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Abstract We study some questions concerning the structure of the set of spreading models
of a separable infinite-dimensional Banach space X. In particular we give an example of a
reflexive X so that all spreading models of X contain ¢; but none of them is isomorphic to
¢1. We also prove that for any countable set C' of spreading models generated by weakly null
sequences there is a spreading model generated by a weakly null sequence which dominates
each element of C'. In certain cases this ensures that X admits, for each a < wy, a spreading
model (iE“))i such that if & < 3 then (;Tcl(-a))i is dominated by (and not equivalent to) (5355 ))Z-.
Some applications of these ideas are used to give sufficient conditions on a Banach space for
the existence of a subspace and an operator defined on the subspace, which is not a compact

perturbation of a multiple of the inclusion map.

1. INTRODUCTION

It is known that for every seminormalized basic sequence (y;) in a Banach space and for
every €, \, 0 there exists a subsequence (z;) and a seminormalized basic sequence (Z;) such
that: Foralln € N, (a;), € [-1,1]"and n < k; < ... < ky,

(1) 1> a

The sequence (;) is called the spreading model of (x;) and it is a suppression-1 unconditional
basic sequence if (y;) is weakly null (see [4] and [5]; see also [3](I.3.Proposition 2) and [20]
for more about spreading models). This in conjunction with Rosenthal’s ¢; theorem [25],
yields that every separable infinite dimensional Banach space X admits a suppression 1-
unconditional spreading model (Z;). In fact one can always find a 1-unconditional spreading
model [26]. It is natural to ask if one can always say more. What types of spreading models
must always exist? Sometimes we refer to the closed linear span of (Z;), as the spreading
model of (z;). By James’ well known theorem [12] every such X thus admits a spreading
model X which is either reflexive or contains an isomorph of ¢ or /1. It was once speculated
that for all such X some spreading model (Z;) must be equivalent to the unit vector basis
of ¢y or ¢, for some 1 < p < oo but this was proved to be false [21]. A replacement
conjecture was brought to our attention by V.D. Milman: must every separable space X
admit a spreading model which is either isomorphic to ¢ or £; or is reflexive? In section 2
we show this to be false by constructing a space X so that for all spreading models X of X,
X contains ¢y but X is never isomorphic to /1. The example borrows some of the intuition
behind the example of [21]. That space had the property that amongst the ¢, and ¢, spaces

azjﬁH < &p.
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only ¢; could be block finitely representable in any spreading model (Z;) yet no spreading
model could contain ¢;.

The motivation behind our example comes from the “Schreierized” version S(d,, 1) of the
Lorentz space d,, ;. Let 1 = w; > wy > ... with w, — 0 and Zzo: wy, = 0o. Then d,,; is the
sequence space whose norm is given by

lzll =) waa,
n
*

where z is the sequence (x,,) and (z7) is the decreasing rearrangement of (|z,|). One could
then define the sequence space S(d, 1) as the completion of ¢gy (the linear span of finitely
supported sequences of reals) under

n
|z|| = sup Zwlxz
neNn<k;<ko<..<kpn i—1
In this case the unit vector basis (e;) has a spreading model, namely the unit vector basis
of d 1, which is not an ¢; basis but whose span is hereditarily ¢;. S(d, 1) is hereditarily
¢o so it does not solve Milman’s question. In order to avoid ¢y one may also define the
“Tsirelsonized” version T'(dy1) of dy 1. T'(dw1) is the completion of ¢ypp under the implicit
equation

[[]] = max (II%’IIoo, sup ) willEﬂH*>
i=1

where the supremum is taken over all integers n, and all admissible sets (E;)I, i.e.n < By <
... < E, (this means n < min F; < max £y} < min Fy < ...). Ex is the restriction of z to
the set E;. It may well be that T'(d, 1) has the properties we desire but we were unable to
show this. Thus we were forced to “layer” the norm in a certain sense (see section 2 below).

In Section 3 we consider in a wider context SP,(X), the partially ordered set of all
spreading models (Z;) generated by weakly null sequences in X. The partial order is defined
by domination: we write (Z;) > (g;) if for some C' < oo we have C|| > a; %] > || . a:uil|
for all scalars (a;). We identify (#;) and (7;) in SP,(X) if (Z;) > (9;) > (Z;). We prove (in
Proposition 3.2) that if C' C SP,(X) is countable then there exists (#;) € SP,(X) which
dominates all members of C'. This enables us to prove that in certain cases one can produce
an uncountable chain {(#);}acw, with (%), < (@), if @ < 8 < wi. The example
of the previous section and the above yield a solution to a uniformity question raised by
H. Rosenthal. The question (and a dual version) are as follows: Let a separable Banach
space Z have the property that for all spreading models (Z;) of normalized basic sequences

‘Z T; /n =0 (respectively, limHZ il = oo) )
i=1 =

Does there exist (A,) with lim \,,/n = 0 (respectively lim \,, = co) such that for all spreading

/)\n—oo>?

lim
n

models (Z;) of normalized basic sequences in Z

‘Z 7 / A\, =0 (respectively, limHZ T
i=1 -
2

lim
n




We give negative answers to these questions. The example that solves the first question is
the space X of section 2. Moreover every subspace of X fails to admit such a sequence (A,).
We do not know of a hereditary solution to the second question.

In section 5 we consider the problem: if |[SP,(X)| = 1, i.e., if X has a unique spreading
model up to equivalence, must this spreading model be equivalent to the unit vector basis in
co or £, for some 1 < p < 0o? The question was asked of us by S. A. Argyros. It is easy to
see that the answer is positive if the spreading models are uniformly isomorphic. We show
that the answer is positive if 1 belongs to the “Krivine set” of some spreading model.

Definition 1.1. Let (x;) be a 1-spreading basic sequence (see (2)). The Krivine set of (x;)
is the set of p’s (1 < p < 00) with the following property: For all e > 0 and n € N there
exists m € N and (M)} C R, such that for all (a;)7 C R,

1 N .
el el < [

where y; = > ) MZ(i—tymek  for i=1,...,n, and | - ||, denotes the norm of the space {,.

< (T+)ll(@i)iz llp

The proof of Krivine’s theorem [14] as modified by H. Lemberg [15]) (see also [9], Remark
I1.5.14 and [18]), shows that for every l-spreading basic sequence (z;) the Krivine set of
(x;) is non-empty. It is important to note that our definition of a Krivine p requires not
merely that £, be block finitely representable in [z; : i € N] but each £ unit vector basis is
obtainable by means of an identically distributed block basis.

An immediate consequence of the fact that the Krivine set of a spreading model is non-
empty is the following:

Remark 1.2. Assume that (x;) is a seminormalized basic sequence in a Banach space X
which has a spreading model (Z;). We can assume that for some decreasing to zero sequence
(€:) (1) is satisfied. Then there is a p € [1, 00| such that for all n and all € > 0 there ezists
a finite sequence (A;)™, C R so that any block (y;) of (x;) of the form

Y = Z)‘jxn(m’)v with n(1,1) <n(1,2) <...<n(l,m) <n(2,1) <...n(2,m) <n(3,1)...

j=1

has a spreading model (§;) which is isometric to the sequence (37"} NjT(i-1)ym+j)ien and has
the property that its first n elements are (14 €)-equivalent to the unit vector basis of ty. For
io € N large enough (or passing to an appropriate subsequence of (x;)) we also observe that
(Yr; )71 45 (1 + 2¢)-equivalent to the £ unit basis whenever ig < ki < ...k,.

In Section 6 we give sufficient conditions on a Banach space X for the existence of a
subspace Y of X and an operator 7' : Y — X which is not a compact perturbation of the
inclusion map. W.T. Gowers [9] proved that there exists a subspace Y of the Gowers-Maurey
space GM (constructed in [10]) and there exists an operator 7' : Y — GM which is not a
compact perturbation of the inclusion map. Here we extend the work of Gowers to a more
general setting. For example suppose that X admits a spreading model (#;) which is not
equivalent to the unit vector basis in ¢; but such that 1 is in the Krivine set of (Z;). Then
(Theorem 6.1) there exists a subspace W of X and a bounded operator 7" : W — W such

that p(T) is not a compact perturbation of the identity, for any polynomial p.
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Our terminology is standard as may be found in [16]. All our Banach spaces will be
considered spaces over the real field R. If A C X, where X is a Banach space, then span(A)
is the linear span of A and [A] = span(A) is the closed linear span of A. If S is a set, cgo(.5)
denotes the vector space of finitely supported real valued functions on S. If S = N we write
coo = coo(N). Sx is the unit sphere of X and By is the unit ball of X. A basic sequence
(x;) is block finitely represented in (y;) if for all € > 0 and n € N there exists a block basis
(z;), of (y;) satisfying

(1+ 6)_1H zn:aixi < H zn:aizi
1 1

for all (a;)} CR. ¢, is block finitely represented in (y;) if the unit vector basis of ¢, is block
finitely represented in (y;).

