Distorting Mixed T'sirelson Spaces™

G. Androulakis E. Odell *

Abstract: Any regular mixed Tsirelson space T'(6,, S, )n for which z—g — 0, where 6 = lim,, 6}/,
is shown to be arbitrarily distortable. Certain asymptotic ¢; constants for those and other mixed
Tsirelson spaces are calculated. Also a combinatorial result on the Schreier families (S,)a<w, 1S
proved and an application is given to show that for every Banach space X with a basis (e;), the
two A-spectrums A(X) and A(X, (e;)) coincide.

1 Introduction

A Banach space X with basis (e;) is asymptotic ¢; if there exists 6 > 0 such that for all n and block
bases (x;)} of (e;)%°

1> il = 63 llill. (1)
=1 =1

Such a space need not contain ¢; as witnessed by Tsirelson’s famous space T. The complexity of
the asymptotic ¢; structure within X can be measured by certain constants d,(e;) for a < wy. d1(e;)
is the largest § > 0 satisfying (1) above. Subsequent d,’s are defined by a similar formula where
(x;)} ranges over “a-admissible” block bases (all terms are precisely defined in section 2). These
notions were developed in [OTW] where, in addition, d,(y;) was considered, for a block basis (y;) of
(e;). In this setting, (y;) becomes the reference frame and one naturally has d,(y;) > da(e;). These
constants can perhaps increase by passing to further block bases and this leads to the notion of the
A-spectrum of X, A(X). Roughly, A(X) is the set of all ¥ = (74)a<w, Where 7, is the stabilization
of 4(y;) for (y;) some block basis of (e;). Alternatively by keeping (e;) as the reference frame,
in a similar manner we obtain A(X, (e;)). In section 3 we prove that these two notions coincide,
A(X) = A(X, (e).

Argyros and Deliyanni [AD] constructed the first example of an asymptotic ¢, arbitrarily dis-
tortable Banach space by constructing “mixed Tsirelson spaces” and proving that such spaces can
be arbitrarily distortable. In section 4 we consider the simplest class of mixed Tsirelson spaces
X =T(0,, Sn)nex where 6, — 0 and sup,, 0, < 1. These are reflexive asymptotic ¢; spaces having
a l-unconditional basis (e;). Also we may assume 6 = 61/ exists. We prove that if z—ﬁ — 0 then

X is arbitrarily distortable. In particular, this happens if # = 1. Thus, for example, T(n%rl, Sp)n is

an arbitrarily distortable space. We also calculate the asymptotic constants 5a(X ) for these spaces
along with the spectral index Ia(X). 6,(X) is the supremum of . ((z;),| - |) under all equivalent
norms on X and Ia(X) is the first ordinal « for which 6,(X) < 1.
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2 Preliminaries

X,Y, Z, ... shall denote separable infinite dimensional Banach spaces. All the spaces we consider
will have bases. Every Banach space with a basis can be viewed as the completion of ¢y (the
linear space of finitely supported real valued sequences) under a certain norm. (e;) will denote the
unit vector basis for ¢y and whenever a Banach space (X, || - ||) with a basis is regarded as the
completion of (cgo, || - ||), (e;) will denote this (normalized) basis. If € ¢po and EC N, Ex € ¢ is
the restriction of z to E; Fx(j) = x(j) if j € E and 0 otherwise. Also the support of z, supp (),
(w.r.t. (e;)) is the set {j € N : z(j) # 0}. The range of z, ran (x), (w.r.t. (e;)) is the smallest
interval which contains supp (x). If z, z1, xa,... are vectors in X (and k£ € IN) then we say that
x is an average of (x;); (of length k) if there exists I C N with x = |Tlp| Yierx; (and | F' |= k).

We say that a sequence (y;) is a (convex) block sequence of (x;) if for all 7, y; = Z;Z;ji_l ajz; for

some sequence m; < mg < ..., of integers and («;)jex C R (resp. with a; > 0 for all j, and
ST oy = 1for all i). If (2;) is a block basis of (y;) we write (2;) < (y;). X <Y shall mean that

Jj=m;
X has a basis which is a block basis of a certain basis for Y, when the given bases are understood.

For A > 1, (X,| - |l) is A-distortable if there exists an equivalent norm | - | on X so that for all
Y <X Yl
Y
DY, |-]) = sup{—| S VR E Yollyll=llzll =1} = A,

X is distortable if it is A-distortable for some A > 1 and arbitrarily distortable if it is A-distortable
for all A > 1. X is of D-bounded distortion if for all equivalent norms | - | on X and for all Z < X
there exists Y < Z with D(Y, | - ) < D. Note that if C = inf{ltl : y € Y,y # 0} then

Clyl<|lyl <DX,|-)C|y|forallyeY. (2)

For more information on distortion we recommend the reader consult the following papers: [S],
[MT], [OS1], [0S2], [OS3], [Ma], [T], [OTW].

Asymptotic ¢; Banach spaces are defined by (1) in section 1 (for another approach to asymptotic
structure see [MMT]). These spaces were studied in [OTW] where certain asymptotic constants
were introduced. We shall recall the relevant definitions but first we need to recall the definition
of the Schreier sets S,, o < wy [AA]. For F,G C N, we write F' < G when max(F') < min(G) or
one of them is empty, and we write n < F' instead of {n} < F. Also for x,y € ¢y, * < y means
ran (z) < ran (y).

