f(@0)] d(@) — f(@) D, [3(E)
‘DM = ($0) = = 12
T §(0)]

Given: open subsets U" CR® and V™ CR™ and &,eU"
functions g: U™ — R™ and f: vm— RP
G(U™) C V™ and so it makes sense to have fog: U™ — RP,
g is differentiable at &, and f is differentiable at g(Zo).

Then the Chain Rule says that :

—

D, (Fod) (@) = Duf(§(@)) ®D,,d(@).



2.5.

2.6.

Vector-Valued Functions

Given: an subset D' C R! and t, € D!
a function F: D! — R™

so F' has the form | F(£) = (fi(t),..., fm(t))| where fi: D! - R .

F is called a VECTOR-VALUED FUNCTION .
One thinks of F' as tracing out (ie. parameterizing) a (1-D) space curve C in R™ .

When D! is an open set:

afr
dt
D, F = :
dfm
dt
and (2.2") becomes:
F is differentiable at to <— limg_y4, %tf(to) exists

and in this case,

L,y = Flto) = limise, D=0 = (f(t0),.. (b)) -
Paths/Curves
A PATH is a vector-valued function : [a,b] — R™. Usually, m = 20r3.

The CURVE or ARC C that is PARAMETERIZED by 7is C = {r(t): a <t < b} .

— o F’(to)
T = o

If7(t) = (2(t), y(t), z(t)), then the arc length of C is: s(a,b) = [ds = [°|7'(t)|| dt

2
WS = ) dt = (%% Lya & ds = |dF]| = \/(d—§>2+(d—g) () g

If: I Cla,b

The unit tangent vector to C at %y is

then:  is 1-to-lon I < the curve {7(t): t € I} does not intersect itself.
C is a SIMPLE CURVE if it has a parameterization 7 where:
(1) 7 is piecewise C' on [a, b] (2) 7 1is 1-to-1 on [a,b] .
C is a CLOSED CURVE if 7(a) = 7(b) .
C is a SIMPLE CLOSED CURVE if it has a parameterization 7 where:
(1) 7 is piecewise C* on [a, b] (2) 7 is 1-to-1 on [a,b)
(3) 7(a) = 7(b) -
C is a SMOOTH if it has a parameterization 7 where:
(1) 7 is C! on [a,b] (2) 7 1is 1-to-1 on [a,b)
(3) 7 #0 on [a,b] .



2.7. Differentiation Rules for vector-valued functions

Given: an open subset D! C R!

differentiable functions F,G:D' - R™ and p:D!' R
_+_

Then: Z [0 F(t)] = p(F @) + p)F(1)
@ :ﬁ(t) y C3(75)] = F'(t)« G(t) + F(t) - G'(t)
& :ﬂ(t) X @(t)] — Py x G(t) + F(t) x G'(t)
Chain Rule: & |F(p(t)| = #/(1)F (p(1)) .

2.8. Motion For a particle moving through space on a “nice” curve C with :

7(t) = (z(t),y(t), z(¢)) position vector
dr(t
v(t) = :Z(t ) velocity vector
du(t
a(t) = % acceleration vector
d ||t
() = |5 £ “:li 1 speed function
" o(t) . .
T(t) = EOl unit tangent vector to C at the pt. 7(¢)
U
o dT(t)/dt
N(t) = }i unit principle normal vector to C at the pt. 7(¢)
HdT(t) /dtH
T(t) L N(t) with T'(¢) || #(t) & N(t) L 9(t)
, . dv(t dT(t
a(t) = ar(t) T(t) + an(t) N(t) with  arp(t) = 1:155) & an(t) = v(t) %
@) = lar(@)]” + an(#)]” & an>0
F=mad if a force F is acting on the particle of mass m
2.9. Scalar Fields
Given: a subset D" C R® and a function f: D" — R
so f has the form f(Z) = w, or equiv. f(x1,...,2,) = w

Then: f is called a SCALAR FIELD
the GRAPH of f = {(xl,... Ty [ (T, ) ERML: (2. J2p,) € ]D)"}
the LEVEL SET of value c € R for fis {£ € D": f(Z) =c} CR"”
> [n=2] = [level set = LEVEL CURVE]

> [n=3] = [level set = LEVEL SURFACE]

_ [9Of of
DMf - [a—wl .o m]
the GRADIENT off:?f = <§—wfl""’%> _

8



2.10. Curves on Surfaces

%  Given: an open set D" C R" and a scalar field f:D*"—=R
flxy,...,xp) = w
an interval I C R and a path r: [ — R
(t) = (ri(t),... ,rn(t))
7(I) Cc D" s0 F¥fom TSR

F(t) = f(ri(t), ... ,ra(t))
When n = 2, think of F’ as a curve on the surface of f.

If f and 7 are nice, ie. differentiable, then

dT1
dry
D, f = [g—afl %} and D, 7 =
drn
dt
and the Chain Rule (2.4) gives:
dF - -
iy = Duf(@(t)) ® D, (to) ef‘w . t)
In %, consider the level set S given by f(&) =
If: rI)CcS so (for)(t)=k foreachtel
TpeS so f(%y) =k
toel with ’F(to) = Ty
Then: ?f‘io e 7'(tg) = i fof)|t
SO ? f ‘9_6,0 1 (the tangent vector to 7l ‘ to

SO ? f ‘ . 1L S ‘ -

o o
In %, consider the case where 7 is a line segment through Z( in the direction of « :
Given: @€ D" and @€ R™ andso 7(t) =&y +tu .

The DIRECTIONAL DERIVATIVE of f at &y along u is :

aer d(f o7 (o + hi) — £ (d0)

Daf(@ F=f, = I
f($0) dt ‘ t:()o hli)r%) h

=@+ Vi, =l H?}ﬂ% cos LAV f|,

When ||d|| = 1, since Dﬁf‘j’g is just the rate of change of f at Zy in the direction of ,
Dgf ‘fo is called the directional derivative of f at &y in the direction of .

+ v f points in the direction of the maximum rate of [g:;rrzzss(;] of f.

increase
decrease

+ H? f H equals the maximum rate of [ ] of f per unit distance .



