STRICTLY SINGULAR, NON-COMPACT OPERATORS EXIST ON THE
SPACE OF GOWERS AND MAUREY

G. ANDROULAKIS AND TH. SCHLUMPRECHT

Abstract We construct a strictly singular non-compact operator on Gowers’ and Maurey’s
space GM.

1. INTRODUCTION

In 1993 W.T. Gowers and B. Maurey [GM] solved the famous “unconditional basic se-
quence problem” by constructing the first known example of a space that does not contain
any unconditional basic sequence. In the present paper this space is denoted by GM. Fur-
thermore it was shown in [GM] that the space GM is hereditarily indecomposable (HI), i.e.
no infinite dimensional subspace of GM can be decomposed into a direct sum of two further
infinite dimensional closed subspaces. As shown in [GM] every bounded operator on a com-
plex HI space can be written as a sum of a multiple of the identity and a strictly compact
operator. Recall that an operator T is strictly singular if no restriction of 7" to an infinite
dimensional subspace is an isomorphism. Actually Lemma 22 of [GM] implies immediately
that the real version of GM has also the property that every operator on a subspace of it
is a strictly singular perturbation of a multiple of the identity. In [GM] it is asked whether
or not every operator on GM can be written as a compact perturbation of a multiple of the
identity. If the answer to this question were positive then by [AS] the space GM would be
the first known example of an infinite dimensional Banach space such that every operator on
it has a non-trivial invariant subspace i.e. GM would be a positive solution to the invariant
subspace problem.

In 1999 W.T. Gowers showed that strictly singular non-compact operators can be defined
on certain subspaces of GM, [G]. Our main result is

Theorem 1.1. There exists a strictly singular non-compact operator T': GM — GM.

Since strictly singular non compact operators on an infinite dimensional banach space
cannot be written as compact perturbations of a multiple of the identity, we give a negative
answer to the question of W.T. Gowers and B. Maurey. Also, we show that the space of
operators on GM contains a subspace isometric to {,,, the Banach space of all bounded
sequences of scalars. Thus the set of operators on GM is non-separable in contrast to the
separability of the set of compact perturbations of a multiple of the identity on a space with
a basis.

Concerning the invariant subspace problem, note that if every strictly singular operator
on GM has some compact power, then by [L], GM would still be a positive solution to
the invariant subspace problem. However, we conjecture that there exists a strictly singular
operator on GM none of whose powers is compact.
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The construction of the space GM is based on the space S, the first known example of an
arbitrarily distortable space, constructed by the second named author in [S1].

The space S was used by E. Odell and the second author in order to show that the
separable Hilbert space is arbitrarily distortable [OS]. The second named author proved
in [S2] that the space S is complementably minimal. This means that for every infinite
dimensional subspace of S there exists a further subspace which is isomorphic to S and
complemented in S. Note that if a Banach space X with the Aproximation Property (AP)
is complementably minimal then every non-trivial closed two-sided operator ideal Z of X
satisfies L C Z C § where K is the ideal of compact operators and S is the ideal of strictly
singular operators on X. Indeed, since Z is closed and non-trivial, and X has the AP we have
K C Z. Assume that there exists T' € Z\S. Since T' is not strictly singular, there exists an
infinite dimensional subspace Y of X such that T restricted on Y is an isomorphism. Since
X is complementably minimal there exists a subspace Z of T'(Y') such that Z is isomorphic
to X and complemented in X. Let j: X — Z be an onto isomorphism and let P: X — Z
be an onto projection. Finally note that AT B is the identity on X where A = j7'P and
B = (T|z)"'j are operators on X. Therefore id € Z and Z consists of all operators on
X. Hence, for a complementably minimal space X having (AP), the lack of strictly singular
non-compact operators on X is equivalent to X being simple. Recall that a Banach space X
is simple if the only two-sided closed operator ideal on X is the ideal of compact operators.
The only known simple spaces are the spaces ¢, (1 < p < 00) and ¢y [H] (see also [FGM]
and [P] page 82). W.B. Johnson asked whether or not S is simple. We prove

Theorem 1.2. There exists a strictly singular non-compact operator on S.

Thus S is not a simple space. Also Theorem 1.1 implies that GM is not a simple space.
We do not know how many two-sided closed operator ideals exist on S and on GM.

It will follow from our work that formaly the same operator T" can be considered in both
Theorems 1.1 and 1.2 (either as an operator on GM or as an operator on S). The operator
T has the form T' = Yz} ® e; where (z7) is a seminormalized block sequence in S* as well as
in GM* and (e;) is the unit vector basis of S or GM respectively.

We assume all our Banach spaces being defined over R noting that the result can be easily
transfered to the complex case.

We now recall the definition of S and will introduce first some basic notation. cyy is the
vectorspace of sequences in R for which only finitely many coordinates are not zero. For
T € coo the support of z is the set {i € N : z; # 0} which we denote by supp(z). (e;) is
the usual unit basis in ¢y, i.e. €;(j) = 05, for 4,5 € N. If x = > w,e; € ¢gp and E C N
we write E(z) = >, pe;. For two finite sets E, F' C N we write £ < F if max £ < min F
(max () = 0), and for z,y € oo we write z < y if supp(z) < supp(y).

Let || - ||, denote the usual norm on ¢, if 1 < p < oo. Let f denote the function
f(z) =logy(z + 1). S is the completion of (cqo, || - ||s) and || - ||s is the unique norm on cgg
which satisfies the implicit formula:

1 n
[zlls = l[zlle v sup === > [[E;zls
2<nen f(n) 32_; !