Definition 2.1 Sy = {{n} : n € N}U{0}. If @ <w; and S, has been defined,
Sor1 ={UlF,:neNn<F<Fy<---<F,and F; € S, for1 <i<n}.
If o is a limit ordinal choose o, /" o and set So, = {F :n < F € S, for some n}.

If (E;)¢ is a finite sequence of non-empty subsets of N and a < w; then we say that (E;)¢ is a-
admissible if By < --- < E, and (min E;){ € S,. If (¢;) is a basic sequence and (z;)] < (e;)
then (z;)¢ is a-admissible with respect to (e;) if (ran(z;))¢ is a-admissible where the range of z,
ran (z), is w.r.t (e;). If € span(x;), then x is a-admissible w.r.t. (x;) if supp (z) (w.r.t. (x;))
€ Su. Also if x € span (x;) then z is a I-admissible average of (x;) w.r.t. (e;) if there exists a

finite set ' C IN such that z = ﬁ >ier @i and (z;);er is 1-admissible w.r.t. (e;). Note that if z is a



l-admissible average of (x;) w.r.t. (e;) and for some o < w; each x; is a-admissible w.r.t. (e;) then
x is o + l-admissible w.r.t. (e;). Thus if (x;) is a basis for X then X is asymptotic ¢; iff
0 <di(z;) = 0(X) =X, |- ) =sup { >0 (| X will =63 [lysll whenever ()7 < ()
1 1
and (y;)7 is 1l-admissible w.r.t. (z;)}.

In [OTW] this definition was extended as follows: For o < wy

0a(i) = 0a(X) = 0a(X, || [) =sup { 6 2 0+ | > Swill = 0> |ly:ll whenever (y;)} < (z:)
1 1
and (y;)7 is a-admissible w.r.t. (z;)}.

Observation 2.2 Note that if we have two equivalent norms ||-||, |- || on X and for some ¢, C > 0,
clzl| < x|l < Cllz|| for all x € X, then for all o < wy,

C
b

C
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In problems of distortion one is concerned with block bases and equivalent norms. Thus we also
consider [OTW]|

a( ) = sup{(?a(yi) : (yz) < (%)} and

5 ZT;
Oa(x;) = sup{da((z;),|-|):| - | is an equivalent norm on X}.

If (y;) < (x;) then d,(y;) > da(z;). This is because each S, is spreading (if (n;)¥ € S, and
my < -+ < m, with n; <m; for all i =1,... k, then (m;)¥ € S,). This leads to the following
definition [OTW].

Definition 2.3 A basic sequence (y;) A-stabilizes v = (Va)a<w; € R if there exists €, \, 0 so that
for all a < wy there exists m € N so that for all n > m if (z;) < (y;)5° then | da(2:) — Yo |< €n-

Remark It is automatic from the definition that if (y;) A-stabilizes v then for all a < wy, v, =
sup{0a(2;) : (z;) < (y;)}. Furthermore if (2;) < (y;) then (z;) A-stabilizes .

It is shown in [OTW] that if X has a basis (z;) and (y;) < (x;) then there exists (z;) < (y;) and
¥ = (Ya)a<w, S0 that (z;) A-stabilizes 7.

Definition 2.4 Let X have a basis (x;). The A-spectrum of X, A(X), is defined to be the set of
all v’s so that (y;) stabilizes v for some (y;) < (x;). We also define A(X) = U{A(X,] - ]) | - |
is an equivalent norm on X}.

We have that A(X) # 0 and it is easy to see that d,(X) = sup{y. : 7 € A(X)}

Theorem 2.5 [OTW] Let X have a basis (z;).

1. If v € A(X) then v, is a continuous decreasing function of a. Also Yays > Va7ys for all
a, < wi.

2. Foralla <w andn € N, d,,(X) = (0u(X))".

3



3. X does not contain 01 iff 64(X) =0 for some a < wy.

Definition 2.6 Let X have a basis (v;). The spectral index Ia(X) is defined by Ia(X) = inf{a <
wy @ 0a(X) < 1} if such an « exists and In(X) = wy, otherwise.

Definition 2.7 Mixed Tsirelson Norms [AD] Let F C N. Let (o, )ner be a set of countable ordinals
and (0p)ner C (0,1). The mized Tsirelson space T'(0,, Sa, Jner 1S the completion of coo under the
implicit norm

|z]| = ||2]|oo V supsup{0, > | Esx| : (E;)} is an ag-admissible sequence of sets }.
qeN 1

It is proved in [AD] that such a norm exists. They also proved that T'(6,, S, )ner is reflexive if F' is
finite or limpsy, 00 0, = 0. (e,,) is a l-unconditional basis for T'(6,,, S,,,) so we can restrict the E;’s
in the above definition to be intervals. It is worth noting that T', Tsirelson’s space [Ts] as described

in [FJ] satisfies T'=T(1/2,5,) = T(1/2", Sp)n.

3 A property of the A-spectrum

The definition of §,(x;) is w.r.t. the coordinate system (x;). In [OTW] the following notion is also
introduced:

Definition 3.1 Let (e;) be a basis for X and let (x;) < (e;). For a < wy we define

Oa((wi), () = sup { 6 = 0: | D_will = 0D [lyill whenever (y:)7 < (x:)
1 1
and (y;)} is a-admissible w.r.t. (e;)}.