2.11. Tangent Planes

Here: open sets D® C R™
»  Given: ascalar field f:D® — R, so f has the form w = f(z,y, 2)

To = (x0,Y0,20) €D with f(Zo) =k
the level surface S given by f(¥) =k, soZyp € S
Vi, #0 .

Then: ?f‘io L S‘fo
the eq. of the tangent plane to S at the point (xg,yo, z0) is :

ef‘fo * (T — 20,y —Yo,2—20) = 0.

»  Given: ascalar field g: D?> - R, so g has the form z = g(z,y)
Let: f(xvyvz) :g($,y)—2

So: [the level surface f(z,y,2) =0] = [the graph (ie. surface) of z = g(z,y)] =S
. 99 99 _
So: <Bw’ oy’ 1>‘(ac0,y0) - S‘(wo,yo,g(%,yo))

the eq. of the tangent plane to S at the point (xg, Yo, g(z0,y0)) is both :
dg Oy
8_1;’ a_ya _1>|(w0,y0) * <aj —Z0,Y —Yo,Z — g(m07y0)> =0

_ 99 99
z = g(zo,y0) + %‘(wmyo) (z —z0) + 8_y‘(“°0790) (¥ — o) -

{

»  Given: ascalar field h: D! — R, so h has the form y = h(x)
Let: f(xaya Z) = h(m) -y

So: [the level surface f(z,y,2) = 0 intersected with the plane z = 0]

= [the graph of y = h(x)] g

. dh _
So: <dw’ 1’0>‘(w0) L g|(wo,h(w0),0)
the equation of the tangent line to G at the point (zo, h(xo),0) is both :

dh
<%’_1’0>‘(w0) * <x_$07y_h($0)70> =0

dh
y = h(zo) + %‘(xo) (x —x9) and z=0.

10



§4.3-4.4 Vector Fields and Div and Curl

4.1. Vector Fields

4.2,

Given: a subset D® C R™
a function F: D" — R™
so F has the form F(z1,... ,2,) = (Fi(1,... ,@n)s-.. , Fp(@1,... ,20))
where F;: D" — R .
Then: F is called a vector field
visualize F' as attaching the vector F(Z) to the point z

F; are called the component scalar fields

Given: a path ¢: D! — R
so € has the form &(t) = (z(t),... ,7,(t)) where z;: D! - R.
If: g'(t) = F ((¢))
Then: ¢is called a flow line of F
¢ is the sol’'n to the system of differential eqs: z}(t) = F; (z1 (t),... ,z, (1))

F(cl(ty)) is tangent to the curve ¢ at the point &(tg)
n=3: if F is the velocity field of a fluid, then ¢ is the path followed by a particle in the fluid .

Divergence & Curl

Defs:  the vector differential operator v = (2, a% , 2

2 2 2
the Laplacian operator ?2 = % + §—y2 + % :? . ?

Let: [8] be the class of all the (nice) [Scalar] fields from D? C R3 to [ = }

% vector R

Defs: for fe S and F € V

@fz?(f) ; div F = V.« F ; cu?}ﬁzexﬁ

So:
grad curl’ div
S — y — y — S
<2 <2

S — S and YV — VY

Given: a function F: D? — R2
so F has the form F = (Fy, Fy)

Then: scalar curl of F = 2f2 9K
s e oz Oy

11



4.3. Basic Identities

4.4.

1. ?f—kg ?f+?g
?cf :cef where c € R
V(fg)=fVg+gVf

v (5 = M at points & where g(Z) # 0

Ne) (0] ~J D ot 1SN w [N}
@)
. . . ; .

=

—~

M,

_|_

Q3

*

—_
o
o
=
=

(.

=

I

[y
o
=
=
el
+

[
X
S

w11, el Vf=0 if feC?
12, V(fg) = fV2+gVif+2Vf- Vg
13.  div(Vfx Vg)=0 iff,geC?

14, div (fVg—gVf) =fV2g—gV2f

Note: Euler’s Theorem 3.1 —- 9, 11, 13

Gradient Vector Field

Given: a vector field F: D3 — R3 where D? C R?
a scalar field f:D? - R and feC!t

Vi=F

Then: F is called a gradient vector field

f is called the potential of F .
Thm. If: F:D? — R3 is a vector field
Fec!
curl F 0
Then: F is NOT a gradient vector field .

Why: by 4.3 #11 above .

12



4.5. Geometry of the Divergence pg 284-5

4.5a.

4.5b.

Def:

Given: a VELOCITY vector field F:D? — R3 of a compressible fluid
a point (z, %0, 2z0) € D? and a small € > 0
P(0) is the cube (of the fluid) based at (zg, Yo, z0) with sides determined by €i, €5, ek
P(t) is the (approx.) parallelepiped that P(0) is carried to ¢ time-units later
V(t) = volume of P(t) .
Then:

- 1 dy
div F(zo,v0,20) = o= — = .
( 090 0) V(O) dt ‘[(wvyaz)i(ﬂ?oyyo,zo)]

So: div F is the rate of change of the fluid’s volume, per unit vol., under the flow of the fluid

div ﬁ(wo,yo,z()) >0 = the fluid is exanding at (zo,y0,20) = (zo,Y0,20) is a source

div ﬁ(wo,yo,zo) <0 = the fluid is compressing at (zo,¥0,20) = (%0, Y0,20) is a sink

Have: a fluid flowing through a region D® in R? with:

¥ - velocity vector field of the fluid (%)
o - mass density scalar field of the fluid (%)
? df 5% - mass flow rate density of the fluid (% per mz)

a porous surface S sitting in D?:
through which the fluid flows without hindrance & with outward UNIT normal 77 .

flux of ? across S def net mass of fluid crossing S per unit time (%)

([mass of fluid coming out of 8] — [mass of fluid going into S]) during At

At
Note: [Cog;ii‘;é ?I?ttooés} means the fluid is flowing away from the [Egg;g‘;i] side of S .
Note: if § =1, then flux = the net volume of fluid crossing S per unit time.
If: S is a small FLAT patch and ¥ and ¢ are constant on S
then:  flux across S = < F . ﬁ) (areaof S) .
If: S = S(e) is a rectangular box with:

center Py, sides || to the coordinate axes, and of volume e
then:  S(e) is the disjoint union of 6 small FLAT patches as above and

R ~ flux of F across S(e)
div F(P) = gl—rf(l) vol S(e)

So: div F (Pp) is the flux of F across a small element of volume containing Fp, per unit volume.