E1<Ex<--<Ep
The unique existence of such a norm is easy to show and it is also not hard to prove that
(e;) is a 1-unconditional and 1-subsymmetric basis of S (see [S1]).
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For ¢ € N, ¢ > 2 we define the equivalent norm || “||¢ on S by
x sup E; X
lelle= s < Z 125X

The construction of the space GM will be recalled in Section 3.

2. EXISTENCE OF STRICTLY SINGULAR, NON-COMPACT OPERATORS ON S

The main goal of this section is to prove Theorem 1.2. We start by stating a sufficient
condition for an operator T: S — 5, of the form

T:ZZ':@)Q,

to be strictly singular but not compact.

Proposition 2.1. Assume that ()2, is a seminormalized block sequence in S* and that
there is an increasing sequence (C(£))en C RY, with C(£) / oo, if { /" 0o, for which the
following condition holds.

(1) If (2)$2, is a block sequence in S, so that for each i € N, xf(z;) =1 and x} | < z;
< xj, (take x5 =10), then for any 2 < ¢ € N and ()\ )32, € coo we have that
< —

Z:)\ez < (

Then the operator T = Y 2, xf ® e;, wzth T(x) = Zi:l @ (x) -e;, for x € S, is bounded,
strictly singular, but not compact.

Proof. In order to see that T: S — S is bounded let z € ¢yp. We can write x as x =
> ooy Aizi, where (z;) is a block sequence in S so that z}(z;) = 1 and z}_; < 2z; <z} ;. Thus
Tx =Y e If |Tx||ls = ||Tx||¢,, then

— | = * 2 ) < ¥ .
T = max I\ = max|af (30 Ny )| < sup il s

S*

If || Tx||s = ||Tz||¢ for some ¢ € N, ¢ > 2, then it follows from our assumption (1) that

Zf;/\z‘@i ES HZ iZi

In order to show that T is strictly singular we consider an arbitrary infinite dimensional
subspace X of S, and let ¢/, € N. X contains an element x for which there exists an ¢ > /,
so that ||z]s = ||z||¢. Indeed, as it was shown in [S1], we find for any N € N and ¢ > 0
a normalized block (y;)Y; in X which is (1 4 ¢)-equivalent to the ¢I-unit vector basis, in
particular it follows that

Z i

On the other hand it was shown in [S1] that given 60 € N we can choose N big enough
so that for any m € N, m < {y, it follows that |+ SN Willm < (14 6(€))/f(m), with
6(e) | 0, for € | 0. Since clearly ||+ SN ville., < + there exists an ¢ > {; so that

1Tzl =

< )I|x|ls

1—1—5_
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|~ SN il = B S wills. Now assume that X is an infinite dimensional subspace of S
on which T" acts as an isomorphism. For any ¢, we can choose a y € T'(X), y € T'(z), so that
lyll = llylle, with € > €. As before we write x as x = Y .-, \;z; where (z;) is a block sequence
with 2}(z;) = 1 and 27, < z < 2}, for i € N. Then |Tz|s = [Tz, = ||> ;2 Meill, <
% 13 Nizillg < %Hx”s Since ¢y € N was arbitrary and since C'(¢) /" oo for ¢ / oo
we arrive to a contradiction to the assumption that 7T'|x in an isomorphism.

Finally, T' is not compact since (z}) is a seminormalized block sequence. O]

Remark. Using the same proof, Proposition 2.1 can be generalized as follows: Assume
()2, € S* and (y;)2, C S are seminormalized block sequences and (C'(¢)) C Ry so
that C'(¢) /" oo if ¢ /" 0o and the following conditions holds:

If (2;)2, is a block sequence in S, so that for each i € N, z7(2;) = 1 and z}_; < 2z < 2z}, ,
then for any 2 < ¢ € N and (\;)$2; € ¢oo we have that

ISl = oy [0

Then the operator T' = Yz} ® y; is bounded, strictly singular but not compact.

+ max | \|.
s

Remark. The rest of this section is devoted to the construction of a semi normalized block
(xF) in S* and a sequence C(¢)pen satisfying the condition stated in Proposition 2.1. To
do that we will have to overcome several technical difficulties. In a first reading one can
proceed directly to Section 3. There we will show that by spreading out the coordinates of
¥) and under some mild growth condition on C'(¢) (which will be verified)

the sequence (2]
the operator Xz} ® y; is well defined on GM, strictly singular and non-compact.

In order to define the sequence (z},) C S* we will need the following notion of finitely
branching trees. Consider the set U N¥ the set of all finite sequences with values in N,
which will be partially ordered by extensions, i.e. if u = (p1,...,m) and v = (v4,...,vy)
are in UzonNk we write p < vif m < mn and pu; = v, e = Vo,..., by = V. For p =
(s - s fhm) € U NF we call m the length of p and denote it by |u.

A non-empty subset 7 of U2 N¥ is called a finitely branching tree, or simply a tree (since
we will not deal with other kinds of trees) if the following two conditions hold.