If (i) < (e;) we say that (y;) A,)-stabilizes v = (Va)a<w, if there ezists €, \, 0 so that for all
a < wy there exists m € N so that if n > m and (z;) < (4;)5° then | 0a((2:), (€:)) — Vo |< €n. Let
A(X, (e;)) be the set of all v’s so that (y;) A,)-stabilizes v for some (y;) < (€;).

One can show, by the same arguments used to establish the analogous result for A(X) [OTW],
that for all (z;) < (e;) there exists (y;) < (2;) and ¥ = (Va)a<w, s0 that (y;) A(,)-stabilizes 7. In
particular, A(X, (e;)) is non-empty.

In this section we prove that the A-stabilization and the A,)-stabilization are actually the same
notions. More precisely we prove

Theorem 3.2 Let X have a basis (e;) and let (x;) < (e;) so that (x;) Ae,y-stabilizes 7 € A(X, (e;))
and (z;) A-stabilizes v € A(X). Then 7y =~. Hence A(X) = A(X, (&)).

First we need a combinatorial result. [IN] denotes the set of infinite subsequences of N. If N =
(n;) € [N] then S, (N) = {(n;)icr : F € So} and [N] is the set of infinite subsequences of N.

Proposition 3.3 Let N € [N]. Then there exists L = (¢;) € [N] so that for all o < wy,

(€i)icr € Sa=(lit1)icr € Sa(N).



Proof Let N = (n;). We shall choose M = (m;) € [N] and then prove by induction on « that
L = (¢;) satisfies the proposition where ¢; = n,,.. Let m; = ny. If m, has been defined set

Me+1 = nmk .

The case o = 0 is trivial.

Assume the result holds for « and that (n,,,)icr € Satr1. Thus there exists £ € IN and N, <
E, < Ey, < ---Enmk (some possibly empty) so that E; € S, for all j and (n,,)icr = U:Lmk E;.

For each j let Ej = (num,)ick,- Then ny,, = iy, < (M, )ier = Up (M, )icr, and for all j,

(M )ier; € Sa(N). Therefore (N, )icr € Sat1(IN).

If v is a limit ordinal and «,, /" « are the ordinals used to define S, and the result holds for all 3 < «
(so in particular for each v, ), let (1, )icr € So. Thus for some k € N, k < min(ny,, )icr = Mgy <
(M, )icF € Sa, - Hence n, < Mo, = Timig i < (Mg )icF € Sa, (N) therefore (np,,, )icr € Sa(N).
O

As a corollary we obtain a result of independent interest.
Corollary 3.4 Let N € [N]. Then there exists L = ({;) € [N] so that for all a < wy,
(li)ier € Sa=(li)icr\ min(F) € Sa(N).

Proof Let L be as in proposition 3.3. Let F' = (fi < fo < --- < f,) with ({;)ier € So. Thus
(Crg1: i1y lpq1) € Sa(N). Since f1+1 < fo, fo+1 < f5,... and S,(NN) is both spreading
and hereditary we get that (¢;)icp\ min(r) € Sa (V). O

Proof of theorem 3.2 Let (z;) A(,)- and A-stabilize 7 and v respectively and let o < w;. Since
S, is spreading, 7 < v. Let € > 0 and choose (y;) < (x;) so that for all (2;) < (v;),

| 0a(2i) — Yo |< €.

For i € N set n; = min(ran(y;)) w.r.t. (e;) and choose L = (n,,,) by proposition 3.3. For
w € span (Yp,,) if w = Zf:j a;Ym, where a; # 0 we set w = Zfsz aiYm, -

Claim: If (w;)% < (Y,) is @ -admissible w.r.t. (e;) then (@;){ is o -admissible w.r.t. (y;).

Indeed let my, = min(ran (w;)) w.r.t. (y;). Then n,, = min(ran (w;)) w.rt. (e;), and (ny,, ) €
Sa= (M 1)1 € Sal(ny))=(mp,41)] € Sa. Since my, 1 < min(ran (@;)) wrt. (y;), and S, is
spreading the claim follows.

We may assume that ||y, || = 1 for all ¢ and that no subsequence of (y,,,) is equivalent to the unit
vector basis of ¢q (indeed, if this were false then clearly 79 = 79 = 1 and 7, = 7, = 0 for all @ > 1).
Thus by taking long averages of (y,,,) we may choose (z;) < (Ym,) with the property that for all
z € span (z;)

Iz =zl <ellz]].
By the definition of 6, = d,((2:), (e;)) there exists (w;)! < (z;) which is a-admissible w.r.t. (e;) and
satisfies

¢ l
1> will < (00 +2) D Jwill.
1 1
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By the above claim (w;){ is a-admissible w.r.t. (y;). Furthermore

l 0 4 0 J4
I @l < 1wl + 3 o — @l < G +2) Y sl + D el
1 1 1 1 1

< [(ba+e)(1+e)+¢] 21: || |-

It follows that v, — & < a(y;) < (Ja +€)(1 +¢€) + €. Since ¢ is arbitrary we obtain v, < 7, and so
Yo = Ya-