13



4.6. Rotation pg 278-9

4.7.

4.8.

Given: a (slanted/flat) solid rigid body B that is welded to an axis L

So
Let:

So:

Then:

the axis L is rotating at a constant angular speed

some point ) on B .

as L rotates, () follows a circular path in a plane 1 to L .
v = velocity vector field of B

w = angular velocity vector of B .

> W L

d(angle) _ speed of Q
dt T d(Q,L)

> ||W|| = w = angular speed of B =
U X 07>2

curl v = 2w .

Geometry of the Curl pg 279

Given: a VELOCITY vector field F: D% — R3 of a fluid

a point (z,y,2) € D3

a RIGID body B centered at (z,y, 2) .

Then: curl ﬁ(w, Yy, z) is twice the angular velocity vector of B
as it rotates about its own axis while in the fluid at (z,y, z) .
Def: Mﬁ: =0 <L Fis IRROTATIONAL .
Key Idea
Given: a VELOCITY vector field F:D? — R3 of a fluid .
Then: div F measures how much the fluid is expanding
m F measures how much an object is rotating about

its own axis when placed in the fluid.
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‘Ch 5: Double and Triple Integrals

a review
5.1. Single Integral

Given: a function f: [a,b] = R

a partition P:a=xz¢ <z <...<z, =0>bof [a,]]

a selection {¢;}I' | where ¢; € [z;_1, ;]
Defs:  1( [xi—1,2;] ) = length [z;_1,z;]

mesh of P = |P| = maxicicnl( [zi1,7i])

Reimann sum of (f, P,{c;}) =1, f(ci) - 1([zic1,@i])
DEF: f is integrable over [a,b] with f[a,b] flz)yde = I &L

lim pj—0 D oieq f(c) - U([wi—1,®] ) = I for each selection of {c¢;}’s .
So: f[a,b] ldr = I([a,b])
and: Yo, f(e) - % ~ avg. value of f over [a,b] %
Def:  the area of the region btw. the graph of y = f(z) and [a, b &t f[a,b] f(z)dx .

Thm: If f is continuous on [a,b] , then f is integrable over [a,b].

Fundamental Theorem of Calculus: If f = F’ is continuous, then [;

[

ap) f(@)dz = F(b) = F(a) .
5.2. Double Integral
Given: R? C [ag,bs] X [ay,b,] C R?

a function f: B2 - R

a partition P,:a, =x9 <z1 < ...<zp = b, of [ay, by]

a partition Py:a, =yo <y1 <...<Ym = by of [ay,b,] .
Form: rectangles R;; = [zi—1,2;] X [yj—1,Y;] -
Pick: a selection {c;;} where ¢;; € R;; .
Defs: A(R;;) = areaof R;;

R ={R; : Ry C R%}

mesh of R =|R| = max;; A (R;;)

Reimann sum of (f, Py, Py, {ci;}) = ZRUER flcij) - A(Rij) .

DEF:  f is integrable over R? with [[p. f(z,y) dA = I FEN

lmR 0 X R,er flcij) - A(Rij) = I for each selection of {c;;}’s .
So: [[r21dA = area of R?
and: ZRUER fleij) - j((’;g)) ~ avg. value of f over R? = ”’;fe];(% :
Def:  the volume of the solid btw. the graph of z = f(z,y) and R? ot [[rs f(z,y) dA .

15



Def: R? is elementary if, for continuous functions g;, either:

R? is of type 1 = type, PN {(z,y) e R?: g1(z) <y < g2(x) and a < x < b}

«~~  draw typical rectangle || to y-axis

R?is of type 2 = type, <= R?={(z,y) € R®: gi(y) <z < g2(y) and a <y < b}

e~ draw typical rectangle || to z-axis

R? is of type 3 = typeyy £ R? i of both type, and type, .

If: f: R?> — R is continuous and R? is elementary,
then: [, f(z,y) dA = f; [ ggf((f)) f(z,y) dy] dr if R?is of type,
and:  [[p. f(z,y) dA = f; [ ggf((yy)) f(z,v) dw] dy if R?is of type, .

5.3. Triple Integral

Given: R3 C [ag,bs] X [ay,by] X [az,b;] C R?

a function f: R®> - R

a partition Pp:a, =xp <z < ...<z, = b, of [a,, b,]

a partition Py:ay =yo <y1 < ... <Ym = by of [ay,by]

a partition P,:a, =2 <21 <...<2z =b, of [a,,b,] .
Form: rectangular cubes (ie. boxes) Bjjr = [xi—1, %] X [Yj—1,Y;] X [2k—1, 2k] -
Pick:  a selection {c;;x} where c;;i € Byji -
Defs: V (B;jx) = volume of B,

YV ={Bijr : Biji C R3}

mesh of V = |V| = maxy;; V (Biji)

Reimann sum of (f, Py, Py, P,, {cijr}) = ZBMGV f(cijr) = V (Bijk) -

DEF:  f is integrable over R® with [[[, f(z,y,2) dV = I
lim|y 0 ZBijkev f(cijr) - V(Bijr) = I for each selection of {c;;i}’s .
So: [[[zs 1 dV = volume of R?

and: ZBijkev f(eije) - % ~ avg. value of f over R® = fffRSéE;g)’z) v

Def:  R3is z-simple if, R® = {(z,y,2) € R*: gi(z,y) < 2 < g2(z,y) and (z,y) € R?} where :
> g; € CL, ie. g; have continuous 1%%-order partial derivatives
> R? is elementary , asin 5.2 .
~» draw typical box with height || to z-axis

If: f is continuous and R3 is z-simple,

then:  [[[ps f(z,9,2)dV = [[p [ giz(izyf f(z,y,2) dz] dA .

Rmk: Analogs hold for z-simple and y-simple.