Let (z;) be a basic sequence and C' > 1. (x;) is called C-spreading if for all (a;) € ¢oo and
all choices of n; < ng < ...in N,

(2) é”iawl < Hialxn < C’Hiaixi
i=1 i=1 i=1

and (z;) is called C-suppression unconditional if for all (a;) € cop and A C N.

00 00
i€A i=1

We say that (x;) is C-subsymmetric if it is C-spreading and C-suppression unconditional.
Here we slightly deviate from the notions in [16], where C-subsymmetric is defined to be
C-spreading and C-unconditional (with respect to changes of signs). We say that (x;) is
spreading, unconditional, or subsymmetric, if for some C' > 1, (z;), is C-spreading, C-
unconditional, or C'-subsymmetric, respectively.

We thank the referee for his or her painstaking effort which saved us from some embar-
rassing glitches.

< (1+ e)H zn:ai:vi

Y

2. SPREADING MODELS CONTAINING {; WHICH ARE NOT {;
Let us start with an observation which will be used several times through out the paper.

Proposition 2.1. Assume that (f;) is a normalized subsymmetric basic sequence. The fol-
lowing conditions are equivalent.

a) (f;) is equivalent to the unit vector basis of ¢;.
b) There is anr > 0 so that |7, fill > rn, for alln € N.

c) There is a C > 0 such that for all p > 0 there ezists an (ag”)) € coo N[—p, p|N, so that

- (p)
HE ;O fi
i=1 ’

Proof. Clearly (a)=-(b)=-(c). To prove the converse, we first assume w.l.o.g. that (f;) is
l-subsymmetric. Let fF, ¢ € N, be the coordinate functionals. Since (f) is also a 1-
subsymmetric basic sequence, we only need to show that the partial sums (Y, f7), are
bounded in the dual norm.

=1 and Z\aﬁp)\ <C.
i=1
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Let p > 0 be arbitrary but fixed. Choose 27 =} b(p)f-* € Sspan(fi*:ieN) so that

Z p)fz Zb(p (p) _

By unconditionality we can assume that sign(bl(»p)) = sign(a Ep)) = +, for i = 1,2,.. and
deduce that

1
G D DT R LD DI =

iENB >1/(20) ieNp P <1/(20)

DO | —

This implies, again by the fact that (f;) is 1-subsymmetric that
L2,
1
> 2

ieN P >1/(20)
and finishes the proof, if we let p — 0. O

Theorem 2.2. There exists a reflexive Banach space X with an unconditional basis such
that the spreading model of any normalized basic sequence in X is not isomorphic to ¢y or
(1 and 1s not reflexive.

For z = (z;); € coo we write supp x = {i : x; # 0}. For x,y € cop and an integer k we say
that x < y if max supp x < min suppy, and we write k < z if k& < min supp z. (e;) denotes
the unit vector basis of cgg.

In order to prove Theorem 2.2 we will construct a space X which has certain properties
as stated in the following result, which will easily imply Theorem 2.2.

Theorem 2.3. There is a space X with the following properties:

a) X has a normalized 1-unconditional basis (e;).

b) For any normalized block basis of (e;) having a spreading model (Z;) we have that (Z;)
15 not equivalent to the unit vector basis of ¢1.

c) For any normalized block basis of (e;) having a spreading model (Z;) we have that ¢,
embeds into span({Z; : i € N}).

Proof of Theorem 2.2. Let X be chosen as in Theorem 2.3. Since X has an unconditional
basis and does not contain a subspace isomorphic to ¢; or ¢y (otherwise a block basis of (e;)
would be equivalent to either the unit vector basis of #; or cg, both of which are excluded
by (b) and (c)), X must be reflexive.

Since X is reflexive every normalized basic sequence in X has a subsequence which is
equivalent to a block basis of (e;). Therefore (b) and (c), and the fact that ¢; has a unique
subsymmetric basis, imply that all the spreading models of normalized basic sequences in X
are neither reflexive nor isomorphic to ¢y or /5. 0

Construction of the space X: First we choose an increasing sequence of integers (n;)
such that
1 b n;

— i 11 1.
(n1+n2+.”+nk)l/p — ?)ZIH—C;OOO or a p >

5

(3)




In order to choose a sequence (n;) satisfying (3), first choose a sequence (pg)r with py \, 1
and then inductively on k € N pick (ny) to satisfy

k
1 n;
— >k
(ny 4+ ng + ... + ng)/pe Zl 3
for all £ € N. Now we choose a norm || - || on ¢y to satisfy the following Tsirelson type
equation (see [23]):
2]l = 2]l v sup > 23 .
keN mefll B

. . . k2
k<E(<EY)<..<EY) fori <k

Note that we do not require that Ej(.s) N Ej(f) = () if s # t. Henceforth in this section X will
denote the completion of ¢yp under this norm. It is easy to see that the unit vector basis (e;)
is a normalized 1-unconditional basis for X. It will be useful to introduce the sequence of
equivalent norms || - ||;, for i € N, as follows:

lzli=  sup Y [|Ej.

Eq <E2<...<Eni j=1

Note that we have

k
1
z|| = ||7]|eo V sup —||k, 00)x|];.
el = llele v sup 3 (k0]
Proof of Theorem 2.3. a) is immediate.
b) We need the following auxiliary results. We postpone the proofs.

Lemma 2.4. For any normalized block basis (y;) of (e;) and for any ¢ > 0 there exists
a subsequence (x;) and iy € N such that for any N € N and integers k, ji,...,jn with
10 < k< g1 <Jgo<...<jn we have that

(1) > im0 (% Za:js>

=10
Lemma 2.5. Let (y;) be a normalized block basis of (e;) in X which has a spreading model
(g;) and suppose that N € N satisfies

<e.
K3

I _
(5) 99 < Hﬁ(ylﬂL----i‘?/QN)H-

Then there ezists k € N and a subsequence (x;) of (y;) such that for all j; < jo < ... < jn,

(6) 96 < 231 [k, 00) (% ijs>

For the proof of b) assume to the contrary that there exists a normalized block basis (y;)
of (e;) whose spreading model (g;) is equivalent to the unit vector basis of ¢;. Without loss

of generality [3](Proposition 4 in Chapter II Section 2), we can assume that (5) is valid for
6
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all N € N. For ¢ = .01 choose iy € N and a subsequence of (y;) which satisfies the conclusion
of Lemma 2.4. Choose N € N with

201

—an< 01,

Since (5) is valid, by Lemma 2.5 there exists & € N and a further subsequenoe (x;) which
satisfies (6). Now let j; < jy < ... < jy with k < j; and let = = (1/N) 2N 2. We will
first estimate for i € N the value of ||z]|;- Choose Ey < Ey < ...< E,, so that

lzlli =) l1E;(2)
i=1

Since (e;) is 1-unconditional we can assume that the E;’s are intervals in N, that min F; = 1,
and that max E; = min £j; — 1, for j = 1,. — 1

For ¢ = 1,2,...,n; put I, = {s < N: supp(:njs) C Ey} and Iy = {1,2,....N}\ U2, L
and note that Iy = {S <N 23,0y <y, ly # Ly, supp(zy,) NV Ey, #0,t = 1 2}, and that
> t<n, Ie| < N. Moreover note that each E, can only have a non empty intersection with
the support of at most two z;,’s, s € Iy. Therefore we deduce

™) lelle= Y 1B@I < 5 D0 |2 lleall + |8 3w
/=1 /=1 Ls€ly s€lp

By Lemma 2.5 we have (the second term below on the right disappears if k < i)

N

10—1
96<Z—Hkoo:ch +Z | [k, 00)|;
=1

i0—1
< Z _HxH +.01  (by (4) since k < j)

ot N
3¢ N

i=1

+.01<.0l4+.5+.00=.52 (by (7))

which is a contradiction.
c¢) Here we need the following result whose proof is again postponed:

Lemma 2.6. Let (z;) be a normalized block basis of (e;) with spreading model (Z;). Then
for every K1 € N there exists a Ky > K and (w;), an identically distributed block basis
of (z;), which has a spreading model (w;) (which is a block basis of (Z;)) such that for all
e N: 98 < |w <1 and

Ko

0 S Sl ooyl > 4

i=K1+1

Let (z;) be a normalized block basis of (e;) having a spreading model (Z;). By passing to
a subsequence if necessary we can assume that (1) is satisfied for some sequence (g,,) which
converges to 0. By applying Lemma 2.6 repeatedly, there exists an increasing sequence of

integers (K,), (K; = 0), and for every n € N there exists an identically distributed block
7



basis (wfn))i of (z;) having spreading model (1’171(”))1-, which is also a block basis of (Z;), such

that for all n,¢ € N, .98 < ||w'™|| < 1 and

Kn+1

1 n
(9) > il c0)uyls > 4
i=Kn+1

Choose a sequence (m;) of integers such that (f&,(fl)l) is a block sequence of (Z;);. We claim that

(ﬁ?,%{) is equivalent to the unit vector basis of ¢;. We show that for N € N and (a;)Y, C R,

N N
=1 =1

Let 77 < 72 < ... be such that w ) - w( V< < w( Vel < w? < < ')

) JN+1 IN+2 e J2N <
1
Wiy, <o Then, since (z;) satlsﬁes (1), it follows that
N
DI
i=1
If we choose £ such that SV wm) \w4n 18 supported on [Kny1,00) then
Kni1 1 N
(n)
10 Hza” ](e 1)N+n 2 Z 31 [KN'H’ )Zanwj(e DN+n ||,
Kn+1 1
> Dan\ > ool > 4 Z|an| (by (9))
i= Kn—i-l
U

Proof of Lemma 2.4. Since for all ¢ and j we have 1 < ||y;||; < n;, by a simple compactness
and diagonalization argument there exists a subsequence (z;) of (y;) such that

i <j.