(2) If p=_(p1,...,ptm) €7 and 0 < k < m, then also (u1,...,pu) liesin 7.
Since 7 is non-empty, this implies in particular that ) € 7.
(3) If u € T, then either u is maximal in 7, i.e. no extension of u lies in 7, or there is a
k., =k, € Nsothat {(u,9): i €{1,2,....k}}={veT: p<vv|=]|ul+1}.
We call the elements of trees nodes. If 7 is a tree and p = (p1, ..., pyu) € T\{0} we call

(f1s - - - fyp|—1) the immediate predecessor of p. If p € T is not maximal in 7 we call the
nodes (p,1), i < k;g, immediate successors of p in 7. Since we will always deal with only

one tree 7 at a time we denote the numbers of successors of an non-maximal p € 7 simply
by k,. We say that a tree 7 is of length ¢, ¢ € Ny, if 7 C U;_,N* and all maximal nodes
in 7 have length ¢. A tree is said to have infinite length if it does not contain maximal
nodes. On a tree 7 having finite or infinite length we also introduce the lexicographic order
which we denote by <, i.e. we well-order 7 into: 0, (1),(2),...,(ke), (1,1),..., (1, kq)),
(2,1),...,(2,kg)), (3,1),... . To a given tree 7 having finite length we want to define
associated vectors in S and S*. These vectors are defined up to equality in distribution. For
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T,y € cop we say that x and y have the same distribution and write x =g;5; y if for some

keN, (), CR,and my <my < ... <mygand n; < ny < -+ < ny, in N it follows that
k k

L= Zz‘:1 Qiem, and y= ZZ‘:1 QiCnp, .

Definition. Let 7 be a tree of length ¢ € Ny. For k < ¢ and each p = (p1,...,ux) € 7 we
define the numbers

(4) 1:[ G and H L 77

,LL1, ’/‘L’L)

(if k=0, then (uy,...,uo)= (7) and a(@)=p(0)=1). We say that z € S is associated to T if
(5) r= Y o) enp

WeT,|ul=¢t

/'L17 a/J"L )

and we say that x* € S* is associated to 7T if
(6) Tt = Z 5(#)62(@
RET,|u|=¢

where (n(p))er € N has the property that n(p) < n(v) if g <ex v
s+ < 1and that z*(z) =1

Remark. In the above notation it is easy to see that ||z|s > 1, ||z*|
(if the n(u)’s coincide).

Remark. There is also a recursive way to introduce the vectors x and x* which are associated
to a tree of length ¢. If ¢ = 0, i.e. 7 = {0}, the associated vectors in S and S* are simply
the elements of the unit vector basis. Assume that for an ¢ > 0, we have defined the vectors
associated to trees of length ¢ in S and S* respectively. Let 7 be a tree of length ¢+ 1. For
i < kg, the number of immediate successors of ) in 7, we let 7; = {,u € USi_oN | (i,p) € T}.
Then 7; is a tree of length ¢ and we choose vectors z; € S and x} € S associated to 7.
Furthermore we require (z;)1, and (z), to be blocks. Then the vectors associated to T
are

~ f(kp) o .1 <N
(7) x—k—@;xz and x —m;xl

More generally if 0 < k < ¢, and if 7 is a tree of length ¢, then every x € S, respectively
x* € S, associated to 7 can be written as

(®) r= Y a(e, ad ot = Y B,

weT,|ul=k weT,|ul=k

where x, and x7, are associated to 7, := {v € U?;ISNj | (1,v) € T} and (z,) and (x},) are
blocks with respect to the lexicographic order.

Every tree 7 is determined, by the numbers k,, for 4 € 7 being non-maximal. In
order to choose the wanted block sequence (z}) C S* which satisfies the requirements of
Proposition 2.1 we will first choose a “lacunary enough” subset K C N. Secondly, we will
choose an infinite tree 7, with (k,),er C K and such that (k,) increases with respect to
the lexicographic order. Then we will choose a sequence (L,)°; C N, which increases “fast
enough” to co. Finally we let (z) C S* be a block sequence for which z¥, n € N, is

n n’

associated to 7y, = {u € T | |p| < L, }. Let us formulate these conditions precisely.
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Let (g;)32, be a decreasing sequence of positive numbers so that » >, &; < co. Assume
that (k;):2, C N satisfies the following growth conditions

(9) §f (Zf(kl)) > 1, and In k’l >3

(10) for r>k and a>1, then f(r*) > %af(r).

Note that always f(r*) < af(r), and that we can assume (10) for a large enough k; since
f(+) is asymptotically logarithmic. For j € N we require the following inequalities

o 1/2 1/2
6 1 k., > /g —4/2 log2 Jj—1
() <3f(/fj)SHlf(ks)> >(5m) 25 (Hf ) <

=0

For r > 1 we define

(12) G(r) = max fff()f,f’)‘“) 7/t

and establish several propertles First note that above maximum is welldefined since for

fixed r > 0 f(;(fk(k) i) H; 11 fk converges to zero if ¢ /" oo.

Proposition 2.2.
a) G(r) is increasing in r > 1.
b) If (ki;)32, is a subsequence of (ki)i2, and we define

FO)flhsy) o £k,

DR k) T

(i.e. we replace (k;) in the definition of G by (k;;)), then

G(r) =

s

(r) = G(r).
(@

)

Proof. For (a) we have to show that the function [1,00) 2 = — (aaj> @ = k1 s increasing.

By taking derivatives we need to show that
In(l1+azr) aln(l+z) _
1+ l4+ax —

An easy computation shows that:
In(l1+ax) aln(l+z) - In(ax) aln(z)+a - ax(In(a) — 3)
1+ l+ar — 14z l+axr — (1+2)(1+ax)
In order to show (b) let » > 1 and choose i € N such that

F)f (ki) 77 £(s)
G(r) = 11
frk) L5
Secondly choose an s > 1 so that k;,_, < k;—1 < k; <k;, (ko = ki, = 1). Then

- ki) 777 (ka) o F0)F (ki) Jp S Ok) o S () T SOk
Gr) 2 rk,s H ki Flrks) H k= (k) H o)

t

>0 (by (9)).
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Lemma 2.3. Fori € N choose m; € RY such that f(m;k;) = k;, i.e. m; = 2; Assume
that r € [m;_1,m;), for some i > 2 and define the sequence (1), inductively by ro =1 and
Tep1 = 7{( . Then
(13) Z gj + Ej— 1

=0 =i

The reader interested in the technical details of the proof is referred to the end of this
section.