To prove that A(X) = A(X, (e;)), let’s first show the inclusion C. Let (x;) A-stabilize v € A(X).
We can find (y;) < (z;) that A(,y-stabilizes 7 € A(,y. But then (y;) A-stabilizes v, therefore v = 7,
thus v € A(,). The inclusion D is proved similarly. O

4 The space T(0,,S,)n

If 0,, 4 0orif 6, = 1 for some n then T'(0,,, S,,)n is isomorphic to ¢;. Thus we shall confine ourselves

to the case where sup6, < 1 and #,, — 0. Furthermore we assume that 6, \, 0 and_ Omin > 0,0,

for all n,m € N. Indeed it is easy to see that T'(6,,S,)n is naturally isometric to T'(0,, S, )n where
~ ¢ ¢

0, = sup{[] bk, : D_ ki > n}.

i=1 i=1

Definition 4.1 A sequence (0,,) of scalars is called reqular if (6,) C (0,1), 6, \, 0 and 6, , > 0,0,
for alln,m € N. If the sequence (6,,) is reqular we define the space T(0,,,S,)n to be regqular.

Throughout this section, the spaces T(0,,, Sn)n will always be assumed to be regular.

It is easy to see (eg [OTW]) that if a sequence (b,) C (0, 1] satisfies b, > byby, for all n,m € N
then lim,, b}/" exists and equals sup,, b./". Therefore, if the sequence (6,) is regular then the limit
0 = lim,,_.o, 01/ = sup, 61/ exists. Note also that if (X, || -||) is a Banach space with a basis, then
Snpm(X) > 0,(X)6,(X) for all n,m € N, thus lim,, §,(X)"" = sup,, §,(X)"/" exists. Furthermore,
if X does not contain ¢; isomorphically, then 1 > 4,,(X) \, 0.

For n € N, define ¢,, = z—’;. We easily see
o I[f 0 =1 then ¢, =0, \,0.
® Ouim > Ppdy, for all n,m € N.
° gb}/” — 1.
e ¢, <1,Vn e N.

;From now on, for a regular sequence (6,) we will be referring to the limit § = lim#'/" and the
representation 0, = 0"¢,, as above.

The main theorem in this section is the following



Theorem 4.2 Let X =T(0,,5,)n be regular and let § = lim,, 9711/”. Then

(1) For allY < X, 6,(Y) = 6. Moreover for all ¢ > 0 there exists an equivalent norm | - | on X
so that 5 ((X,] 1), (e;)) >0 —e.

(2) For allY < X and for alln € N, 0,(Y) = 6" and 0,(Y) = 0.

w ifd=1

(3) ForallY<X,IA(Y):{1 o<1

(4) If & — 0 then X is arbitrarily distortable.
To prove the above theorem we need the following two results

Proposition 4.3 Let X = T(0,,S,)x be reqular. Then for every € > 0 there is an equivalent
1-unconditional norm | - | on X such that 6;((X,]| - |), (e;)) > 0 —e.

Theorem 4.4 Let X = T(0,,S,)n be reqular. Then for all Y < X and j € N we have

5;(Y) < ¢ sup ¢y, v b

p>j 01

Proof of theorem 4.2

(1) To prove that if ¥ < X then 0;(Y) < 6 we note that if || - || is an equivalent norm on
T(6;,S;)n then there exists C' > 1 such that C716,(Y) < 6,(Y, || - ||) < C6,(Y) for all n € N. Let
60 = 0,(Y, || - |I). Then since for all n and m, 8,4m > 0,0, we have lim, /" = sup, 0}/ exists.
Hence 6; < lim /™ = lim 8, (Y)'/", the latter limit existing for the same reason. Now

— n—oo p>n 1

by theorem 4.4. Thus Sl(Y) < 0 as was to be proved. The “moreover” part is proposition 4.3 and
this completes the proof of §;(Y) = 6.

(2) Since 6;(Y) = # we obtain 9,(Y) = 6" from theorem 2.5. By theorem 4.4 we have that for all
v € A(Y) and for all j € N,

0;

91 '

Therefore, again by theorem 2.5, for all v € A(Y'), v, = lim,en 7, = 0. Hence, for every equivalent
norm | - | on Y, for every v € A(Y,| - |), 7w = 0. Since 0,(Y) = sup{y, : v € A(Y)} we have
0,(Y) =0.

(3) Follows immediately from (2)

(4) Let A > 1. Choose n € N so that sup,>,, ¢, < % . By (1) we can define an equivalent norm | - |
on X such that

v; < 67 sup ¢, V
p>J

n

(X1 1) (ea)) = a1 (X M- D), (€)™ > 92.

Let Y < X. By equation (2) of section 2, there exists C' > 0 such that

Cllyll < llyll < DY DCyll, for all y € Y.

7



Therefore by Observation 2.2,
(Yo [l - 1)
DY, [-1) = -

R )
Since 6, (Y, [| - ) = 6a((X 1+ 1), (e0)) = %, and 6, (Y || - [|) < 0" sup,s, 6, V G < 5-0" 5D, &y (By
theorem 4.4), we obtain D(Y, || - ||) > 5=-2— > . O

- 2 SUP,>s, Pp

The proof of proposition 4.3 comes from an argument in [OTW]. We recall this argument here.