(11) il =

Now we claim that

1 3
(12) Zg”ﬁ\i <35

i=1
Indeed, otherwise there exists k& € N such that

k

1 3
13 —Tills > =-
(13 > lll> 5

8



Choose j > k such that x; is supported on [k, 00). Then

51 = Z—II [k, 00) ;i

k
1
= Z §||$JH@ (since z; is supported on [k, 00))
i=1
f1
= g(”%” —1) (by (11) since j > k)
i=1

S 1 (by (13)

N W
N

=1

which is a contradiction. Thus (12) is established. Now choose iy € N such that

(14 S S+ 5 <

i=ig i=ig

Letk,jl,...,jNENWithi0<k:<j1<j2<...<jN. We have

N k
1
Zgz ;) Z% <Y Sl

=10 s=1 i=1g

S ZZ (lzill; +1)  (by (11) since k < j3)

slzzo

< Ne (by (14)).

Proof of Lemma 2.5. From (5) there exists a subsequence (z;) of (y;) such that

(15) 98<||—(21+Z2Jr a2zt 2

for all N < j; < jo2 < ... < jn. Let K be the maximum element in the support of zy. Now
for j1 <jo<...<gnletu=(zn+...425)/N,v="_(25, +...+25,)/N and w = (u+v)/2.
By the definition of the norm of X there exists & € N, which depends on ji, ..., jy, such
that

k/
1
lwll = 3 1K', 00)wl:.
i=1
By (15) we have that .98 < ||w|| and thus &’ < K. By the triangle inequality we obtain
K 1 ¥
98 < —Z—H[ oo)ulli + §Z§|Wf'700)vl|z
i=1 i=1
1 1n 1 1n 1
/ /
< g+ 5 20 Kool < 545 3 s ool

9



Thus

k/
1
96 < Z§||[k:’ 00)v
=1

Now by Ramsey’s theorem [24] (see also [20]) there exists a subsequence (x;) of (2;);>n and
k < K such that k'(ji, jo,...jn) = k for all choices of j; < jo < ... < jn, and, thus (6) is
valid for all j; < jo < ... < jn. U

Proof of Lemma 2.6. Let us first note that neither £,, p > 1, nor ¢y are finitely block rep-
resented in X. Indeed, if (z;) fori =1,...,n1 + ...+ ng (for some k € N) is a normalized
block basis of (e;) which is 2-equivalent to the first ny + ... + ny unit basic vectors of ¢, for
some p > 1, then if supp x; > k, it follows that

ni+...+ng
2(ny + ... 4 np)P > H Z T

=1

n

Z |z;|| (by definition of the norm)

1
3 n;

i

which contradicts (3). Similarly the case p = oo is excluded and thus the conclusions of
Remark 1.2 hold only for p = 1.

Let (z;) be a normalized block sequence in X having a spreading model (Z;), and let
K; € N. Choose N € N such that

2
By Remark 1.2 there exists an identically distributed block basis (y;) of (z;) having spreading
model (y;) which satisfies (5) and (g,) is a block basis of (2;). Thus by Lemma 2.5 there
exists Ky € N and a subsequence (z;) of (y;) such that (6) is satisfied for k = K, and for all
jl <j2<...<jN. Let

N
1
— N Zl‘N(g_l)_‘_j fOI‘ g E N
=1

Since (5) is satisfied, by passing to a subsequence we can assume that .98 < ||wy|| < 1 for all
(. Let (w;) be the spreading model of (w;). Then for all £ € N,

. 1
S ONN
=1
Thus (wy) is a block basis of (2;) and

Ky
1
(17) 96 <) i 11, o)l
=1

10



Note also that by with the same argument as in the proof of (7),

Ki—-1 Ki—1
1 120, + N
18 — || i < ——— < .014+.5=.51. (by (16
19 3 gl ol < 3 5y + (by (16))
Now (17) and (18) immediately give (8). O

3. THE SET OF SPREADING MODELS OF X
We recall the standard

Definition 3.1. Let (z;) and (y;) be basic sequences and C > 1. We say that (x;) C-
dominates (y;), if C|| >, aixi|| > || - awysll for all (a;) € coo. We say that (x;) dominates
(yi), denoted by (z;) > (vi), if (x;) C-dominates (y;) for some C > 1. We write (z;) > (v:),
if (x:) > (y:) and (y;) 2 (x;). If B is a set of basic sequences and (z;) is a basic sequence,
then we say that (z;) uniformly dominates B there exists C' > 1 such that (z;) C-dominates
every element of B.

The set SP(X) of all spreading models generated by normalized basic sequences in X
is partially ordered by domination, provided that we identify equivalent spreading models.
SP,(X) denotes the subset of those spreading models generated by weakly null sequences.

Our first result in this section shows that every countable subset of SP,(X) admits an
upper bound in SP,(X).

Proposition 3.2. Let (C,,) C (0, +00) be such that 3. C;' < oo and for n € N let (z{™); be
a normalized weakly null sequence in some Banach space X having spreading model (ign))l

Then there ezists a seminormalized weakly null basic sequence (y;) in X with a spreading
model (g;) having the following properties.

a) (9;) Cn-dominates ( ) for all n € N.

b) If for non € N, (& i" )i is equivalent to the unit vector basis of ¢y, then (g;) is not
equivalent to the unit vector basis of (1.

c) If (z;) is a basic sequence which uniformly dominates (Z; (m) )i for alln € N, then (z;)
dominates (;).

In order to prove Proposition 3.2 we first need to generalize the fact that spreading models
of normalized weakly null sequences exist and are suppression 1-unconditional.

Lemma 3.3 is actually a special case of a more general situation [11]. The results could
also be phrased in terms of countably branching trees of order mn and proved much like the
arguments in [13].

Lemma 3.3. Let n,m € N and ¢ > 0. Let (xgl))i, (x@))z-, ce (J}(n))l be normalized weakly

K3 (2
null sequences in a Banach space X. Then there exists a subsequence L of N so that for

all families of integers (k:(Z )it j=1 and (E( )ity j=1 in L, with k§ < k;(Q) k§”) < kél)
<k < <k < <k and 6V < 0P < < f™ zg” < 0 and
(a?));mf] L [ 1, 1] we have
Y ] DS ol <<
i=1 j=1 =1 j=1

11



Proof. This follows easily by Ramsey’s theorem. Let (agj))?i’ijzl C [-1,1]. Partition
[0,mn] into finitely many intervals of length less than £/2. Partition the sequences of
length mn, k: (1 < k‘ @ Y < BV < < K of N, according to which interval
[Dry Dy Z 7 m H belongs Thus by Ramsey s theorem for some infinite subsequence L of

N these expressions belong to the same interval, if k? e Lfort=1,....mandj=1,...,n
We repeat this for a finite /4-net of [—1, 1] endowed with the ¢{"" norm. O
Lemma 3.4. Letn,m € N, ¢ > 0 and (xgl))i, ce (xz(n))Z be normalized weakly null sequences

in a Banach space X . Then there exists a subsequence L of N so that for all integers in L,
Y < kP < B <k <<k <<k < < B, the vectors (xz(:?%)gijﬂ
form a suppression (1 + €)-unconditional basic sequence.
Proof. By passing to subsequences, if necessary, we may assume that the sequence (x,fj ))?’:Of’izl
satisfies the conclusion of Lemma 3.3 for ¢ replaced by €/2 and L = N. Let 6 = ¢/(2nm).
We claim that for every jo < n and iy € N there exists i, > g such that for every func-
tional f € X* of norm 1 there exists i € [ig, ;] with ]f(a:Z(JO))] < ¢§. Indeed, assume that
such an i; > 7 did not exist. Then we could find for each i; > iy an f; € Sx- such that
|fi(w UO))| > § for all i € {ig,ip+ 1,...91}. Let f* be a w*-accumulation point of the set
{fi i1 >0}, It follows that | f*(z; (Jo) )| > 0 for all ¢ > ig, which contradicts the assumption
that (x 1( )) is weakly null, and proves the claim.