16



Ch 6: Change of Variables

new stuff
6.1. Recall the 1D Change of Variables Formula:

Have: I* 257 4R
where: I* =[a,b] CR

g € CY(I*), ie. ¢’ is continuous on I*

I'=g(I") = [c,d]

f is continuous .

g(b) " d
Then: / f(z)dx ) / flg g du
g(a) so find g and I «+

usually: get something easy to compute given but hard to compute <
If: g—z >0onI* (andso I =[g(a),g(b)])
or: g—g <0onI* (andso I =[g(b),g(a)])
Then: formula (%) becomes [; f(x)dx (w J1 flg(u))
le.: if you prefer, let g(u) = x(u) so f] f(z)dx () f]* f(z(w)) 3—2\ du .

Goal the 2D & 3D Change of Variables Formulas:
Have: D* —~»D T4 R
D*. D C R2or3
T(D*)=D
D*, D, T, f are nice .
Want: an anolog to (xx),
like:  [f, fey)dd B[l (T ) [2]aA

or: [y f(z,y,2)dV (52 fffD*f(T(u,v,w))dV.

6.2. Interior & Boundary cf. 5.2 & 5.3

For:  the elementary region R? = {(z,y) e R*: a <z <band ¢1(z) <y < g2()}
the interior of R? is {(z,y) € R*:a <z <band gi(7) <y < go(z)}
the boundary of R? is R? )\ [the interior of R?] .
For:  the z-simple region R® = {(z,y,2) € R3: (z,y) € R? and gi(z,y) < 2z < g2(z,9)}
the interior of R? is {(x,y,2) € R®: (z,y) € [the interior of R?] & gi(z,y) < z < g2(z,v)}
the boundary of R® is R3\ [the interior of R?] .

17



6.3. One-to-One & Onto & Jacobian

Have: T:D* — D
D*,D C R*
Def: T is one-to-one < if @; € D* and @y # dy then T'(dy) # T'(d2)
& ifd; € D* and T'(d@y) = T'(d2) then d; = a-
& T does NOT send two different points of D* to the same point in D
< T does NOT fold-up D
P=S passes the hortizontal line test.
Rmk: in 6.1, if g is 1-to-1, then either Z—Z >0 or Z—Z <0 on I*.
Def: T is onto & T(D*)=D
& ifbe D then there is @ € D* so that T(@) = b
< T maps D* onto all of D .
If: T € CY(D*)
then: Jacobian matrix of T = Jr = D, T (recall D,, was defined in 2.2)
and: Jacobian of T = det Jr
So : for n = 2,
T(u,v) = (x(u,v), y(u,v))
o(x, Oz Ou
s = g = | oo |
and for n = 3,
T(u,v,w) = (z(u,v,w), y(u,v,w), z(u,v,w))
Oz Oz Oz
det g, — @y2) 8 B %
A(u, v, w) % % %_1};
du v ow
To change to cylindrical coordinates : (see 1.8)
let: x=rcosf , y=rsinf , z==z2
so: T(r,0,z) = (rcosf,rsinb, z)
and: detJr = r and |detJp| = r
To change to spherical coordinates : (see 1.9)
let: x =psingcosh , y=psingsind , z=pcoso
S0: T(p,0,¢) = (psin pcosb, psin ¢sin b, p cos @)
and: detJr = —p’sing and |detJp| = p?sing

18



6.4. Examples in R?: T:D* = D
6.4.1. Polar Coordinates:

>. T(r,0) = (rcos@,rsinf) = Jr = = detJy =

a. D*={a,b] x[0,7/2] where0<a<b = T(D*) =

b. D*=l[a,b] x[0,37] where0<a<b = T(D*)=

c. D*=10,b]x[0,0p] where0 <band0 < 0y < 27 = T(D*) =

az1 Aa22

>, T(u,v) = A[Z] L f = {a11u+a1zv+b1} _ [m(u,v)

6.4.2. Linear Transformations: here A = a1l alﬂ & g:[

a21U + Q220 + b2
Facts from linear algebra:

(i) detA#0 < Tisl-to-l (see § 6.1 Ex. 8)
(ii) detA#0 <« T(R?*) =R (see § 6.1 Ex. 9)
(iii) Ady x Ady =  (det A)(dy x da) (just write it out)
(iv) Jr =

Consider parallelograms: here d; £ 0

Let:  D*={p + Ay + pdy :0< A\ <1}

So: D* is a parallelogram < dy K dy < dy xdy £0.
Note: T(D*)={(AF + b) + AAdy + pAdy : 0< A\ p<1}.

So: T(D*) is a parallelogram < D* is a parallelogram and
Note: Aj — (a1, az; ) and Af: (a2, az ),

x. so: T([0,1]x[0,1]) = {5+ Alai, asn ) + p{a, amn) :Og)\,ugl}.
If: D* & T(D*) are parallelograms, then

area T'(D*) = H(Aafl (Ady) H (55

|det A Hdl X dzH = |det A| area (D*) ) |det Jr| area (D*).
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6.5. Change of Variables Formula
Let: D*—2sp-JuR

D' Dc[8] and Dris [demema] (oo [22])

simple
T € C'(D*)
T is 1-to-1 on the interior of D*
T(D*)=D

f is continuous .

For: 2D-case:

//D flz,y)dA = /D* F(T(u,v)) |det Jr| dA

mnemonically:

//D faw) dody = [ D*m(u,v»\ggz;g;

For: 3D-case:

///ij(m’y’z)dv N //D*f(T(“’v,w)) det Jr| dV

mnemonically:

///D f(z,y, z) “dedydz” = // . f(T(u,v,w)) ‘%

“dudv” .

“dudvdw” .
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7.h.
7.h.1.

7.h.2.

7.h.3.

|Ch 7: Integrals over Paths and Surfaces

new stuff

Ch 7 — Summary

Given: a path
a surface
a scalar field
a vector field
with:
7.b Path Integral
Je 1 ds
7.c Line Integral
[LF « d§
7.e Surface Integral
[fs fds
7.g Surface Integral
[ls FedS§
Note:

[a,b] - R"
[0

D 2 onto S

n n

R2 R3

R 4R

R £, Rn

everything nice & continuous.