Sketch of the proof of proposition 4.3 Fix n € N such that /" > 6 — ¢ and set a = §}/" For
j € N and x € X define

¢
|z |;= sup{a’ >_ ||Esz|| : (E;z)] is j-admissible w.r.t. (e;)} and
1

1 n—1

’x|:ﬁZ‘x|j(where |- lo= 11+ 1)

=0

We claim that 6;((X,] - [), (e;)) > a. Tosee thislet e, <z <z <--- <z, in X and x =31 ;.
For j=1,...,n—1wehave | [;> a>F, | z; |;_1 (by the definitions of | - |; and | - |;_;) and also
|2 o> aXF | | z; |n_1 (since a” = 6,,). Therefore we get |z |>aXF | | z; |. O

To prove theorem 4.4 we need some norm estimates in 7'(6,,S,)n for certain iterated rapidly
increasing averages. Before defining what we mean by this we fix some terminology.

Let F be an interval in N and x € coo. We say that E does not split x if either E Nran (z) = () or
ran (x) C E. Let (x;) be a block basis of (e;) in ¢oo, © € span (x;);, N € N,and £} < Ey < --- < Ey
be intervals in N so that U}, E; C ran (z). We say that we minimally shrink the intervals (E,);,
to obtain intervals (F,)j_, which don’t split the x;’s, if for £ =1,..., N welet G, = E,\ U{ran (z;) :
E, splits z;} and let F} < Fy < --- F,, be the enumeration of the non-empty Gg’s.

By a tree we shall mean a non-empty partially ordered set (7', <) for which the set {y € 7 : y < z}
is linearly ordered and finite for each x € 7. If 7/ C T then we say that (7', <) is a subtree of
(7,<). The tree T is called finite if the set 7 is finite. The initial nodes of 7 are the minimal
elements of 7 and the terminal nodes are the maximal elements. A branch in 7 is a maximal
linearly ordered set in 7. The immediate successors of x € T are all the nodes y € 7 such that
x < y but there is no z € 7 with r < z < y. If X is a linear space, then a tree in X 1is a tree
whose nodes are vectors in X. If X is a Banach space with a basis (e;) and (x;) < (e;) then an
admissible averaging tree of (x;), is a finite tree 7 in X with the following properties:

. T:(:cg)y:’é\gzlwhereMeNand1:NM§~~-§N1§NO.

o 2] <<l wrt (e) (j=0,1,...,M —1) & (22)X] is a subsequence of ().
Also for j=1,...,M and i = 1,..., N7 we have the following:

e There exists a non-empty interval 1] C {1,...,N'"'} such that {zI~' : s € I/} are the
immediate successors of 7.
Jj_ 1 1

R CpdT
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e (min(ran (2J71))), ;s € Sy where ran (z7') is taken w.r.t. (z,).

Note that the last two properties together require that a:j be a l-admissible average of all of its
immediate successors w.r.t. (z ) Let T = (x )j\/‘lo ,—1 be an admissible averaging tree as in the above
definition, and let b = {y) < -+ < yo} be a branch in 7. Fori =0,1,..., M we say that the level
of y; is i. Note that this is well deﬁned, since the definition of admissible averaging trees forces every
branch to have the same number of elements. Indeed for each i and j, the level of 2/ in 7 is j. Let
7T be atree, x € T of level £ and k € N. By T (z, k) (resp. 7*(z, k)) we shall denote the subtree
of 7" ={a}U{y €T :y>z} (resp. 7' ={y € T : y > x}) that contains all the nodes of 7’ that
have level £,/ —1,..., or {—k+1in 7. Let 7 be an admissible averaging tree in a Banach space X
with a basis (e;), x € 7 with immediate successors x; < --- < x,, (a finite block basis of (e;)), k € N,
and let /' C N be an interval which does not split any of xy,...,z,. Then by 7p(z, k) we shall
denote the subtree of 7 (z, k) given by Tp(z, k) = {z} U{y € T*(x,k) : ran (y) (w.r.t. (e;)) C F}.

Definition 4.5 Let (x;) be a block sequence of (e;) in coo, M, N € N, and let (& el)jien C (0,1). We
say that x is an (M, (e]), N) average of (x;) w.r.t. (e;) if there exists an admissible averaging tree

T = (:ci)j\ié\];:l of (x;) whose initial node is (= x}) and

forj=1,...,M and1 <i< NJ z'fNZ-j = max(ran (xf)) w.r.t (e5) (Ng = N), then x{ 18

J

2N;_,
j .

3

an average of its immediate successors of length k:f >

T then will be called an (M, (]), N) admissible averaging tree of (z;) w.r.t. (e;). Fori=1,... ,NY
set N? = max(ran (z?)) w.r.t. (es), and N) = N. Then (Nf)?i’é\;]:o are called the mazimum

coordinates of T w.r.t. (e;).

Remark 4.6 Let X be a Banach space with basis (e;) and let (x;) be a block sequence of (e;) with
||| <1 for alli € N. Let (£])jien C (0,1). Let M,N € N and let x be an (M, (¢}), N) average

of (x;) w.r.t. (e;) given by T = (x i)jj‘ié\fizl. Then we can write x = Y ;cp a;x; for some finite set
F C N such that

(1) Yierai=1& a; >0 foralli € F.
(2) x is M-admissible w.r.t. (x;) (i.e. F' € Sy).