Iterating this claim we can pass to an infinite subsequence L of N With the following prop-

erty: For k%l) < kiz) <...< kin) < kél) lﬁ(ﬁ inL, I C {k1 : 1 ). k(n) k(l) k,(,?)},
and f € X* of norm 1, there exist Egl) < fl < ... < £§”) < 62 . < (8 in N with
= ki B € Foand | f(g;<{})| < dif k?” ¢ F. Let k" < k(2> <.o< kY <
kD < <km 1nL F Y kY kY, and (@) € [<1,1] with
HZ@ 1 ZJ 1 Z k” = 1. There exists f € X* of norm 1 such that
I Z a(])kaH = ( Z al(»j)xl(jg)), and choosing (eﬁj)) as above,
() kD ery {(i,j):ki€F} ’
<f ZZ(ZE]‘)JL‘(Q» + dnm
i=1 j=1
SIE Y aladl+ 5 <5+ 5=1+¢
i=1 j=1

O

Proof of Proposition 3.2. Using Lemma 3.4, a diagonal argument and relabelling we can

assume that for all £ and all choices of ¢ < kil) < kf) <... k;g) < kél) <... kée) the vectors
(xfj(z))l < 1,7 </ are suppression 2-unconditional.

Let m; = 0 and for i € N let m;,; = m; +i. Let (C;) C (0,00) such that > C; ' < oo.
(n)

)i, for each n € N, we can assume in addition

12
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that the seminormalized sequence (yj), where
2160 a: 4 forall j €N,

has a spreading model (g;). It is easy to check that (y;) is weakly null since each (z 5 )) ©, 18
weakly null for each n € N.
Let i9,m € N and (a;)7L; C R. Let n € N such that max(m,ip) < n and

8Z\a]| Z Cl < cigluzaﬂ;“)r\.
j=1

i=n+1
In addition choose n so that 3| 37", a;m, 2 < | > e ajigio)H < 2>, aj:pZO)H and
§|| ZFl ajye, | < | ZFl a;y; | < 2| 23:1 ajygj” for all choices of n < 01 < Uy < ... < {,,.

We have from Lemma 3.4 and our inequalities, if n < k; < ko < ...k,

(19) Hzagﬂj 2% Zajykj
j=1 J=1
1] N &

=3 ZZ%MC J:n?k i
j=1 i=1
m n m kj

z% S a160; a:,j}k » —%Z Z la;[16C; !
j—l i=1 j=1i=n

Zi 2“1160 xnlzi)ﬂo Z ;"

Jj=
8 j=1 Jj=1 J=1

This proves the part (a) of the proposition.
In order to show the remaining parts let m € N and (a;)72, € R, and first note that

(20) || Zajyj | = hm ... lim H Zasyjs

Im—00

L . 0
_j}gnoo...jilinooHZ%ZlGC’ 1 29

<limsup.. hmsule6C’ H Zas Ty, i

]1*>OO Jm—00

- i 160;1H Em: 1,50
=1 s=1

Part (c) now follows from (20) and the assumptlon that (C; ') is summable. In order to show
part (b) assume that for any n € N (#(™); is not equivalent to ¢; and let § > 0. First choose 7

so that 16> 7, ., C;' < §/2. Then choose N large enough so that + Zjvzl ~§) (2ip),
13
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for i = 1,...,4y (using Proposition 2.1), and finally apply (20) for m = N, a; = %, to obtain
N ~

NI gl <o O

Remark 3.5. Using a similar argument we can prove the following:

a) Let C' = {(ign))i}neN be a strictly increasing chain in SP,(X). Suppose that (Z;); €
SP,(X) is an upper bound for C. Then there exists an upper bound (z;); € SP,(X)
for which (%;); < (Z);.

b) If (:Y:Z(n))z € SP,(X) forn < m € N then there ezists (%;); € SP,(X) which is
equivalent to the norm given by

An analogous result for asymptotic structure of spaces with a shrinking basis is o0b-
tained in [19] (Proposition 5.1).

I{a:)l} = max

Proposition 3.6. Suppose that (x;) is a normalized weakly null sequence in a Banach space
X which has a spreading model (%;) which is not equivalent to the unit vector basis of ¢;.
Assume that 1 belongs to the Krivine set of (&;). Then for all sequences (\,) C R, with
An /00 and lim, n/X\, = oo there is a normalized block sequence (y,) of (x,) having a
spreading model (y,) which satisfies:

lim sup n/HZ Ui
" i=1

= lim sup HZ Ui|| [ An = 00.

" i=1
Moreover, the set of all spreading models, in X, which are not equivalent to the unit vector
basis of {1, and are generated by weakly null sequences, has no maximal element (with respect
to domination).

Note that the space X constructed in Section 2 is reflexive and satisfies the hypothesis of
the proposition (as does every subspace of X).

Proof. Using lim - = 0o, choose a subsequence (ng) of N such that ng/\,, > 2"k for all

k. Since 1 belongs to the Krivine set of (Z;), for every n € N there exists a block sequence

()"

;)i of (x;) which is identically distributed with respect to (z;) and it has a normalized

(n)

spreading model (Z;"); as given in Remark 1.2 (for p = 1 and € = 1) satisfying

Nk
N ~(k
5 < 1> &V
i=1

Since (z;) is weakly null and (Z;) not equivalent to the unit vector basis of ¢; we have that
for all n € N, (IE"))l is weakly null and (:EE"))Z is not equivalent to the unit vector basis of
¢1. We can also assume without loss of generality that (argn))Z is normalized. Let (y;) be the
sequence which is provided by Proposition 3.2 for Cy, = 27%. By part (b) of Proposition 3.2

we have that (g;) is not equivalent to the unit vector basis of ¢; thus

limsupn/[| >l = o0
n i=1

14



by Proposition 2.1. Also, by Proposition 3.2 we have that

Nk Nk
~ ~(k Nk
1l =157 25
j=1 Jj=1
Thus for all £ € N,
||Zyj||/>\nk — 2k+1)\

7j=1
which shows that

lim sup || Y g5[l/An =
n j=1

and finishes the proof of the first part of Proposition 3.6 once we normalize (y,,).
To prove the moreover part, given a spreading model (Z;) € SP,(X) not equivalent to
the unit vector basis of ¢; use the first part of the Proposition to get (7;) with (choose

Me =120, Zl|, for k € N)
122 ol

Izl

Therefore (Z;) is not maximal. O

lim sup

In some circumstances we will be able to conclude that SP,, (X) admits a transfinite strictly
increasing chain. The logical part of the argument is a simple proposition.

Proposition 3.7. Let X be a separable infinite dimensional Banach space. Let C C SP,(X)
be a non-empty set satisfying the following two conditions:

(i) C does not have a maximal element with respect to domination;
(ii) for every (X,)nen C C there exists X € C' such that X,, < X for every n € N.

Then for all < wy there exists X € C such that if « < § < w; then X < X©®),

Proof. We use transfinite induction. Suppose that X (@ have been constructed for o < 3 <
wi. Then X® is chosen using (i) and (ii) if 3 is a successor ordinal and (ii) if 3 is a limit
ordinal. n

Remark 3.8. (1) The set C' = SP,(X) satisfies condition (ii) by virtue of Proposition 3.2.
Hence if SP,,(X) does not have a mazimal element, then it contains an uncountable increas-
ing chain.

(2) Suppose SP,(X) contains (Z;) such that 1 is in the Krivine set of (Z;) but (Z;) is not
equivalent to the unit vector basis of {1. Let C' be the set of all elements of SP,(X) which
are not equivalent to the unit vector basis in ¢1. Then it satisfies (ii) by Proposition 3.2 and
(i) by Proposition 3.6. Therefore C' contains an uncountable increasing chain. Examples of
such a space X are the space constructed in Section 2, Gowers-Maurey space GM ([10]) and
Schlumprecht’s space S ([27]).

The following result is a strengthening of Proposition 3.6. First recall that if (x;)!", and
(y:)i~, (n € N) are two basic sequences then the basis-distance between them is defined by

@y (), (5)0y) = sup { el Z il = | szylu - 1}

15



Proposition 3.9. Let (z;) be a normalized basis and C' < oo. Let X be an infinite di-
mensional Banach space. Assume that for all n € N there exists a normalized weakly null

sequence (x'); in X with spreading model (ﬁég"))i such that (ign))?zl C-dominates (z;)l—, for

alln € N. Assume also that (z;) C-dominates (i:,fn)) for eachn € N. Then for every A\, /* oo
there exists a normalized weakly null sequence (y;) in X with spreading model (y;) so that

lim inf dy ((yi)i)\b (2i)i1)

Proof. Since A, /' oo, we can choose a sequence (ng) of integers such that k2¥ < X, for
all k. Apply Proposition 3.2 to obtain a seminormalized weakly null sequence (y;) in X
with a spreading model (;) such that (7;) 2¥-dominates (7}*), for all k € N. By part (c) of
Proposition 3.2 we also have that there exists C" < 0o such that (z;) C’-dominates (g;). Let
k € N and (b;);*, be a sequence of scalars. Then

ng Nk Nk
1D bigall = 2751 > b || = 27507 Y bzl
i=1 =1 =1

Thus for k € N, if (a;)1*, and (b;);*, are finite sequences of scalars satisfying || > 7*, a;2;|| =

1=

| > bizi|| = 1, then

=0.