In addition to the growth conditions on (k;)°, stated in (9), (10), and (11) we will need
a further property. Recall from [S1]| that for given ¢ € N and € > 0 one can choose n; <

ny < ... < ny fast enough increasing so that a block (y;)f_;, with y; =gist 1) 27:1 e;, for

ng

<

i=1,...,¢ is (14+¢)-equivalent to (e;)!_; in S. In particular this implies that HZf:l Yi

(1]04(?))@. Therefore we can and will require the following additional property on the sequence

(ki)i2s-
(14) If 7 is a tree of infinite length with {k,: p € T} C (k;)2, and k, <k,, if p<exv,
then for £ € N and x €S associated to {pe7: |u| < ¢} it follows that ||z|| < 2.

Note that (14) implies that for a tree 7 as in (14), and ¢ € N, any z* € S* associated to
{p e T,|u| <} is at least of norm 1. Assume now that (k;):2; satisfies (9) through (11)
and (14), and let G(r), r > 1, be defined as in (12). We choose a sequence (L)%, C N
which has the following property (15).

(15) For r > 1, the number L) is big enough to ensure that

Fk)F(r) 77 £ (k)
G(r) = max Flor) ]1_[1 K

ISLy f(£(r)))

Note that (15) passes through to any subsequence (kzz)gil of (k) ie.

—— r £ (ki) (r) T (K,
G(r) .:rgleaN k@ST H " = max /ﬂST tl_Il

¢ SSLU(f(r))J

lt

Finally we choose an infinite tree 7 so that {k,: p € 7} C (k;)7°, and so that k, < k,
if 1 <jex v. We let (x7)7°, be a block sequence in S*, with z being associated to the tree
{peT: |pl < L,+1}

Lemma 2.4. Assume that (z,)72, C S has the property that x}(z,) = 1, and x},_; < z; <
xh. . IfmeNand I CN are such that f(f(m)) <minl and #I < m, then

2:)\2Z

el

G(m)
> 7 E |Ai|, whenever (X\;)ier C R.
f(m) i€l )

Proof. Using (8) we can write for any n and £ =0,1,...,L, + 1 z as

wh=Y Blu

pneT
||=¢
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where G(u) =1/ H“‘l " f(kquy...p) and x;, , is associated to {v € UL"Jrl ‘N | (u,v) € TV,
for p € T, with |u| = ¢, and where (l’zw)ueTJM_g is a block with respect t0 <jex. Assume
m € N, I C N, with f(f(m)) < min/ and #I < m, and let (\;);c; C R. Without loss of
generality we can assume that A\; > 0, for i € I.

By recursion we will choose for each £ = 0,1,..., Lis(fm)) & node v, € T, with |y = ¢
and vy < V] < 15 < ... <1y, so that

/-1

(16) > Niap,, () > ] / (:) >

i€l s=1 el

For ¢ = 0,9 = (), and since Ty = @y, the claim follows from the assumptions on (2n)-
Assume vy < vy < ... < vy, with £ < L|f(f(m)), have been chosen. Then it follows from (8)
that
R
.’17:; ve = riL N\ .CL’Z v,
Ve f(kw); (Z5)
and by the induction hypothesis that

Hf vs) Z)\ <Z/\xzw 2i)

Vs el el

ZZ)\[E ved) (z:).
7j=1

iel

B (
Thus there exists a j < k,, so that for v, := (v, j) it follows that
(

l
> Nap,, () > ] kkus S

iel s=0 Vs el

This finishes the proof of the claim.
For ¢ = O, 1, ceey LLf(f(m))J let

k'u
* 1 - * . f(kw) *
Yo = f(mk’w) szi,(w,j) - f(m/fw) in,w

icl j=1 iel

(recall that =7, with 7 € I, is the associated vector to a tree of length at least L ¢(sm))| + 1)
Since #1 < m it follows that on the ||y;||s < 1, and, then, that

Nizil| > max oy, Nizi | = max Xzl (zi)
Z v Z v €<LLf (F(m))) f mk"l/@ Z 7' Z (4 g

(<L
T SLismy) por:

kwsr:[f <Y a = T Y

Vs el el

= <L 1oy fm
In the last of above inequalities we used (15), the remark after (15), and Proposition 2.1. [

Before we can prove that our chosen sequence (z7) satisfies the properties stated in Propo-
sition 2.1 we will need another argument. For r > 2 and x € S define

¢
1
lz[ll» = sup |zl = sup f—ZHE@-st-
=1

r<f<oo (>r,E1<FEy<--<E
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Note that |||-||| is an equivalent norm on S. The next lemma makes the following qualitative
statement precise:
If x € cyo and if r > 2 is “big enough”, if ¢/ > r and F; < Fy < --- < E, are such that

¢
1
2l = llzlle = 75 2 1Eills
) 2
then “for most of the” i € {1,...,¢} it follows that either ||F;x|s = || Eix||e, or | Eix|s =
| E;x ||, with n; being “much bigger than r”.

