Math 142 Techniques of Integration
Trigonometric Integrals

- The book gives lots of rules/strategies.
Read them but do NOT memorize.
Use logic instead, as done below!
- Recall the following natural pairings (in terms of derivatives):

sin <> cos tan < sec cot < csc

If the integrand does not contain natural pairings, then rewrite it so that it does.

Eg: tanx cos’z = osE cos® = sin x cos .

- Make a natural choice for s or t. For example, if the integrand involves sine and cosine, then try

S = CosT t =sinx
. or
ds = —sinz dx dt = cos z dzx

If the integrand involves tangent and secant, then try s = tanx or ¢ = sec .

If the integrand involves cotangent and cosecant, then try s = cotx or t = cscx.

- Then isolate off your ds or dt and try to express what is left in terms of just s or t.
- The following will be helpful (and you must memorize them):

9 1 — cos(2x) 9 1 + cos(2x)

sin®x = — and cos” & = ———— (half-angle formulas)
9 . 9 cos’z  sin’x 1 9 9
cos“x +sin“x =1 - 5 + 5 = 3 - 1+ tan“z =sec”x
COS“x COS*x  Cosx
2 2 1
cos“r+sin“zr =1 — 5— + = 5 == cot“x+1=cscx

sinfx  sin?zx sin“ x

- For integrals of the form [sinmazcosnzdz or [sinmazsinnzdr or [ cosma cosnzdx
where m # n, use the trig identities (these 3 you do not have to memorize)

sina cos B = 3[sin(a — B) + sin(a + 3)] (1)
sina sinf = i[cos(a — B) — cos(a + 3)] (2)
cosa cos B = L[cos(av— ) + cos(a + B)] . (3)

Example 4. [sin’zdz

If we try s = cosx or ¢ = sin, it will not work (why? [sin‘zdz = — [ [—sinz dx] ).
Here we use the half-angle formulas.

/ sindzdz — / sin? 22 dz = / [“COS(MT v — 3 / [1 — 2cos(2x) + cos(2x)] dz

2
1 1 4
:/ 1—2005(2m)+7+cos( z) dx
4 2
3 1 1 1
== - = 2x)2dx + - - = - — 4x)4
8/d1‘ 1 cos(2x) dx+4 5 4/(305( x) 4dx
3 1



Example 1. / sin” z da

S = CoST t=sinx
: or
ds = —sinx dx dt = cosz dx

/sin7xda;: —/ sin® z | [~ sin z dz]

Now can we express |sin® z | in terms of only s = cosz ? Yes, easily!

6

sin® ¢ = (sinz)® = (sin? :U)3 = (1 - cos? x)3

So:
/sin7xda::—/[—sinxd:v]

—_/ [1—00323;]3 [— sin x dz

:_/(1_82)3d5

:/ (56—354—1—352—1) ds

sT 35 363

== ——+—— - C
7 5 + 3 s+
7 5
3
_cos7x_ CO; $+cos3$—cosm+0

/ sin” x dr = / [would want here cosz dz]

The substitution with ¢ = sinx doesn’t work because there is no cosx in the original integrand.



Example 2. /sin4(17x) cos®(17z) dx

s = cos(17x)
ds = —17sin(17z) dx

t =sin(17z)
dt =17 cos(17z) dx

or

-1

/ sin®(17z) cos® (172) dx = 5l cos®(17z) sin®(17x) |[~17sin(17z) dx].

Can we express | cos®(17z) sin®(172) | in terms of only s = cos(17z)?

Not easily, there is an “extra sin”:

cos®(17x) sin3(17z) = cos®(17x) sin®(17z) sin(17x) = cos®(17z) [1 — cos?(17z)] sin(17z)

1
/sin4(17zx) cos®(17z) dx = 17/ sin(17z) cos?(17z) |[17 cos(17z) dx].

Can we express | sin?(17z) cos?(17z) | in terms of only ¢t = sin(17x)? Yes.

sin®(17x) cos?(17x) = sin®(17z) (1 — sin®(172)) .

So:
1
/ sint(17x) cos®(172) dx = 17 sin®(17x) cos?(17z) |[17 cos(17x) dx]

1

=17 sin?(17x) (1- sin2(17aj)) [17 cos(17x) dx]
1

=1 t4(1 —t?) dt
1 4 _ 46

1 [/t5 7
=17 <5 B 7> e
1 (sin®(17z) sin”(17x)
T7 < 5 7 ) +C




Example 3. / tan 0 sec* 0 do

s=tand t =secl
or

ds = sec? 0 df dt = secOtanf do

/ tan@sec? 0do = / [sec2 0 dﬁ]
Can we express in terms of only s = tan6? Yes.

tan @ sec? 0 = tan 6 (1 + tan? 9)

/tan@sec46d9 = /[sec29d9] = / tan9(1+tan20) [Seczﬁdﬁ]
:/8(1+32)ds = /(3+33)ds

s st

=—+—4+C
5 + 1 +
tan?@  tan*#
= o
2 + 4 +

/tan@sec49d9:/[sec@tan&d@]

Can we express in terms of only ¢ = sec0? Of course. So:

/taanecA‘GdQ:/M[sec&tanﬁd@]

3 t4

4

sec* 0

= k
1 +

So:

Why are these answers different? They’re not.

sect 6
4

_1 2 2 _1 2 2
+k—4(sec 9) +k = 4(1+tan 0) +k

1 9 4 _ tan?d  tan®d
= J(+2tanf+tan’f) +k = ——+ ——+(k+

So C:k+i.