(3) Let (Nj)j\/[évj o be the maximum coordinates of T w.r.t. (es). For j =1,...,M and 1 <
i < NY, et El(1) < El(2) < --- < E/(N/,) be a finite sequence of intervals in N with

U, leEf (6) C ran () and assume that we minimally shrink the E!(£)’s to obtain intervals

(F} (ﬁ)) L (some of which may be empty) which don’t split the 21" ’s. Then

NJNl

> (57 (O\FY (€) ]H<Z€

j=li=1 (=1

Indeed (1) and (2) are obvious. To see (3) note that for every j = 1,...,M, 1 < i < N7 and

¢=1,...,N/ ,, the set E!(¢) splits at most two 27~ '’s each of them having norm at most 1. Thus

II(Ef(ﬁ)\Fi( Dl < 2/K] and so S | EN(ONFY (O] < 2N7. /K] < e, which proves (3).

The concept of (M, (€]), N) vectors is implicit in [AD] (see also [OTW]).

1
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Proposition 4.7 Let (x;) be a block sequence in coo, M, N € N and (]);en C (0,1). Then there
exists x which is an (M, (€]), N) average of (z;) w.r.t. (e;).

Proof Note that by replacing each (5{ )i by a smaller sequence if necessary we may assume that
(e]); is decreasing. For M = 1 we choose z! to be an average of k! > 2N/e! many z,’s chosen
from {x, : s > ki}. Next, consider the case M = 2. At first we continue the argument that
we gave for M = 1 to construct 7! < z} < --- as follows: For ki > 2N/e! let z! be an average
of kI many x,’s chosen from {z, : s > ki}. If Z! has been constructed for some i € N, and
ki, >2N}/e},, then Z},, is taken to be an average of kf,; many z,’s chosen from {z, : s > k{,,
where N} = max(ran (z})) w.r.t. (e5). Note that z} < z;,, since €}, < 1. Also note that for every
i € N, 7} is a l-admissible w.r.t. (z,). Then for k% > 2N/e? take z7 to be an average of k7 many
s chosen from {Z; : ; > @32}, Then the (2, (¢/), N) admissible averaging tree 7 of (z;) that
corresponds to z? is determined as follows: z% € 7. If 2% = |—;| Sier @) for some finite set FF C N
then 7} € 7T fori € F. Foreachi € Fifz} = ﬁ > scr, Ts for some finite set F; C N then x, € T for

s € F;. Enumerate the z,’s in 7 as 29 < 23 < --- < 2%, and the zl’s in 7 as 2] <z < -+ < 2.
Since z7 is a 1-admissible average of (z}) w.r.t. (z;) and for each i = 1,..., N', 2! is 1-admissible
w.r.t. (zs), we have that =7 is 2-admissible w.r.t. (x;). We let the k!’s and N}!’s be defined by
definition 4.5. Each k} will be k} for Some i’ > i and N} = N while N} = N}. Since (g}) is

decreasing the condition k! > 2N} | /el remains valid. The case M > 2 is proved by iterating this
procedure. O

Remark 4.8 Definition 4.5 requires only that kI > 2Nl-j_1/&?{ The proof shows that we could also

4 . i e
construct (x]) so that k! > 6(1;7;;) . We will use this remark in lemma 4.12.

Next we prove some norm estimates for (M, (¢]), N) averages in T'(6,,, S,,)n. || - || will always denote
the norm of T'(6,, S,)n. We need for p € NU {0} and N € N to define the equivalent norms || - ||,
and || - [|sy,p» and the continuous seminorms || - ||, as follows (|| - [[o = || - || and 8y = 1):

|z|l, = 6, sup{>_ || Eiz|| : (E;) is a p-admissible sequence of intervals }
N

|z||np = sup{>_ || Eiz|l, : N < By < E5 < --- < Ey are intervals } and
1

||| syp = sup{D_ || Eiz||, : (E;) is an N-admissible sequence of intervals }.

Of course for z € ¢oo each “sup” above is a “max” and there exists p € N so that ||z| = ||z||, if

[#]] # |2l
Remark 4.9 Let 0y = 1. For all x € cog and for all p € N we have
)

lzlly < 2= Nzl s, p-1-

Op—1

p

Moreover if p =1 we have equality.

Indeed there exists (E;);c; a p-admissible family of intervals such that

lzllp = 6, > | Ei]l

el

10



We can write I = U{I; where (E;);es, is p — 1-admissible and if Fj is the smallest interval including
Uier, B then (F;){ is 1-admissible. Thus

0
ZHFﬂUHp 1 < p1||ff||slp 1 O

el = - 29

i€l
Notation If A C [0,00) is a finite non-empty set, we set A* = A\{max(A)}.

Observation 4.10 Let N € N and D, > 0. Note that if k > % and A, C [0, D] for{ =1,...,N
are finite sets with | Ay | +---+ | Ax |[< k then 3L, Y {a:a € A} < maX(UéVZIAZ) +e.

We will apply this for D = 4 in the proof of (2) of lemma 4.11 below.