— averages f along the path ¢

= [, F@®) lle ) de

— work done by force Fona puffo as he moves along the ¢
SR ACOIREAOR

— averages f over the surface S

= Jfp S (@(w0) |Tu x To| dudv

— the flux of F across the surface S

= ffD2ﬁ- (ﬁxﬁ) dudv

= JJs|F -] as

path & line integrals change integrals over paths to single integrals (as in 5.1)

surface integrals change integrals over surfaces to double integrals (as in 5.2) .

Integrals over paths

c(t) = (x(t),y(t), 2(¢))

5l(t) _ <dac dy dz>

dt) dt’ dt
ds = ||&'| dt
dg = &' dt

Integrals over Surfaces

®(u,v) = (2 (u,v),y (u,v), 2 (u,v))

? o
Tu= (32, 5% &)
—
T _<8w Oy 8z>

v =

dv’ Bv’ dv

T
a5 = (uxif) dudv

dudv = \/[ ggz:gg r + [ ggf}; ]2 + [gg:i; ]2 dudv

o(z,y)

ﬁ%lS where 71 is the outward unit normal vector to S

7.e

21
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7.a.
>

>

Ex:

Paths/Curves

Review 2.6
Given: [aq,b1] O—H}io—> [a, b] S Re
with: ~ h € C! and h is 1-to-1 on [ay, b1]
¢ is piecewise C! on [a, b]
then: 7 2 &oh: la1,b1] = R™ is a REPARAMETERIZATION of ¢ .
Note: {c(t):a<t<b} = {pt):a1 <t<b} = C.
Since:  h is 1-to-1, there are 2 possibilities:
either: A’ >0on [a;,b1] = [a,b] =[h(a1),h(b1)] = h PRESERVES ORIENTATION
or: h' <0on [a1,b1] = [a,b] =][h(b1),h(a1)] = h REVERSES ORIENTATION .
Since:  p’(t) = &' (h(t)) A (t)
one thinks of A as changing the speed at which a point moves along the curve C.
If: a,b] = [a,b] - R"
with:  h(t)=a-+b—t
then: p(t) = cla+b—t) = Cp(t) = the opposite path to ¢
= a path in the opposite direction as ¢
but with the same speed as ¢ .
 If: 0,1] =2 [a,b] —= R"
with:  h(t)=a+ (b—a)t
then:  p(t) = céla+ (b—a)t)

= a path in the same direction as ¢

but with the speed of (b-a) times the speed of ¢ .
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7.b. Paths Integral

7.b.1. Given: [a,b] SR LR
with: &€ Clla,b]
f is a scalar field

f is continuous on ¢ ([a, b])

[ords S [P p@e) &) de

then: the PATH INTEGRAL of f over Cis

If: ¢ is piecewise C! on [a, b]

then: we cope in the obvious way.
7.b.2. Key ldea:

Form: a partition of [a,b] : a=ty<t; <...<t,=b,

with:  At;=t; —ti_1 ~ 0,

pick: a selection t} € [t;_1,t] .

Note:  &'(tf) ~ [é&lt:) —eltiey) | /At .
Then: [.fds = [} [ (1) [&'(®)]|] dt

A Doy LFER) e’ ()] At
= D FE@#) Llle" () At ]
>ir FEEE) Il élts) — etia) |
Yo f(Etr)) [length of the curve ¢ ([t;—1,t:])]

Q

&Q

7.b.3. Examples:
> J.lds = length of the path ¢ .

> If: ¢ represents a wire in R3

with:  p: R® — R the mass density (eg. grams/cm) of &

then: the total mass of the wire = fap ds
and: the center of mass of the wire = <ff€:pp ddss , ffay: dcis , G?;pp j:)
> the AVERAGE VALUE of f along ¢ is ﬁ {i:
eg: f(z,y, 2z) is the temperature act the point (z,y, 2)
s0: average value of f along ¢ = average tempature of f along ¢ .
> If: [a, b] Rz L, [0,00) and so ¢ ([a,b]) sits in the xy-plane
then: fa fds is the surface area of one side of the fence over ¢ with height given by f .

7.b.4. Given: 7.b.1 setting

a reparameterization p of ¢

then:  [-fds = [.fds.
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7.c.
7.c.1l.

7.c.2.

7.c.3.

7.c.4.

7.c.5.

7.c.6.

7.c.7.

Line Integral

Given:

with:

then:

Key Idea:

Then:

Ex. if:
then:

la,b] =5 R* £ R?
¢e Cla,b]
F is a vector field

—

F is continuous on ¢ ([a, b])

the LINE INTEGRAL of F' over Cis

JoF e ds S [PR@E) « (1) dt

[Feds = [ [ﬁ(a(t)) . 8’(t)] dt

~

~

F is a force field acting on a puffo

| Few) - @]

notation as in 7.b.2 and setting as in 7.c.l:

At;

faﬁ « d§ is the work done by F on the puffo as he moves along the path ¢ .

Differential Form Notation:

E(t) = <x(t)ay(t)az(t)> and ﬁ(maya Z) = <F1($,y,z),F2(:I:,y, Z)aF3(mayaz)>

If:
then:

From
If:
SO:

then:

Given:

It
If

Given:

SO

then:

- - b X d Z
JoF e« ds = [/(Fi,F, F3) G

notagonfg Fl d$ —{— F2 dy —|— ngz .

a Line Integral (7.c.1 setting) to a Path Integral (7.b.1 setting) .

&'(t) # 0 on [a,b] and ¢ is one-to-one on [a.b]

N,

= V[ Few) - T

—

C

= [ |F. (Toe )] ds

think of F (T“ ocC *1) as the tangential component of F along ¢ .

(t) def c'(t)/ ||€'(t)|| is the unit tangent vector to ¢(t)
= o b 2/ c(t
JoFeds = 7 F@w) - ity

=1

| nerwnae = g2 [F
@) ] le @i at

the 7.c.1 setting and a reparameterization p’ of ¢ .