Lemma 2.5. There is a d > 1, so that for all v with f(r) > d* and all x =Y x;e; € cqo, it
follows that

jeJ

—4J
|z][|r = (2]l < Z!%! + ;
= f(r) f(

where £ € N, £ > r, J C supp(x), #J < (, E; < Ey < "'<E[_#J, E;, ¢ N and
E;NJ =0, and n1,ng,...,ng_p; €N, nj>rf forj=1,2,....0—F#J.

Lemma 2.5 is almost identical to Lemma 5 in [S2]; for the sake of being self-contained we
include a proof at the end of this section. Now we are ready for the last step of proving
Theorem 1.2, by showing that (z7) as chosen before satisfies Proposition 2.1.

Lemma 2.6. There is a constant ¢ > 1 and an mg € N, so that for any block sequence
(2n) C S, with x}(2,) =1 and x}_, < z; <z}, forn € N, and any m > my it follows that

o
E i€
i=1 m

<

S

whenever (X\;) € cyp.

Choosing now C(¢) = \/G(¢)/c for £ > min{m > mgy: v/G(m) > ¢}, and C(¢) = 1 for
¢ < min{m > my : \/G(m) > ¢} we note that the assumptions of Proposition 2.1 are

fulfilled. For the case ¢ < min{m > mq : \/G(m) > ¢} we are simply using the fact that
every block basis in S whose elements are of norm at least 1 dominates (e;) [S2].

Remark. Tt will be important for the arguments in Section 3 that for any » > 1 the series
>>1/C(ry) converges, where ro = r and, inductively, rpy1 = 7"{ (re) (Lemma 2.3).

Proof of Lemma 2.6. We choose myq so that f(mg) > 2d?, where d is chosen as in Lemma 2.5,
and so that mg > ky, the first element of the previously chosen sequence (k,). For r € R

with f(r) > 2d* we consider the sequence ()% e 0, with rg = r and rpy = rg "0 and observe

\/(_ and > 7, W ) ey S0 are finite (note that /G(r)

fre)
f(r¢) and that \/% is summable). By Lemma 2.3 also the series »_,°, \/m is finite.

that the two series Y ,°,

Therefore
- 1 f(f(re)) v/ G(re) 1
cr)=|——F— |1+ +
gl—m f(re) G(ry) — 1
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is uniformly bounded on [mg, 00). By induction on #I we will show that

for all m > my.

(17)

Z)\el

el

Z)‘Z’

el

This would imply the statement of the Lemma if we choose ¢ = supm>m0 c(m).

If #1 =1 the claim is trivial (note that ||e;||,, = 1/f(m) > 1/y/G

Assume that for some k € N and all I C N, #1I <k, (17) is true and assume #1 =k +1,
m > myg, and (\;)ier € R. By Lemma 2.5 we can choose ¢ > m, J C I, #J < /,
Fh<Ey <. < Eg_#J, EnJ= @, and nq,ng, ... yMp—gt7 € (me(m)J,OO) N N so that (put
r=73 . Ne and 2= \iz)

Z/\ el < Z)‘iei Z)\iei
i€l iel m icl ¢
—H#T
1 1
< Z I\ |+
ST 4
! F(m) us Lie]
1 1 puiad
< 70 oo+ DD i+ D 1B,
L - F(m) f( ) jeJ jed i=1
| i<F(F(0) i>F(F@)
—HT
1 f(f(0) 1
< max |\;| + —— il +
o | M | M
I >1G®)
y—y
1 f(f(m)) 1
< 12]ls + - il +
I > F(F©)

We can assume that E; C supp (z) for ¢ < ¢ — #J. If J # () then the cardinality of the
support of Ejx is smaller than the cardinality of supp(x). If J =0 and if, say, F; = supp(z)
then we could split E; into E1 and Eg, choose ny = ny and observe that above inequalities
still hold. Thus we can assume that for all i = 1,...¢ — #J, the support of E;(z) is of lower
cardinality than the support of x. Thus we can assume that our induction hypothesis applies
to Bi(xz), 1 < € —#J.

We distinguish now between two cases.
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—#J
If | > —— E;(x)||,,, then it follows from Lemma 2.4 (applied to ¢ =
=G & '

> 1)
and I ={jeJ:j> f(f(())}) that

T

1 1
[0) Z [Aj]+ Sm\/@(@ Z Al
jeJ =1 jeJ
F>f(f(0) F>f(f(0)
<! S Nzl #I<0
VGO || o T -
10w |l
1
< AiZi
G(m) ; 5
-y
If > |\ < \/W Z | Ei(x)]|n, we deduce that
jeJ =1
5> (@)
1 =4
m( > |/\|+Z | Ei(x ||m>
0)

L—#J

1
=70 (H VG( —1> Z Bl
O—4J

L c(m? ™)
S(” G(m)—1>( verayuPIGEE

(by the induction hypothesis applied to E;z)

here we let z = " \;z; and F; = |J supp(z;), and note that Fiz = > A;z;.
il jEB; jEE;

b Y ey
< (1 7o) 4

Thus in both cases we conclude that

HZAz‘ei 1 f(f(m)) - /G(m) 1

Y

S

Z)‘Z’

el

\/_

which finishes the proof of Lemma 2.6.

We still have to prove Lemma 2.3 and Lemma 2.5.

< < y ) ( —i—l—f——) c(mf(m)); z
m l—m f(m) G(m)—1 VG(m)

11
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Proof of Lemma 2.3. Note that for r > 1

o0 j—1
~ f r f k; g .f ks
18) G2 00) = 3ty () DI TRy
frk) 14,
Therefore it will be enough to show that for j > 2,
(19) §€j_1—|-€j.