Lemma 4.11 Let non-zero vectors k < o1 < x5 < ... < x, with ||lz;]] <1 for all i, x = 3(x1 +
~+x,) and e € (0,1). Let F' C ran(z) be an interval in N which does not split the x;’s. Set
0o = 1, N; = max(ran (z;)) w.r.t. (¢;), No=1 and let N € N. If k > S then

Op

(1) For everyp € N, ||[Fx|n, < 5 -max{||z;[|n,_, p1 :ran (z;) C F} +e.

(2) There exists n € N, intervals Fy < Fy < ... < F, which don’t split any x;, Uj_, F, C ran (),
and (p,)j—; C N so that

noo0,
[2][xo < max (U{9 [ ill 3;y -1+ van () C F,}" ) +e.
p

/=1 gil

Proof (1) For p € N there exist intervals N < E; < ... < Ey such that UévzlEg C F and

1Fl|yp = Z 1E,2p < a Z IE,2[s.p-1 (by Remark 4.9) .

Op-1 i
We minimally shrink the intervals (E;)Y to get n < N and intervals N < Fy < F, <--- < F, which
don’t split the x,’s. Since each E, splits at most two z;’s, || - [|s,p-1 < 5[ - || and 72— < 1,
0, < 0 2N
E - F
ep_l gzzl || [l’HSl,P 1 ep_ ézl || x||51p 1 + o k,el

Fix an ¢ € {1,...,n}. There exists a 1-admissible family of intervals (£, ), with Fy,, C F , for all
m and [|F,x||s, p-1 = X [[Fom®|[p-1. Let s be minimal with ran (v,) N Fyy # 0 (we may assume
that such an s exists) and ¢ be maximal with ran (z;) N F, # (. Then

Nep—1 o+ |2y

Ns’pfl)

1
2 MFemalp-1 < *(Z [Eoms|| + [[ €54 ]

<

zlp 1)

k 91+ Z lill

i=s+1

11



Set [r, R| = {i : ran (z;) C F'}. Hence

0 0
3 Il <

p—1 p=1

1 n
E(E T er-i-lHNr,p—l + ||x7“+2||Nr+17p—1 +oet ||'IR||NR—17P_1)'

Therefore we have proved that

140, 3N
IF ety < 5 (Wl + 2ol 4 Jalli ) + 75
Thus aN
||Ffv||Np_ O Z{H illvi i p-1 :ran (z;) C F}+ — (3)
ko, kO,

This yields (1).

(2) Choose intervals N < Ey < E, < ... < Ey such that [z|xo = S, [|E,z|. As before, we
minimally shrink the intervals (E;) to obtain n < N and non-empty intervals F} < Fy < --- < F},
which don’t split the z;’s and satisfy

N n
2N
S IE ] < S ] + 2
=1 =1
Fix £ € {1,...,n}. If |F x| # || F,z|/o there exists p, € N such that ||F,z|| = HFex“Pg' By equation
(3) for N =1 we get

gt iran (@) € FY) + 1 (@

|Faly, < M (XAl

If [|[F,z|| = ||F,7||e then ||F,z| < = and so (4) still is valid. Thus

n 0, SN
¢ 1 _1 - i CF —_—
35 el ) € B + g

|z]|no <

| =

n
< max (U |||, 1p,~1 : TAn (x;) C Fe}*) +e
/=1 pzfl
by observation 4.10 since || - ||Ni_1,pé_1 < 4 || ||, and & > 591 = (E/Zf\,-f)gl- =

Combining lemma 4.11 with proposition 4.7 and remark 4.8 we obtain

Lemma 4.12 Let (x;) be a normalized block sequence in X = T(6;, S;)n, M, N € N and (e )J ien C
(0,1). There exists =, an (M, (l),N) average of (x;) w.r.t. (e;), so that if T = (x );VI(J)VZ | is

the (M, (]), N) admissible averaging tree of (x;) with x = zM, and (N]);Wévj o are the maximum

coordinates of T w.r.t. (e;) then forj=1,...,M andi=1,..., N7 we have the following properties:

(1) For every p € N and every F C ran (z]) which does not split any x7~" we have

|Fzlllys <

silHNgjll,p—l pran (271) C F} 4 g{/NLI

12



(2) There exists n € N and intervals Fy < Fy < ... < F, which don’t split any xJ~", (U}, F, C
ran (¢7)) and (p,)i=1 € N such that

[l o < max (

n Qp 4 ' |
U{ﬁ"ﬂf"i 1HN5:11”’5*1 cran(zd™h) C Fz} ) + €l

=1 “p,~1

Lemma 4.13 Let (2;) be a normalized block sequence in X = T(0;, S;)x, € > 0, (¢])jien C (0,1)

with 3, el < ¢ and let x be an (M, (]),N) average of (z;) w.r.t. (e;). Let T = (x )jwévz | be
M N7

the (M, (gg),N) admissible averaging tree of (x;) with x = M, let (NJ)] Zo.i=0 be the mazimum
coordinates of T w.r.t. (e;) and assume that for j =1,....M andi=1,..., N’ the properties (1)
and (2) of lemma 4.12 are satisfied. Then we have

(3) IfO<p <p,p—p <j<M,1<i<N and F C ran(x}) is an interval which does not
split any x2~1 then

k
s

: 9 AN N g
||F'Tg||N.j_l,p < e—pmax{nx?9 (r p)HNJ'*(W’) i ran (2I==)) C F} + ) F
i ! s—1 g m?ETF(mg,p—p/) s—1