1% el o €

12255 badgil| — 27FC
Hence dp ((9:)1%,, (21)%,) /An, < k~'CC" which tends to zero. The result follows by normal-
izing (y;). O

=(CC"2" < %CO’.

Propositions 3.6 and 3.9 motivate the following

Question 3.10. Which normalized subsymmetric bases (y;) (if any) have the following prop-
erty: If X s a separable infinite dimensional Banach space so that no spreading model of
X is equivalent to (y;) then there exists A\, /" 0o and a subspace Y of X such that for all
spreading models (Z;) of normalized basic sequences in'Y,

liminf dy, ((2,)7_,, (¥i)1_1)/\; > 0.
j
This question is a generalization of the following problem raised by Rosenthal (which is
solved by Proposition 3.6).

Question 3.11. Let Z be a separable infinite dimensional Banach space so that whenever
(Z;) is the spreading model of a normalized basic sequence in Z then

‘ix /n —0.
=1

(i.e. by Proposition 2.1, no spreading model in Z is equivalent to the unit vector basis of
l1). Does there exist N, /" oo such that lim, \,,/n = 0 and for all spreading models (z;) of
normalized basic sequences in Z

[An =07

lim
n

lim
n

n
>
1=1

16



The question asks whether all spreading models of Z must be uniformly distancing them-
selves from ¢ for large enough dimensions.

Question 3.11 just asks if one could take (y;) in Question 3.10 to be the unit vector basis
of /1. Proposition 3.6 shows that this is not true, even hereditarily.

The version of Question 3.10 for the unit vector basis of ¢ is the following question. We
will give an answer in the next section.

Question 3.12. Let Z be a separable infinite dimensional Banach space so that whenever
(Z;) is a spreading model of a normalized basic sequence in Z then

n
>
i=1

Does there exist a sequence (\,) with A, /" oo such that for all spreading models (&;) of
normalized basic sequences in Z

> /A= oot

i=1

The hypothesis of this question is equivalent to: no spreading model of Z is isomorphic
to ¢g. Indeed, suppose (Z;) is a spreading model of a normalized basic sequence (z;) with
liminf, || 7, #;|| < co. We then obtain, since (Z;) is basic, that sup,, || > i, ;|| < K for
some K < oco. In particular, (z;) must be weakly null and hence (Z;) is unconditional. Thus
(Z;) is equivalent to the unit vector basis of ¢y. Conversely, if some spreading model (Z;) is
a basis for ¢y, then ((Z2i41 — T2i)/||T2i+1 — T2i]|) is equivalent to the unit vector basis of cg
and is a spreading model of ((z2;41 — @)/ ||T2i+1 — T24)-

lim = 0.
n

lim
n

4. A SPACE HAVING SPREADING MODELS CLOSE TO Co
In this section we give an example which solves question 3.12 negatively.

Theorem 4.1. There is a Banach space X with a normalized basis (e,,) so that:

a) For every sequence (\,) C (0,00), with lim,,_,. A\, = 00 there is a subsequence (e, )
of (en) which has a spreading model (Zy) for which

Tim || Zi]/Am =0
i=1

b) For every spreading model (Z,)) of a normalized block basis (x,) of (ey)

n
lim H S
n—oo
=1

Before defining X we need some notation. Let D = [ J.~,{0,1}" be the dyadic tree ordered
by extension: s = (s;)7* St = ()} iff m <nand s; =t¢; fori <m. If s = (s;)7" € D we set
|s| =m, |0] =0 and if s < ¢, [s,t] denotes the segment {a« € D : s X a <X t}. A branch  in
D is a maximal linearly ordered subset. If (3;)32, € {0, 1} we write 3 = (3;) to denote the
branch (5")>°; where " = (/3;);.

Lemma 4.2. Let (t,)52, be distinct elements of D. Then there exists a subsequence (t),) of

(tn) and a sequence (s,) in D so that s; < sy < --- and ([sp, t)])22, are disjoint segments.
17

= OQ.




Proof. By passing to a subsequence (e.g., using Ramsey’s theorem) we may assume that

either ¢t; < to < ---, in which case we take s; = ¢; for all 4, or ¢; and ¢; are incomparable
for all i # j. In the latter case we let s; = (), t{ = t; and choose sy with |sy| = |t]] so that
{t; : s9 < t;} is infinite. We let ¢, be one of these t;’s and select s3 with |s3| = |t5| so that
{t; - s3 < t;} is infinite and proceed in this fashion. O

Proof of Theorem 4.1. For each s € D we shall define a decreasing sequence V; = (V4(i))2,
in (0,1]. Iff s =0, V,(i) = 1 foralli. If s = (&)™, let {n:e, = 1, n < m} = (ny),
written in increasing order. If g; = 0 for ¢ < m we let V(i) = 1 for all i. Otherwise for
i < mnq, Vi(i) = 1/ny. I ny <@ < mjyq, set V(i) = Vi(n) A1/(njp —nj). If i > ny set
V(i) = Vi(ng). If B = (B;)° is a branch, naturally identified as a sequence of 0’s and 1’s, V3
is defined similarly. Clearly > .~ V(i) = oo for all branches .

If 2 € coo(D) we set

]} = sup Z Ve (D)|2(t:)]

where the sup is taken over all n € N, and disjoint segments [s1,1],. .., [sn,t,] such that
|s1] < sa| < -+ <su|. ||z]] > ||#]|oo follows by considering [@, ¢]. The motivation for defining
the norm in this manner comes from Lemma 4.2 and Case 1 below.

The unit vector basis (e, )aep forms a normalized 1-unconditional basis for X, the com-

pletion of (coo(D), | - ||). We verify a). Let A; T oo and choose integers ny < ng < --- so
that
(21) Any > 52
1 1
(22) < for all j

Mjy1 =N Ny — Ny

(with ng = 0).

Let 3,, = 1forall j, 3; = 0if i ¢ {ny,ng,...} and 3 = (3). Let ' = (ﬁj)§:1 and let
x; = egi for i € N. Let m € N. We will prove that if m € (n;,—1,n;,] and n;y < ki < -+ < ky,
then

(23) (DI ESESE
i=1

Thus if (Z;) is any spreading model of a subsequence of (z;), by (21),

ISr il o+ 1
/\m (]0 - 1)2

and this yields a).
Let [s1,t1],. .., [Sn,tn] be disjoint segments with |s1] < |sy] < --+ < [s,| such that for

r = 2211 Tk
Izl =D Vi (@)l (t)] -
i=1
Since each V is a decreasing sequence we may assume that x(t;) # 0 for all i« < n and hence

n < m. Also each ¢; is the support of some zj, and so the segments must lie all on 3. In
18



particular while |s;| < k; is possible, |s;| > ky for ¢ > 2. Note that n < m < n;, hence by
(22) for i > 2 the first n elements of V, are the first n elements of the sequence

1 1 1
ny X[Lna)s Ny — Ny X(n1,n2]5 "M — njrlX("jo—hnjo} :

Thus || > 7" 1 1=jo+1, and (23) is proved.
To see b), let (xn) be the spreadlng model of a normalized block basis (z,) of (e,). By
passing to a subsequence of (x,) we have two cases.

Case 1. There exists € > 0 so that ||z,||« > ¢ for all n.

In this case let |z;(t;)| > ¢ for some sequence (t;) C D. Passing to a subsequence, using
Lemma 4.2, we may assume that there exist s; < so < --- with ([s;,#;])$2, being disjoint
segments. It follows that for k1 < --- < k,,

Let [ be the branch determined by ( )52 Now > 2, VB( ) = 0o by our construction and
there exists ky so that if kg < k then V, (i ) V(i) for i < m. It follows that

H ix > ggvﬁ(i)

and b) holds.
Case 2. ||z,]|oc — 0.

First note that there is a function d(m), with 6(m) — 0 as m — oo such that the
following holds: for an arbitrary x € coo(D) with ||z|| = 1, consider disjoint segments
[s1,t1], [S2,ta], - -, [Sk, ti] With |s1] < so| < -+ <|sg|, such that

]l = Z‘/Sj(j)lx(tj)

Then, whenever ||zl < d(m) for some m, then there exists 1 < k' < k such that |sy/| > m,

k' > m and

Z Vi, () |z(t)] > 1/2.