LeNmj_1<ry<m; G(W)

Using (9) we can easily prove by induction on ¢ € Ny that

)2Z71

. e 3 flm;_q
(20) re > r(0) 7 5 (70
and (by applying f) it follows from (10) that (recall that m;_1 > my > k)
3 2
@1 o = (§7mi-0)

We distinguish between two kinds of r,’s in {ry: m;_1 <1, < m;}. If 0 < ¢ is such that
mj—1 < ry < k; we deduce that

o o= S
2 st [T 5 2 5 (fromn) TR ereny

3 3 201 j-2 F(ks) 3 = F(k)
= 1—6f(’fj—1) (g’fj—l) H A > 1—6f(kj—1) (—kl) .

Thus

j—2

J 1/200 —0/2
® ¥ S(%(ki_nnf(kf;)) Z(gk) <sm (v (1),

ten; G(ry) =0
mj_1<rp<k;

To estimate 1/1/G(r¢), with kj <1y < mj, we put {o = min{l | rq, > k;} and ¢; = max{/ |
r¢ < my;} and observe for ¢ € {{y, 0o+ 1,...,¢;} that

- - -
o) f(kj) 7 1

Pk £ FO) 1 (R
Py 11721 TP =57 [T

<
—_

(24) G(re) =

s=1 s=1
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As in (20) and (21) we observe that

2f1—%o 1

(24040)) 3 "
T N <1y, <m; and (Zf(%)) < f(my) < k

which implies by (10) that 247 f(3 f(r,,)) < 5 f(k;) and thus (by (9))

e <lom D)
(25) 4 €0<1g23f(%f( ))Slng(ky)~

The inequalities (24), (25) and (11) imply that

- 1/2
~ 1 j—1 k
(26) G(re) ™ < 2(0 = L) ( : )
ZGN,kj;e<m]~ f<kj> 8111 f(ks)
1/2
10g2 = ks
<e;.
/ 3 (H F(ky) S &
Finally (23) and (26) imply the claimed inequality (19). O

Proof of Lemma 2.5. Since f is close to a logarithmic function we can choose a ¢ > 1 so that
for (, ¢, R>1Tand 0<r <1

(27) i(f(€)+f(€)) Fl€-€) < F(E) + £(€)
(28) "RIE) < f(€Y) < RF(E)

(29) 750 < 1(€)

(30) B GEN GRS

Assuming furthermore that ¢ > 2 we deduce for £ > 1 that

f(fl/\/%) :log2(£1/m+1) <1+ 1+ f(&) < eV [

1
log, <
7o e

Let d = 4¢3, let r € R, such that f(r) > d? and x € cg. Choose r < ¢ < oo and
E, < Ey < --+ < E; so that |||z]|], = ||zl = f(f ZZ Ei(x )||S.NFor i€ {1,%,...,6} let
ni € NU {oo} so that ||Ejz[|s = |Ejz|,,. For two numbers 7, R, 2 < 7 < R < oo, we
let M := M(7,R) = {i € {: ¥ <n; <R} and we choose for i € M, E) < ... < EY,
with Ej(-l) C E; whenever j < ni 80 that ||Eiz||s = mzjil ||Ej(Z z||s. Now we observe
that {E;: ¢ ¢ M} U UieM{EJ@: 1 < j < n;}is well ordered by < and its cardinality is
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0 —#M + 3.\, n; which is at least £ and at most R(. Thus we deduce

1 l 1 V4 n; .
|l = Wz |Ez]|s > STNEx) + Y IIEY s
SINNICERY

C—H#M+ Y 0 ) | = i j=1
zezz\:/l M
1] ~
> — Z | Eix||s + Zf(nl)HEza:HS (since n; < R for i € M)
fl£-R) | i=1,i¢gM ieM
1
> = Z||Ex||s+z ) = Dl Eizl|s
fle-Rr) | ieM
1
> = ||E£EHS+— |Eix]ls
fle-R) | Z ZEZJ\J
Solving these 1nequahtles for 75 Z |Eiz||s we obtain that
1 1

~ ¢
/R
) S B
=1

: f“'é)‘f“)] el
0) "

1 1
_@;M”E””S Gl

G
f(R) f(R)
< ezl < e =]l
MGG NGO
Choosing for the (7, R) the values (2 rHVION (YT ey (e VI and (VO 1 0)) we
deduce for all choices Ji( This implies that
< Vi P
1 4¢3
T Ez|| < e
2 Vs U
n; rf(r>
and thus that
1 ¢ ¢ d 1 ¢
zlllr = -5 ni < ——lllzllls + -5 | Eil].
| % 2 GLALSSTOIPY
ni<rf<r> n¢>7”f<r) ni>7"f(r)

Now let I = {i < ¢ |n; = oo or n; < M} and choose for i € I a j; € supp (z) N E; so

that ||Eiz|.. = |z;|, and reorder (n;)icq1..ep\s and (Ej)icq..q\g into fy, Mg, ..., Ny_uy and
Ey < Ey<--- < Ey_4y. Letting J = {j;: i € I} we obtain the claimed inequality:
—#J

IHlerﬁl f( Z|ﬁvg!+

7 je
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3. THE CONSTRUCTION OF STRICTLY SINGULAR NON-COMPACT OPERATORS ON GM

The goal of this section is to prove Theorem 1.1. We postpone the definition of the space
G M and only state some properties needed for the proof of Theorem 1.1.