P preserves orientation then

P reverses orientation then

¢: [a,b] — R3

fR SR
Vi=(Z, %Y%) R R

[.Vfeds = fEb) - f(&a)) .

24
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and ?f cCt
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7.d.
7.d.1.

Rmk:

7.d.2.
Setup

Surfaces

Given:

SO:

Def:

If
ie.
then
If
then

t
®: D2 2%, S
o 5

®(u,v) = (z (u,v),y (u,v), 2z (u,v)) .

® is a PARAMETRIZED SURFACE

S is the SURFACE corresponding to & .

® is differentiable (resp. C!) at (u,v) € D?

z and y and z are each differentiable (resp. C') at (u,v) € D?
S is a differentiable (resp. C!) surface at ®(u,v) € S.

S is a differentiable (resp. C!) at each ®(u,v) € S

S is a differentiable (resp. C'!) surface .

Think of ® as twisting and bending the 2D region D? into a surface S sitting in 3D.
Key Ideas and Defs:

Given:

SO
Then
and
SO
Lkws
and
SO

Note

If
then

SO

t .
P: 22 2, ‘2 a parametrized surface

K2 E3
(ug,vg) € D? with & differentiable at (ug,vo) ,
®(uo,v0) = (%0, Y0,%0) €S .
Cuo (t) = ®(ug,t) is a path whose image lies on S and goes through (z¢, o, 20) at t = vy
a tangent vector to ¢,, at (zo, yo, 20) is: J_i(uo,vo) = Cy,(vo) = <g—§, %, g—f}>|(uO,U0)
ﬁ(ug, vp) is the instantaneous rate of change in ®, along &,,(t), at ®(ug, vo) .
Coo (t) = ®(t,vp) is a path whose image lies on S and goes through (z¢, Yo, 20) at t = ug

Ox Oy Oz

— . —> —
a tangent vector to Cy, at (wo,%0,%20) is: Tu(uo,v0) = ¢, (u0) = (5, 5, m)‘(u(}’vo)

%
T (ug,vp) is the instantaneous rate of change in ®, along é,, (t), at ®(ug,vo) -

o i 7k
0 0 e
[TuXTv] (uo,v0) = | 3¢ 3 on
9z Oy 9z

Ov ov dv 4 (uo,v0)

%

[Tu X Tv] (ug,v0) # O
= .

[Tu X Tv] (up,vp) is NORMAL to the surface S at ®(ugp, vg)

an equation of the TANGENT PLANE to the suface S at the point (zg, Yo, z0) is:

—> —
<$—$07y—yoaz—zo> ° [TuXTv] (UO,’U()) = 0.
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(C)  Let: [T—i X J—i] (uo,v0) # 0
A Ay be the rectangle at (ug,vo), with sides (Au)i and (Av)j.
So ®(AAy) is approximately the parallelogram at ®(ug,vo) with sides:
D (ug,vo + Av) — P(ug,v9) = Cyo(vo + Av) — Gy (v0) =~ Awv J—i(uo,vo)

5 5 —
D (ug + Au,vg) — ®(ug,vg) = Cpy(uo + Au) — Gy, (o) ~ Au Ty (ug,vo)

SO
area AA = (Au) (Av)
surface area ®(AAy) =~ || Tu(uo,vo) X Ty (ug,v0) || (Au) (Av)
= || Tu(uo,vo) X Ty(ug,vo) || ( area of AAgy ) .
(D) If [ﬁ X ]—i] (UO,’U()) 7é 6

then S is SMOOTH AT ®(ug,vp) €S .

Also S is SMOOTH if S is smooth at each point of S.

Rmk:  loosely speaking, a smooth surfaces has no corners or breaks.
7.d.3. Have $: D2 2, S 4 parameterized surface
w2 b
with D? is an elementary region in uv-plane

® is C! and 1-to-1 on the interior of D>

S is smooth, except possibly at a finite number of points of S
then ® & S are NICE .
If ® & S are a (finite, disjoint) union of NICE ®;’s & S;’s

then ® & S are PIECEWISE NICE (pw-nice) .

7.d.4. Have &: D2 2%, (g a differentiable parameterized surface,

then
B — o(z,y) 2 Ay, ) 2 o(z, z) 2
T T — ) ) )
7. [aw,v)] i [aw,v)] i {aw,v)]
where
Oz,y) _ |52 5=
O(u,v % gz
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7.d.5. Ex: Special Case

Given

Form:

If:

then:

and:

and if:

then:

g:lﬂ)2 — R.

R2

. p2 oo, S via o(z,y) = (v,y,9(,

R3
D? elementary

g € C! on interior of D?

) -

® is nice
— dg
Tac - 17 ) .
(1,0 a$>
— dg
T, = (0,1, =
Yy < ) 7ay>
= = dg Jg
TEXTy < 8.’17, ay71>
= = dg 2 dg 2
[z =[5 + o]+
(z0,90) € D?

PO = ($an07g($07y0)) € )

m is ANY normal vector to S at Fp,

1

— =
T, x T, S
Po ‘cosikﬁi‘
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7.f.  Oriented Surfaces

7.£.1. Consider a parametrized surface ®: lr?z oo, §1
R2 R3
Intuitively, § is an ORIENTED SURFACE if it has 2 sides:
> one side is the outside, or POSITIVE SIDE
> the other side is the inside, or NEGATIVE SIDE .
At each point ®(u,v) € S, there is a (unique) OUTWARD unit normal vector 7i,, with
> Tiy, pointing away from the positive side of S
> —Tiy, pointing away from the negative side of S .
We say that {7y, }(u,0)ep2 orient S .
If for each ®(ug,vo) € S where S is smooth:

Lol
i
T xT,
|

So any parametrized surface for which T,, x T, never vanishes can be considered as

> = Tlygv, , then ® is ORIENTATION-PRESERVING

= —Tuguv, , then ® is ORIENTATION-REVERSING .

_>
x T,
%
x T
%
x T,
X ﬁ ‘(uo,vo)

an oriented surface with a positive side determined by the direction of the T, x T}, ’s.