Jj=K
Using this fact, since ||x;|| = 1 for all 4, and ||z;||cc — 0, we can construct inductively a subse-
quence (z,) of (z;) (with ny = 1), and for all 4, disjoint segments [s{,#}], [s5,t5], ..., [s}, . t}.]

with |si| < |sh| < --- < s} |, and integers k] such that

sl <o S sp | <t [ < Isi?| <o S s < ] < st

s S...§|SZZ <

and
k;
(24) L= [|z,] > Z‘/s;.(ki + J)|zn, (£5)] > 1/2

j=1
19



and such that the sequence k1, k] +1,... k| + ki, kb, kb +1,... k) + ko, ... is increasing. Let
iy < -+ <, be an increasing sequence. Applying (24) for each i;, 1 <! < m and using the
fact that the sequences V;(i), i € N are increasing, we get

m kil

DD Vil ki 4 )ln,, (5] = m/2.

=1 j=1

Since all segments [s;l,tj.l] are disjoint, we deduce gm < || >, Tn, ||. Hence the spreading

model (Z,), must be equivalent to the unit vector basis of ¢;. This completes the proof of
b).

For all n € N it is easy to construct a space X for which the cardinality |[SP(X)| =
|SP,(X)| = n. Indeed, X = (3.7, ¢p,), suffices, where the p;’s are distinct elements of
(1,00). Alsoif 2 < p; < pa < ... then it is not hard to show that [SP, (32, 4y,),)| = w.
In this case one obtains an infinite decreasing chain of spreading models.

But we do not know what happens hereditarily. Let us mention some questions (among
many) concerning the “hereditary structure of spreading models”.

Question 4.3. Does there exist a Banach space such that in every infinite dimensional
subspace there exist normalized basic sequences having spreading models equivalent to the unit
vector bases of {1 and o ? If such a space exists, must it contain more (perhaps uncountably
many) mutually non-equivalent spreading models? More generally, does there exist X so that
for all subspaces Y of X and 1 < p < oo, the unit vector basis of £, (and of ¢y) is equivalent
to a spreading model of Y ? Is the space constructed in [21] or [23] such a space?

In order to answer Question 4.3, the answer to the following question may be useful:

Question 4.4. Can we always isomorphically (or isometrically) stabilize the set of spreading
models by passing to appropriate subspaces? i.e. for every Banach space X does there exists
a subspace Y such that for every normalized basic sequence (y;) in'Y having spreading model
(7;) and for every further subspace Z of Y, there exists a normalized basic sequence (z;) in
Z having spreading model (Z;) such that (Z;) is equivalent (respectively, isometric) to (g;)?
Is the space X constructed in section 2 a counterexample?

Question 4.5. Letn € N. Does there exist a Banach space so that every subspace has exactly
n (isomorphically or isometrically) different spreading models? Does there exist a Banach
space so that every subspace has countably infinitely many (isomorphically or isometrically)
different spreading models?

Many problems are open concerning the structure of the partially ordered set SP,(X) (in
the sense of Definition 3.1). We state a few of these.

Question 4.6. What are the realizable isomorphic structures of the partially ordered set
(SP,(X),<)? In particular, for every finite partially ordered set (P, <) such that any two
elements admit a least upper bound, does there exist X such that SP,(X) is isomorphic to
(P,<)?

We note that by Proposition 3.2 and Remark 3.5, if SP,(X) is infinite then one can
construct sequences (g7)°, and (@}")2, in SP,(X) so that

() < @) < < (@) < (@) -
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Question 4.7. Suppose SP,(X) is finite (or even countable). What can be said about X ?
Must some spreading model be equivalent to the unit vector basis in co or ¢, (1 <p < 00)?
We address the case |SP,(X)| =1 in Section 5.

5. SPACES WITH A UNIQUE SPREADING MODEL

The following question was posed to us by Argyros.

Question 5.1. Let X be an infinite dimensional Banach space so that |SP(X)| = 1. Must
the unique spreading model of X be equivalent to the unit vector basis of ¢, for some 1 <
p < 00, orcy?

One could also raise similar questions by restricting to either those spreading models
generated by normalized weakly null basic sequences or, in the case that X has a basis, to
those generated by normalized block bases.

We give some partial answers to these questions using our techniques above.

Proposition 5.2. Let X be an infinite dimensional Banach space so that all spreading models
of normalized basic sequences in X are equivalent.

a) If all the spreading models are uniformly equivalent, i.e. if there exists D € R so
that the spreading models of all normalized basic sequences in X are D-equivalent,
then all spreading models of X are equivalent to the unit vector basis of £, for some
1 <p<ooorc.

b) Let (z;) be a normalized basic sequence which dominates a (hence every) spreading
model of X. Then there exists C' < oo so that (z;) C-dominates any spreading model
of a normalized basic sequence (z;) in X.

c) If p belongs to the Krivine set of the spreading model (Z;) of some normalized basic
sequence (z;) of X then (Z;) dominates the unit vector basis of C,.

d) If 1 belongs to the Krivine set of some spreading model in X then all spreading models
are equivalent to the unit vector basis of {1.

Proof. If X is not reflexive then there exists a normalized basic sequence (z,) in X which
dominates the summing basis [12]. By [25] (x,) has a subsequence (z,,) which is either
equivalent to the unit vector basis of ¢; or it is weak-Cauchy. In the later case (wp,,,, —
Tn,, )k 1S weakly null and thus by passing to a subsequence we can assume that it has
an unconditional spreading model which dominates the summing basis and hence must be
equivalent to the unit vector basis of ¢;. Therefore in either case there exists a spreading
model in X equivalent to the unit vector basis of ¢1, and it is easy to see that a)—d) hold.
Thus for the proof of a)-d) we may assume that X is reflexive.

a) Let (Z;) be a spreading model of X and let p in the Krivine set of (Z;). By Remark 1.2

(n)

for every n € N there exists a spreading model (ig"))l of X such that (z;")I, is 2-equivalent

to the unit vector basis of £;. Also (Z;)iL, is D-equivalent to (), thus 2D-equivalent to
the unit vector basis of 7.

b) Let (z;) be a normalized basic sequence which dominates all spreading models of X.
Assume that the statement is false. Then for every n € N there exists a normalized weakly
null basic sequence (a:l(n)) in X, having spreading model (ig")), and there exist scalars (agn))i,
such that ||, a™™|| = 220 and || 32,a{ | = 1. By Proposition 3.2 there exists a
seminormalized weakly null sequence (y;) in X, having spreading model (g;) such that (g;)
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2"_dominates (z\") for all n. Thus || > al" || = 27" > al™7™|| = 2", Hence (z;) does

7
not dominate (g;), which is a contradiction.

c¢) This follows from b) and Remark 1.2.
d) This follows from c). O

Remark 5.3. If X has a basis (e;) and the hypothesis of Proposition 5.2 is changed to
“all spreading models of normalized block bases are equivalent” then one obtains a similar
theorem, while the conclusions are restricted to spreading models generated by normalized
block bases. The “X is not reflexive” part of the proof is replaced by “(e;) is not shrinking”.
If the hypothesis is changed to “all spreading models generated by normalized weakly null
basic sequences are equivalent” then one has two cases: Fither X is a Schur space, hence X
is hereditarily ¢, [25], or X does admit such a spreading model. And the proposition holds
in the latter case with the obvious modifications.

If X is a Banach space for which all elements of SP(X) are isometrically isomorphic to
each other it follows from Proposition 5.2 that they must all be isometrically isomorphic to
¢,, for some 1 < p < 00, or to ¢y. In the case that p = 1 or in the ¢y case, it was shown in
[22] that X must contain a copy of ¢; or ¢y respectively. But the following question is still
open.

Question 5.4. Let 1 < p < oo and assume that all elements of SP(X) are isometrically
isomorphic to the unit vector basis of €,. Does X contain a copy of £,?

A problem closely related to 4.1 has been considered by V. Ferenczi, A. M. Pelczar and
C. Rosendal in [6]: Suppose that X has a basis (e;) for which every normalized block basis
has a subsequence equivalent to (e;). Must (e;) be equivalent to the unit vector basis of ¢q
or some ¢,7 The authors obtain results analogous to those in Proposition 5.2.

Many additional questions remain about the structure of the spreading models of a Banach
space X.

6. EXISTENCE OF NON-TRIVIAL OPERATORS ON SUBSPACES OF CERTAIN BANACH
SPACES

In this section we give sufficient conditions on a Banach space X for the existence of a
subspace Y of X and an operator T" : Y — X which is not a compact perturbation of a
multiple of the inclusion map. This property is related to the long standing open problem
of whether there exists a Banach space (of infinite dimension) on which every operator
is a compact perturbation of a multiple of the identity. Notice that if a Banach space X
contains an unconditional basic sequence then there exists a subspace Y of X and an operator
T :Y — Y such that P(T) is not a compact perturbation of a multiple of the identity for
all non-constant polynomials P. Indeed Y can be taken to be the closed linear span of
the unconditional basic sequence, and 7' a diagonal operator with infinitely many different
eigenvalues, each of of infinite multiplicity. Gowers [9] proved that there exists a subspace
Y of the Gowers-Maurey space GM (as defined in [10]), and an operator T' : Y — GM
which is not a compact perturbation of a multiple of the inclusion. In [1] it is shown that
there exists an operator on GM which is not a compact perturbation of a multiple of the
identity. It is also known that some of the asymptotic /; and hereditary indecomposable

spaces constructed by Argyros and I. Deliyanni [2] admit subspaces on which non trivial
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operator can be constructed (unpublished work of Argyros and R. Wagner, see also [7] and
[8]). Our approach generalizes the idea of [9].