Recall that the spreading model of a seminormalized weakly null sequence (z;) in some
Banach space (X, || - ||) is a sequence (y;) along with a norm |- | on the span of (y;) such that

k k
; Aigi| = lim ] >

N<ni<no<-ng t=1
for every finite sequence of scalars (\;)~_;.

Proposition 3.1. The spreading model of the unit vector basis of GM is the unit vector
basis of S.

In order to defining GM a lacunary set J C N is used which has the property that if
n,m € J and n < m then 4n* < logloglogm, and f(min.J) > 256.

Proposition 3.2. The norm of GM satisfies

(32) lzlls < llellear < lells + Y llzlle, forz € eoo
e
(here || - ||¢ still denotes the equivalent norm on S introduced at the end of Section 1).

Propositions 3.1 and 3.2 will be shown at end of this section. The first inequality in (32)
is an immediate consequence of the definition of GM and the second inequality will follow
from Lemma 3.3.

Recall from the previous section that there exists a seminormalized block sequence (z7)
in S* and a non-decreasing function C' : [2,00) — (0,00) which satisfies (1). Secondly we

observe that from the remark following Lemma 2.6 and the conditions on J it follows that

(33) S % <.

The sequence (z}) may not be seminormalized in GM*, i.e. (z}) could be a null sequence
in GM (which would imply that the operator T defined in Section 2 would be compact on
GM). But Proposition 3.1 implies that we can replace each z} by Z which has the same
distribution and up to some arbitrarily small number € > 0 the same norm in GM™ as in S*.
Indeed, if 2* = 320, Nier € S*Negy and 2 = 32F | jize; € S, with ||z]|s = 1 and 2*(2) = ||2|
it follows that

S*

k
Z >\z €n,; :

k
o — < limi
I12*s 2&#@_ im nf >
1= 1=

N<ni<no<--ng

k
*
E Hi€yp,

=1

k
*
E i€,
=1

GM GM*

= liminf
N—oo
N<ni<ngo<--ng

GM*

Thus we will assume from now on that (z}) is also seminormalized in GM*.
Then define the operator T': GM — GM by T' = ).z ® e;. We now present the
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Proof of Theorem 1.1 We first show that T is bounded. Every x € GM can be written as
x =) Nz with 2} | <z <z}, and z;(z) =1 for all i. Thus Tx = > N\ie;. By (32) we
have that for any x € cqq,

(34) ITzllcar < N Tlls + Y1) Neille

leJ
1
< Tzlls+) WH > Aizills (by property (1))
LeJ
1
< [IT:s—=81+> —) []ls-
( teJ c(o)
1
< (HT S — S|+ m) 2]l gar-
Led

Now we show that T is strictly singular. From the definition of (z}) it follows that 7" has
an infinite dimensional kernel. Since T can be written as T = X\ 4+ T with T being strictly
singular it follows that A = 0.

Finally, T" is not a compact operator since (z}) is seminormalized in GM*. O

Let X be either the space S or GM. For any sequence v = (v;) € (o, define the operator
T, = waf@ei : X — GM.

The above proof shows that T}, is a bounded strictly singular operator with

V]l in 23]l x < 1T, X — GM] < <||T S-S+ 3 %) .
teJ
Therefore ¢, embeds in the space of operators from X to GM. If v € {,,\cy then T}, : X —
G M is non-compact.

Let us now recall the definition of the space GM.

Let Q be the set of scalar sequences with finite support and rational coordinates whose
absolute value is at most one. Write J (introduced above) in increasing order as {j1, j2, .. .}.
Now let K C J be the set {j1, 3,75, -+ } and L C J be the set {jo, ja, J6,-..}. Let o be an
injective function from the collection of all finite sequences of elements of Q to L such that
if 21,...,2 is such a sequence, then (1/20)f(0(z1,...,2)"*") > #supp (3_;_, z;). Then,
recursively, we define a set of functionals of the unit ball of GM™* as follows: Let

GM; ={Xe; :neN, |\ <1}

Assume that GM); has been defined. Then GM]_, is the set of all functionals of the form
E z* where E C N is an interval and z* has one of the following three forms:

‘
(35) 2F = Z ;2]
i=1

where 320_ oy| < 1and 2z € GM; fori=1,... L.

* 1 - *
(36) z m;zl
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where 2 € GM} fori=1,...,¢, and 2] <--- < 2.
1 l 1 m;
(37) 2= — 2zl and 2/ = —— 25
\/f(ﬁ)izl f(m-)jz1 !

where 2/, € GMy for 1 <i<fland 1 <j<my, 277 <+ <2i,, <257 < <2,
my1 = jog, 27 has rational coordinates, and m;, 1 = o(25,...,2f), fori=1,..., 0 — 1.
Finally, the norm of GM is defined by
lz|lgar = sup{z*(x) : 2" € U2 ,GM}}.
For an interval I C N we define

J(I)={o(z},25,...,2;) :neN, o] <aj <--- <z minl < maxsupp (z) < max/}.

rn

Also, for x* € GM* we define J(z*) = J(|minsupp (z*), max supp (z*)]).
The next result relates the functionals of the unit ball of GM* to the functionals of the
unit ball of S*.

Lemma 3.3. For any z* € U G M), there exist To(2*) € Ba(S*), the unit ball of S*, and
a family (T;(2%))jes+) C BaS* such that

1) For j € {0} U J(2*), supp T;(z*) C [minsupp z*, max supp z*].

2) For j e J(z¥)

1 J
T;(=") € aCO{m : Zm’s‘ rxy <o <z arein Ba (S%)}.
s=1

where “aco ” denotes the absolute convex hull.