7.£.2. Ex: Sphere (z?+ 9%+ 2% =p?)
®(0,¢0) = (psingcosh, psingsinf, pcoso)
D? = {(0,9):0<0< 2, 0< p< 7}
Ty x Ty = — (p?sin® pcosh, p?sin psind, p’singcosd) = — [p sing| B(0, §)
717 1

® is orientation-reversing

7.£.3. Ex: Special Case (see 7.d.5 and compare with 2.11)

®(z,y) = (z,y,9(x,y)) where g is differentiable
(%, -%,1

ZT) % ZT) (JI ) o T O9r By’ ‘ def the OUTWARD normal unit vector to
x y 0,Y%) = dg g 1 (zo,y0) S at the point (z9,Y0,9(x0,y0))ES
<_% » T By >

Note: [Tw X Ty] (x0,Y0) points upwards since its last coordinate is positive.

® is orientation-preserving

28



7.e.l.

7.e.2.

7.e.3.

Surface Integrals of Scalar Fields

Given: D22, s I, R
N FIQS

onto

R2

with: ® is NICE
f is continuous on ®(D?)

then: the INTEGRAL OF f OVER § is:

J[ras = [[ r@qon |

Key Idea: using notation from 5.2 (see text pg 431&442)

ZTZXJ_”Z dudv .

Form: a partition R = {R;; : R;; C D?} of D? into rectangles
where: mesh R ~ 0

and: R;; has sides of length Au;; and Awv;;

pick: a selection {c¢;;} where ¢;; € R;; .
Then:  [fsfdS = [fps (@ (w,0)) || x To| dudo
%
N Tryer | [@() |Tule) x Tolesy)| | Auis vy

= Yryer [(2(cij)) H
7.d.2 >R er f(®(cij)) [ surface area of ®(Ry;) | .

Qe

Examples: compare with 7.b.3
[Js1dS = surface area of S .
If: S represents a surface in R?

with:  p: R® — R the mass density (eg. grams/cm?) of S

then:  the total mass of the S = [[spdS
and: the center of mass of S = (ffff xppdd: ) ffffs yppdd; ) ffffs prdds ) .
S S S

the AVERAGE VALUE of f on § is JJs fds

JJs1dS
eg: f(x,y, 2z) is the temperature at the point (z,y, z)
so: average value of f on S = average temperature of f on S .
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7.g. Surface Integrals of Vector Fields

. P F
7.g.1. Given D?—— § >y R3
@ ®

where @ is NICE and F is continuous on ®(D?)

and S is oriented by @ | i.e.

@xT)  _ - -
m = the OUTWARD unit normal vector to S = 1.

Then the SURFACE INTEGRAL OF F OVER S is:

[[Feas 2 [[ [F@uo - (@< ] auw 2 [[ (5] as.

7.g.2. In the set-up of 7.g.1 and 7.e.1:

If [31] is a [omentation-preserving](re)-parmaterization of S
th ~ (ﬁxﬁ)) o (ﬁxﬁ)‘ _ (ﬁxﬁ)‘
enn [ToxTy|[lfor @ = JToxmy|lfor @ = 7 (T x| | for @
— = — = — =
S0 TuXTv‘foré = TuXTv‘for'@l = = (TuXTv‘for<1>2>
50 [[gFedS = [[y FedS = — [[, Fe-dS

and  [f,fdS = [f, fdS = [, fdS

(see text pg 431 & 455)
A(@(eii) + (Tule) x Tuleiy)) | Aug; Ao
(@) + i@(eii)) | (|| Tates) x Toiesy) | A Awy)
( i(®(ciy)) |

7.¢.3. Key Idea: using notation from 7.e.
So: ff8F° dS =~ Y p cr

iy [ surface area of ®(R;j) | .

7.g.4. FLUX Recall 4.5b
Have: a fluid flowing through a region D® in R? with:

v - velocity vector field of the fluid (%)
0 -  mass density scalar field of the fluid (%)
F 2 55 - mass flow rate density of the fluid (£ per m?)

a porous surface S sitting in D?:

through which the fluid flows without hindrance & with outward UNIT normal 7 .

Def: flux of ? across S 2 net mass of fuid crossing S per unit time

([mass of fluid coming out of §] — [mass of fluid going into S]) during At
_ At

Claim: flux of?acrosss = ffs[?- ﬁ] dS
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‘Ch 8: The Integral Theorems of Vector Analysis‘

new stuff
8.a. Summary of Ch 8 ?z(%,%,%) ; divﬁz?oﬁ; curlﬁzexﬁ
Example: D def {(z,y): 22 +y?> <1} C R? is a Green’s Region
6D = {(z,y):2*+y*=1}CD is the boundary of D
dDt = (cost,sint) 0<t< 27w is a (counterclockwise) parameterization of 6 D
n = (x,y) is the outward unit normal to 6D .
8.a.1. Let: D be a Green’s region
F(z,y) = (P(2,9), Q(x,y)) be C' on D .
> Green’s Theorem for D C R?
— N —> — —
Then:  [5,4 F e+ ds = [/, [curlF . k] dA
I I
. . _ 0 (o)
ie: fsps Pdz+Qdy = [[, |92 — %] daay
~5 S0 [sp+ (—y,x)+ d§ = 2 (areaof D) .
> Divergence Theorem for D C R?
Then:  [5,+ [ﬁ- ﬁ} ds = [, [div ﬁ] dA .
Example: S &L {(z,y,2): 22 +y? +22=1and 2 >0} CR® is a Stokes’ Surface
S = {(z,y,0): 22 +y*=1}CS is the boundary of S
08T = (cost,sint,0) 0<t< 2w is a (cc-wise) parameterization of 4§ .
8.a.2. Stokes’ Theorem for S C R3
If: S is a Stokes’ Surface
F:S—>R isClonS
— —> — —
then: [y, Feds = [fg|cwlF|-as.
Example: € def soup can (top & bottom included) + the soup is a Gauss’ Region
02 = the soup can (top & bottom included) is the boundary of Q .

8.a.3. Gauss’ Divergence Theorem for € C R?

If: Q2 is a Gauss’ Region
F:Q—> R isClon(
then:  [fiq Fead = [ffy |div F|av.
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8.b.
8.b.1.