Theorem 6.1. Let X be a Banach space. Assume that there exists a normalized weakly null
basic sequence (x;) in X having spreading model (Z;) which is not equivalent to the unit vector
basis of {1 yet 1 belongs to the Krivine set of (%;). Then there exists a subspace W of X and
a continuous linear operator T : W — W such that p(T) is not a compact perturbation of a
multiple of the identity operator on W, for every non-constant polynomial p.

The proof uses a convenient auxiliary notation. Let F C [N]<*° be a family of finite
subsets of positive integers. For (a;) € cop we set

(@)l ) = sup { > a1 Fe ]—"} .

i€l

Proof of Theorem 6.1. The main part of the proof is the following

Claim 1: For every ¢ € N U {0} there exists ('w@)l- a seminormalized sequence in X, an

‘ (e+1)

increasing sequence (M; (&) )i of positive integers and a sequence (0; ' ’); of positive numbers

with >, 51(”1) < 00, such that w(o) wg ), wéo), w§ ), wél), wéo), ... 18 a basic sequence in X, and

for every (ay))geNu{o}JGN € coo((NU{0}) x N) we have

E ) (¢
(25) max ||(a] WQEEJWWKZH Nillest,

/=0 j=1
where for ¢ € N and (a;); € coo we define

14
(26) Ian)ille = sup 0" 1(a;);ly, o) = sup sup 673 Jasl,

ieN geg®  Scp
and where for /,7 € N we set gz@ ={FCN:|F| < MZ@}.

Once Claim 1 is established, let W = Span{wj(-ﬁ) : 0 € NU {0}, j € N} and define a linear
map 7" : W—W by

T(w”) =0 and T(w{™) = ——w!” for all ¢ € NU {0} and j € N.

(
wj ol+1

i JneNufo},ien 18 a basic sequence in X, T' is well defined. Let (a;-a)geNu{o}’jeN €
coo(NU{0}) x N) and w = > 77 3%, af)w(z) € W. We have

004141 1é
Zéy H<Z7 O)ille (by (25))

J=1

x [|(ag);lle < ll=] (by (25)).

Since (w!™

I T]| =

I/\E EMg

Thus if W denotes the closure of W then T extends to a bounded operator on W.
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Let p(t) = anpt™ + a,_1t" "' + -+ + a1t + ap be a non-constant polynomial. We show that
p(T) is not a compact perturbation of a multiple of the identity operator I on W. Indeed,
for any i € {1,2,...,n} and j € N we have

n

i ) i1l 1) el 1 (o (n'L
ij =T 2—nwj =T 2—n2n_1w- H

=n— Z

Thus for every scalar A and j € N we have:

n & i n & = 1 n—i n
(p(T)—A])wE):<ZaiT—Al)wé):Zai< H ﬁ)wﬁ )—I—(ao—)\)wj(. ),

i=1 i=1 k=n—i+1

Since wg ), wg ), wé ), w?), wél) wéo), ... is a seminormalized basic sequence in X, there exist
J1 < j2 <--- inNsuchthat (37 | a;([T,_, i1 37)w; (n D+ (ag A)w§?))s is a seminormalized
block sequence of w§°’,w§”,w§°%w§ ),wgl),wé ), e Wthh proves that p(7T) — A is not a

compact operator.

Claim 1 follows from
Claim 2: There exists a subspace Y of X with a basis and for every £ € NU{0} there exists

a seminormalized weakly null basic sequence (u (Z)) in Y, an increasing sequence (Mi(eﬂ))i of
(£+1)

< 00, such that
the vectors u ) forn e NU {0} and ¢ E N are disjointly supported with respect to the basis
in Y, and for every £ € NU{0} and ( a; ))m€{0,17_“7g}7j€N € ¢o0({0,1,...,¢} x N) we have that

(m) m) < (m)
27) 2 max |(a} Hm_HZZa | 1/2ZH Jillms.

m=0 j=1

positive integers and a sequence (5“ ) of positive numbers with ), 5

(recall that || - ||,, was defined in (26)). Once Claim 2 is established, passing for every n € N
to a subsequence of (uz(n))l (which does not affect the estimates in (27)) and making small
perturbations if necessary, we get (wfn))i such that wgo), wgl), wé ), (2), wé ) wéo), ... forms a
block basis in Y and for all (ag‘e))zeNu{O},jeN € coo((NU{0}) x N) we have

(28) 5 Sl < ZZ@?’wf’n <233 ).

(=0 j=1 (=0 j=1

Obviously (27) and (28) imply (25) and thus Claim 1 follows.

Now we prove Claim 2. We construct the space Y and inductively on ¢ € N U {0} we
construct the sequences (ul(-e))i, (M, -(KH))Z- and (5§€+1)) which satisfy (27). The upper and

(2
lower estimates are based on the following two lemmas of independent interest, whose proofs

we postpone until the end of the section.

Lemma 6.2. Let X be a Banach space and (x;); be a normalized weakly null basic sequence

in X which has a spreading model (Z;) not equivalent to the unit vector basis of {,. Then
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for every (6,)n>2 C (0,1) there exists a subsequence (x,,,) of (x;) and an increasing sequence
My < My < --- of integers, such that for all (a;); € coo we have (put 6; = 12)

(29) 1Y aizm ) <sup  sup 6, ) ag|
i€l

neN FCN,|F|<M,

Lemma 6.3. Let X be a Banach space and (z;); be a normalized weakly null basic sequence
in X which has spreading model (Z;); such that 1 belongs to the Krivine set of (Z;);. There
exists a subsequence (z); of (z;); with the following property.

Given any infinite subset J C N, any subsequence (M), of N, and (0,), C (0,00) with
Y 0n < 00, there exists a seminormalized weakly null basic sequence (y;); in the span of
(z j>J€J which is disjointly supported with respect to (2})jes, such that for all (a;) € coo and
all y in the span of (2});e; we have

(30) Sup dnl|(as)llesga < lly + > awil.

with G, :={A CN: |G| < M,} forn e N.
Furthermore, if (Z;) is not equivalent to the unit vector basis of {1 then no spreading model
of (y;) is equivalent to the unit vector basis of {;.

We now return to the proof of Claim 2.

Since 1 belongs to the Krivine set of (Z;), we can use Lemma 6.3 and assume w.l.o.g. that
(x;) satifies the conclusion of Lemma 6.3, as stated for (2}).

Let Ky, K1, Ko, ... be disjoint infinite sets of positive integers. For all £ € NU {0} we will
construct disjointly supported u!” € span{z; : j € K}, (0)ien and (MD);en (satisfying
the conditions as stated in Claim 2) so that for all (agm))me{o,l,...,z},jeN € co({0,1,...,0} xN)

and y € span(z; : i € |J,., K,) we have that

(31) Hﬁia&” || < 1/2ZH sl

m=0 j=1

(32) 2 max ||(al" HmeZZa(’" 7

1<m</¢

m=0 j=1
(which yields (27) if we put y = 0).
Construction of (ugo))i, (5(1))1@\; and (M‘l))ieN: Let (5-(1))i22 C (0,1) such that >, (51-(1) <

(A (A 1
oo. Since (Z;); is a spreading model of (z;);ex, which is not equivalent to the unit vector

basis of £; we may apply Lemma 6.2 to obtain a subsequence (z,,,) of (2;),eck,, an increasing

sequence (Mi(l))ieN of positive integers and 5%1) > 0 such that for all (a;) € coo we have

1
(33) 13 asm | < 5@l = 55030 @)l g,

where Gi") = ={GCN:|G| < M } This yields (31) for £ = 0 while (32) is vacuous.
The inductive step - Construction of (u (-2))2, (d(éﬂ )i and (M EH ) Assume that we have

Z 3

constructed (um);, (M™™); and (6"™™) for m = 0,1, . .. ,E — 1 so that (31) and (32) are
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satisfied when ¢ is replaced by ¢ — 1. Apply Lemma 6.3 for J = K, (M;); = (Mi(g))i and
(0;); = (2554))i to obtain a disjointly supported seminormalized weakly null basic sequence