3)
25 =To(z") + Z T;(2").

JEJ(2%)

Proof. We proceed by induction on k (assume that z* € GM;). For k = 0, z* = Ae, for
some A € R, [\] <1 and some n € N. Then J(z*) = @) and Ty(2*) = 2z*. The inductive
step, from £ to k+1 proceeds as follows: By the definition of GM} |, we separate three cases:

Case 1: Assume that z* = E(Zz L 0;zF) where E C N is an interval, 27 € GM} for all
i < ¢ and Zle la;| < 1. Let E = [minsupp E(z*), maxsupp E(z*)]. Then E C E and by
the induction hypothesis we have

¢
= F (Z awf) Zaz Z%To )+ Z Z
=1 =1 jeJ(B(z]))
Set

¢
= Z ()éiT()(E(Z
i=1
and after noting that Uf_ J(E(z)) C J(2*), for j € J(2*) set

Tj(2") = Z T (E(2]))
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where the sum over an empty set of indices is zero, and T;(2*) = 0if j € J(2*)\UlL, J(E(2})).

It is easy to see that the above choices of T(2*) and T}(2*), j € J(2*), satisty the conclusion
of the lemma.

Case 2: Assume that z* = F (ﬁ Zle zj) where £ C N is an interval and 27 < 25 < --- <
z; in GMj. By the induction hypothesis we have that

I 1 <
Z:Wz:: _Wz:: o(Ez} +Z Z f Ez}).

=1 jeJ(E(z

Set
1 ?
0= 7 2 TolB=D)

and after noting that J(E(2;)) N J(E(2})) = 0 (since o is injective) for 1 < i # j < ¢, and

US_ J(E(2F)) C J(2%), for j € J(2*) set
i(27) = 25 T5(Ez) it j € J(E(Z])),

and T;(2*) = 01if j € J(2*)\U{_; J(E(z])). It is easy to see that the conclusion of the lemma
is satisfied.

Case 3: Assume that z* = FE (\/—Zl 1 f) and 2 = m)zj | 7 where z7, € GMj; for

I<i</land 1 <j<my, 27; < - <2i,, <z <- <2, M = jyu z has rational
coordinates, and m;; = o(z},...,z5), fori=1,... 0 — 1. Let

ip=min{i € {1,...,0} : ENsupp (z) # 0}
and
ip =max{i € {1,...,0} : ENsupp (z}) # 0}.

If 41 = 15 then we proceed as in Case 2. Therefore without loss of generality, we assume that
11 < 9. Let

ji=min{j e {1,...,my}: ENsupp (2 ;) #0}
and

Jo = maX{j e{l,... ,miQ} : BN supp (ZZ;]) # 0}
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By the induction hypothesis we have

1 My io—1 1 m;
E(z") = E(z
(Z ) \/f_ m“ ]2;1 le Z;H f(mz) ; 2 2; z2J

- =T ; ZT (E(:,,)

2] 1 mi 1 1 J2
70 To(Ez;) + To(Ez, ;)
i=i1+1 f ml ; f(€> f(mm) Z °

j=1
+§ Z /1 / f(T}”L (Ezil,j)
=J1 kEJ(Ezl1 iy f( )
ia—1 my

+ZZ Z)\/_f (E*)

i=i1+1 j=1 keJ(E

J2 1 1 .
Y2 D Ty )

Jj=1 k:EJ(E'z%2 ;)

Set

To(EZ*) =

11.7

j

JJl

and after noting that

(38)  {miys1,....my,} UUE J(Ez; ) UUE L U J(Ez ) UUR (B2, ) C J(E2)

and that the sets {miﬁl,.. My}, J(EZ] ;) (for j = ji,...,my), J(Ez;) (for i = i) +
L...;ip—1land j =1,...,my), J(Ez, ;) (for j = 1,...,j2) are mutually disjoint (by the
injectivity of o), set

( /_1 f(;l Z?—l TO(EZ;F]') if k=m; € {mi41,...,Mip1}
«/ f(ng) TO(EZZz J) if k= my,
Te(Ez") = \/ f(mz ) k(Ez“ J) if k eV —1311‘]<E i1 ])
\/— f(m Ti(Ez};) if ke Uyt Ut J(z)
\/f(E) f(miz) ’“(E’le J) if k e Uj‘Qzlj(E%])
\ if k € J(Ez*) otherwise.
It is easy to see that the conclusion of the lemma is satisfied. 0

Note that inequality (32) (which was used in the proof of Theorem 1.1) is an immediate
consequence of Lemma 3.3. It only remains to give the
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Proof of Proposition 3.1. Let © = Zle Ai€; € cop. We want to show that

N—o0 -
N<ni<ng<--<np 1=1

k k
(39) lim 1Y Niewllan = 11 Nieills.
i=1

Let € > 0. Since J is lacunary enough and o is injective we can choose N € N sufficiently
large, such that

1
(40) k max |\ Z — <e.
: N0

LeJ([N,00
Thus, if N <n; <ng < ---ny, then by Lemma 3.3,

k k k
||Z)\ieni GM§||Z/\1‘673”S+ Z Hz)\z’@m
=1 i=1

teJ([N,oo)) i=1

k k
<UD Neills+ YNl D lew
=1

i=1 e J([N,00))

k k
1
<[ Neills +kmax|n| 10) <Y Nieills + e (by (40))

14

¢

=1 ¢eJ([N,00)) ( ) =1
which finishes the proof of (39). O
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