8.b.2.

8.b.3.

Definitions of Green’s Region, Stokes’ Surface, Gauss’ Region

see 7.a for path defs

Elementary Green’s Region D and corresponding items:

D CR? is an elementary region (5.2)
0D is the boundary of D (6.2)
dD* = (z(t), y(t)) is a piecewise-smooth (oriented simple closed) path that

parameterizes D in the positive (ie. counterclockwise) direction

(y'(), —2'(t) )

7 = is the outward unit normal vector to D .

I Cy'(), —2'(2) ) |

note that if you walk along §DT, then D is to your left

a region that can be divided into a finite number of Elementary Green’s Regions,

with their shared §D’s “oppositely oriented,” is a Green’s Region (see p. 471)

Elementary Stokes’ Surface & and corresponding items:

Have: D? on;{:cﬁ S
N n
R2 R3
where ® is a NICE parameterization of the surface S (7.d.3) & D is an elem. Green’s region

® is C? on (all of) D and 1-to-1 on (all of) D
S is smooth and oriented by ®. (7.f.1)

So have: DT 22L (y(¢), v(t)) is as above in 8.b.1 .
Let: 5S &L 3(sD)

5+ & (5D .
So: 0S is the boundary of S

dST is a (oriented simple closed) path that parameterizes §.S .

also need: if you walk along §S™, standing on the positive side of S, then S is to your left .

Special Case™ ®(z,y) = (z,y,9(z,y)) where z = g(z,y) is C? and D is an elem. Green’s region .

Think of D C R? as a piece of lycra with a wire as its boundary and ® places D

down in R? and then gently transforms it (1-to-1-ish) to S so that S’s outward unit

normals vary continously.

a surface that can be divided into a finite number of Elementary Stokes’ Surfaces,

with their shared 6S’s “oppositely oriented,” is a Stokes’ Surface

Gauss’ Region {2 and corresponding items:

QCR3 is a simple region (5.3) , thus has top, bottom, and possibly sides

dQ C R® s the boundary of Q (6.2)
o€ is oriented by the outward normal vectors

193 is piecewise NICE (7.d.3) .
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8.d.1.

8.d.2.

| STOKE’S SURFACES |

Let: D? = {(z,y): 2> +y*> <1}
S = {(z,y,2): 22 +y?>+22=1 and z >0} .
Define @: D? —22°, § by

2x 2y 1 — a2 —y?
®(z,y) = 2 .2 12 2 v T2 2
r*+y*+1 z24+y*+1 =x°+y+1
Claim: ®(x,y) is the pt. of intersection of S & the line thru (z,y,0) & (0,0, —1).
Note
T <7, - s oo y)
x Yy ($2 + y2 + 1)3 ) ($2 + y2 + 1)3 ’ (ZE2 + y2 + 1)3 '

Thus $: D? —22°, S realizes the upper-hemisphere as a Stoke’s surface.
Also:  dDT(t) = (cost, sint)

55+(t) &L (D) (t) = (cost, sint, 0)
So we now see that the sphere is a Stoke’s Surface (why?). What’s § ST (¢)?
Let: 0 < h = height and 0 < r = radius.

D? = {(z,y): —r<xz<rand 0<y<h}

S = {(z,y,2): 22 +22=7r? and 2> 0 and 0 <y < h}.

Define ®:D? 2%, § by

B 2212 r(r? — z?)
®(@y) = r2 4227 77 24 g2

Claim: ®(z,y) is the pt. of intersection of S & the line thru (z,y,0) & (0,y, —7).
Note

(72 1 22)2 (72 1 22)2

onto

Thus ®: D> >+ & realizes a semi-cylinder as a Stoke’s surface.

Also:  dDT(t) =7
5S+(t) & o(5DH)(1H) =7

So we now see that a cylinder is a Stoke’s Surface (why?). What’s 65T (¢)?
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GAUSS’ THEOREM

The key idea behind the proof of Gauss’ Theorem is 4.5b.

To see this, first recall 4.5b; if you wish, let § = 1 so the flux is just the net volume

of fluid crossing a surface per unit time.

8.e.. Have:  a fluid flowing through a region D? in R? with:

v -  velocity vector field of the fluid (%)
0 - mass density scalar field of the fluid (%)
? 4t 55 - mass flow rate density of the fluid (% per m2)

a porous GAUSS REGION () sitting in D? so that:
e the fluid flows through  without hindrance

e §()is a surface with outward UNIT normal 77 .
8.e.1. Divide 412 into lots of small (almost flat) patches S;.
4.5.b (i) = flux of F across S; ~ (ﬁ . ﬁ) (area S;) .
Calculus = flux of F across 6Q) = [fsa <13 . ﬁ) ds = [[sq Fo+dS.
8.e.2. Divide (2 into lots of small (solid) rectangular boxes R;.

4.5.b (ii) = flux of F across 0R; ~ (div ﬁ) (vol R;) .
Calculus = flux of F across 6Q = I [ div F } av .
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8.c. Conservative Fields ‘

8.c.1. Theorem (compare with 4.4)

If F:D?® - R® isa C! vector field
where D? = all of R? expect for possibly a finite number of points,
then the following are equivalent:
(1) F = v f for some scalar function f: D* — R
(2) culF=0
(3) aﬁ « d5=0 for each oriented simple closed curve ¢
4) [z Fe ds= I, F« d3  for each pair of oriented simple curve &, & &

that both start at the same point and both end at the same point.

If F satisfies one (and hence all) of the above conditions,
then: ﬁ is a GRADIENT VECTOR FIELD
ﬁ is a CONSERVATIVE VECTOR FIELD
f is the POTENTIAL of F
flz,y,z) = fom Fy(t,0,0)dt + foy Fo(z,t,0)dt + foz Fs(z,y,t)dt
where F = (Fy,Fy, F3) .

7.c.7. Given: ¢:[a,b] - R3 with ¢ piecewise C1
f:R® =R with fecC?
S0 ?fz(?—i,g—i,g—bzR‘g%R‘g and ?fe(]l

then: [, Vf+ds = f@b)— f(ela)) .
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