(ul(»e))i in span{z; : j € K,} satisfying: for all (a;) € coo, and y € span{z; : j & K,} that
¢
(34) 25up 017 a1) |, g0 < lly+ 3 sl

where G\ = {GCN: |G| < My)} for n € N. By passing to a subsequence of (uz@)i and
relabelling we can assume that (u(%)); has a spreading model (ag")). By the “furthermore”
part of Lemma 6.3 we have that (ﬂl(-e)) is not equivalent to the unit vector basis of ¢;. Let
(51‘(”1))2'22 C (0,1) such that > ,.,9 1@“) < oo. Apply Lemma 6.2 to obtain a subsequence
(e+1)
)

of (uge))i (which we still call (ul@)i) an increasing sequence (M; ien of positive integers,

and (55“1) > 0 such that for all (a;) € coy we have
1
(35) I3 a1 < gl == 55pd @)l o
where G\ = {G c N: |G| < MV} for n € N.
We now show that (31) and (32) are satisfied. Let (agm))me{o,l,‘..,z},jeN € coo({0,1,...,0} %

N) and y € span(y; : i € J,-, Ks).
From (35) and the induction hypothesis it follows that

{—1 oo 00
<SS ] | S
—~ <

<z Z 1(@s™ ;1
), (0

which yields (31). By the inductive hypothesis for y replaced by y + > °2 . a; u;’ we can

~

-1

| 20> auy 4 37
j=1

0 j=1

3
|

estimate [y + 320 _ 02 e Jm jm)H as follows: o
00 {—1 oo
e A< S 5 S o
7=1 m=0 j=1
which, together with (34), implies (32). O

If we are interested only in the construction of an operator on a subspace which is not a
compact perturbation of a multiple of the inclusion map, then the spreading model assump-
tions of Theorem 6.1 can be significantly relaxed and the argument would be essentially
simpler.

Theorem 6.4. Let X be a Banach space. Assume that there exist normalized weakly null
basic sequences (x;), (z;) in X such that (x;) has spreading model (Z;) which is not equivalent
to the unit vector basis of 1, and (z;) has spreading model (Z;) such that 1 belongs to the
Krivine set of (2;). Then there exists a subspace Y of X and an operator T : Y — X which
1s not a compact perturbation of a multiple of the inclusion map.
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Sketch of proof. Let (0,)n>2 C (0,1) such that >, 4, < co. Using Lemma 6.2 we obtain
a subsequence (Z,,,); of (z;), an increasing sequence M; < My < --- of integers and §; > 0
such that for all (a;) € cop we have

132 st | < sup 8l @ s

where G, = {G C N : |G| < M, } for n € N. Then by Lemma 6.3 we obtain a seminormalized
weakly null basic sequence (y;) in the span of (z;) such that for all (a;) € coo and ky < kg < ...

in N,
” Z Yk,

Thus for every (a;) € cop we have || > a;xm,|| < || Y. auill, and passing to subsequences
if necessary we may also assume that x,,,, Y1, Tm,, Y2, . .. i a (seminormalized weakly null)
basic sequence. Thus the operator 7" defined on span{y; : i € N}, the closed linear span of
(vi), by T(y;) = x,,, for all 4, is a continuous operator. Also for any scalar A the operator
T — Ml (where I denotes the inclusion operator from span{y; : ¢ € N} to X) is non-compact,
since (T'— M )(y;) = xpm, — Ay; which is a seminormalized weakly null sequence. O

> sup 0, [|(ai)|ley(6.)-
neN

We now give the proofs of Lemmas 6.2 and 6.3.

Proof of Lemma 6.2. (x,) is weakly null and thus has a subsequence which can be renormed
with a 3-equivalent norm to make it bimonotone basic. Therefore if we proved the claim for
0 =4 and ¢, = 6, /3, for n > 2, assuming that (z,) is bimonotone basic, the general claim
would follow for 6; = 12 and (6,,)n>2.

Secondly, we can assume that for every p > 0 there is an M = M(p), so that for all
r =7 a;x; of norm 1,

(36) {teN:ai| > p}f <M.

Otherwise we prove the claim for the sequence (z]) (which dominates (x,,)) defined by

n
HZ a2, || = max ([Zai} : ‘Z ATy, ) for (a;) € coo -
n=1 n=1 n=1

Thus assume that (z,) is bimonotone basic and satisfies (36), and let 6, = 4.
We choose a sequence (¢5)22; C (0, 1] so that

e}

€j—1

S

(37) — <
=2

ol =

By Proposition 2.1 we may choose a decreasing sequence (p;) C (0, 1], with >, /p;(j+1) <
1/4 such that

(38) HZ aifi < €j Z |(lj|, for (CLZ) S [—\/p_j, \/E]N M coo with Zam S SSpaH{:Ei:ieN}

Finally let M; = M(p;) satisty (36).
Using the definition of spreading models, we also can assume that for all F' C N, with
Jj < Fand |F| < M; and all (a;) € cqo it follows that

el icF el
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Let (a;) € coo, with || Y auz;]] = 1, and let j € N, j > 2, and consider the vector § =

D is py<lasl<p;_y QaTi- 1 |9l > \/pj—1 we can apply (38) to the normalized vector §/||g| to
obtain

_ _ 0] _ |ai
I =131 o2 | < Mot 32 =51 > lad

i>j,p5<]ai|<pj—1 Hy‘ i>7,p5<|ail<pj—1

Thus, we get, in general (i.e., without the condition ||7|| > \/p;=1)
(40) 19l < Voi e Y il
i>5,p5<|ai|<pj—1

Therefore we deduce that (letting py = 1)

H 5 +iH, DR FS ol (D SR

i,p1<a;|<1 j=2 Zéj,Pj<|az‘|SPj J=2  i>jpi<lai|<pj-1

< sup Z la;| + ij—ﬂ + QZ H Z a;Z;|| (by (39))

FCN,|F|I<M; . X .
CNIFISM e Jj=2 7/>]Pj<|ai‘<l)j71

IN

< sup Z|az|+ +2Z\/ﬁ+2zajl > Jai| (by (40))

FCN,|F|<M- .
IFIsMyep i>5,p5<]ai|<pj—1

sup Z]az\ —i—Zng ) Z |ail

F N,|F|<M .
CN|FI<My el 7’>37Pj<‘ailfpj—l

1
+-sup sup 9; Z la;| (by (37))

1
2 2
jEN FCN|FI<M; =~ i

VAN
l\')lr—\

which implies the claim. O

Proof of Lemma 6.3. Since 1 belongs to the Krivine set of (Z;), we can use Remark 1.2 and
pick for every n € N a normalized block sequence consisting of identically distributed vectors
(u?](.n))j C [z :ieN], for j =1,2,..., such that for any subset £ C N with |E| = n, (u?](.n))jeE
is 2 equivalent to the unit vector basis of /7. We denote the common length of their support
by K,.

Using Schreier unconditionality theorem ([17], also [3] or [20]) we may pass to a subse-
quence (z;) of (z;) such that for any finite subset /' C N such that |F| < nK, and n < min F,
for some n € N, we have

(41) HZ iz
icF

2|, for any scalars (a;).
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Fix J, (M,) and (d,) as in the assumptions. For any n € N, let (wj(.n)) be equidistributed

vectors in the span of (z});c; with the same distribution as the elements of (1])5")), and
supported after z/. We may also assume that for any subset £ C N with |E| = n, the

sequence (w§n)) jer is 3 equivalent to the unit vector basis of /. We may additionally chose

the wj(-n)’s so that wgl), w?), wél), w%g), ... form a block basis with respect to (z});c; and ||w§n) I

is uniformly close to 1.
For j=1, 2, ..., set

M,
yj:E 5nw§ ),
1

From (41) we have §max, d, < [ly;|| <2, 6y, for all j. Also (y;) is clearly weakly null

from its construction since ), < oo and each (w](-M")) ; 1s weakly null.

To prove (30), pick (a;) € cop and a vector y supported outside of J. Fixn € Nand G C N
with |G| < M,. Noting that the supports of wJ(M")’s with respect to (z]) have cardinality
Ky, by Schreier unconditionality (41) we can isolate the w§M"
M)

)’s from the expression for

y; to get (note that the support of the vector ), . ajcSan(- with respect to (z]) has not
more than M, K, elements and starts after the M, -th element)

HWZ%% > (1/3)Hzaj5nw](-M”) > (1/9)0, > |ayl.
J JjeG jea

Taking into account the definition of G, and of the norm || - [|¢,(g,) this completes the proof
if we replace the original é,,’s by 99,,.

To see the “furthermore” statement, note that if (Z;) is not equivalent to the unit vector
basis of ¢; then the same is true for the spreading model (w§”>) of (wgn)) for n € N. Using this,
Proposition 2.1 and the definition of (y,) it is easy to verify that b) holds in Proposition 2.1

for any spreading model of (y;). O

It is proved in [1] that the spreading model of the unit vector basis of the Gowers-Maurey
space GM as defined in [10], is isometric to the unit vector basis of Schlumprecht’s space S
as defined in [27]. Thus Theorem 6.1 immediately gives the following:

Corollary 6.5. There is a subspace Y of GM and an operator T on'Y such that p(T) is
not a compact perturbation of a multiple of the identity, for any non-constant polynomial p.
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