(4) If1<p<j<M,1<i< NI and F CN is an interval which does not split any z3~' then

, ok
[Pl < Gpmac{ o] Pllgp s von (5] 7) € F}+ Xl 50—+ af € Telalop)}.
(5) There exists m € N and intervals Fy < Fy < ... < F, (U,F, C ran(z}")) which don’t split

the 23’s and (p,)i~, C N with p, > M for all E such that

[Ex)Y

Z_M

|2 < max (U{ N9, p,—M :ran (x )gFe}*) +e

Proof
(3) By (1) of lemma 4.12 we have

, - - c
Pl < 5 maclled gy ran o) € P+ -
_ i
Op 917 1 j—2 j—2 5]; k j
< P (o]l ran (o] ) € )+ Y 50k € Ti(el.2))
p—1Up—2 —
Op Op1 Op 11 i—(p—p") .
< Qp—l 9p—2 Tt Hp/ maX{Hxs ||Ng:£177p’)7p/ :

k .
ran (] 0)) € F} + Y {1t 2k € Telal,p—p)}.
s—1

(4) Follows immediately from (3), letting p’ = 0.
(5) We prove by induction on J that

13



for J=1,...,M and 1 <i < N’ there exists m € N, intervals F} < Fy, < --- < F},
(U F, C ran( 7)) that don’t split the 2’s, and (p,)7~, C N with p, > J for all € such
that

ep
]\l o <H13X<U{0 £ )] gl,pe_J:ran( CF})+Z{€ o e T(2!,))}

/=1 p[—J

((5) then follows by taking (J,i) = (M,1) and noting that [|z{"|| < [|#1"[|vo = [|z|lna ). Indeed,
for J = 1 this follows from the statement of (2) for j = 1. Assume that the statement is proved
for all positive integers < J where J < M — 1. By (2) there exist intervals F| < --- < F)
(U, F, € ran (z7*)) which don’t split the z’s, and (p ,)i—1 such that

n Hp,
H:U{+1||N£,7+1170 < max (U{Q L J N;],l,P’Z_l ran( ) C F/} ) _|_g%]+1.
b —

=1 7,1
If p —1 =0 for some ¢ and ran (x) C F " then by the induction hypothesis there exists M(s) € N,
mtervals Fi(s) < Fy(s) < -+ < FM(S)( s) (U,F,(s) C ran(z?)) that don’t split the z{’s and
(p#(s))M(S C N with p,(s) > J for all u such that

M(s) 0
(s)
lzllny o < max ( U G p(“) 22 1o, p(s)—s  van () © Fi( ) + {er ray € T(al, J)}.
pn=1 Puls)—

If 0 <p), —1<J for some {, and ran (z )CF’thenby(4)

J—p’ +1 J—p' +1
||$;]||Ngfl,p2_1 < Opamax{fz, * || s cran(z, C) Cran(z)} 4+ Y .
Neoy 0 FeT (zl p —

For the remaining ¢’s we have by (3) for j = J, p = p; —landp = p’ﬁ —-1-J,

0, 1

Frpr € gt sl fafllg. gy ran (o) € ran (a)} + Ak <ok € T, D))
J4

Combining these estimates we get

i H 2 <

max [ J U U{ Oouts Hafllng ,pui—r + > Aeh 1@t € T(al, J)} :ran (af) € F(s)}

{ﬁ:p’gzl} {s:ran ([L’J)CF/} pu=1 p!‘ (s)—J
J—p’ +1
U U { ||£L‘t it || spprr S{ekak e T (2], p,)} : ran (z, £ cC FY
{0<p,~1<7} ¢ Ny_,® 0
ep/e k J+1 0 / J+1
U U {einxtnNo 17p (J+1) +Z{€ O GT*<xz 7J+1)}:ra’n<xt) QFE}* +8z’+ .
{Z:p’e>J+1} plZ*(J‘H)
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o J—p' +1
The induction hypothesis gives that for 0 < p'e—l < Jand1 <t < N"%"" withran (xy "t ) C Fe/’

there exists K (¢,t) € N and sets G1((,t) < Go({,t) < ... < Ggy(¢,t) which don’t split the 29’s

J—p/ +1
such that U, G, (¢,t) C ran (z, " ), and there exist (g, ({,1)) (1 Y ¢ N with q, (1) = J —p, +1
such that

_ (’ 0

J—p’ +1 q, (4;t)

lze M sy < max( U{ . 22| o
N 0 —

4y (1)~ (T =pl,+1

1Tl g 60— * YD (5) € G, (¢, t)}*)
4

+ Y {eh 2t est)}
J
where S(¢,t) =7 (x, * ,J —p,+1). Thus, these estimates give

2 Hl 2 o <

max U U ; 1Yp,u(s)
{€IP’£=1} {s:ran (CE‘])CF’} u=1 (I+pu(s))—(J+1)
+> 7 {ek a2k e T(xl, )} iran (2)) C Fu(s)}*
K(0t) 0,0, (0o

U Ut

{t0<p,—1<J} k=1 9(p€+qk(5,t))*(J+l)
+> {ekab e T (@)™ ) US(L 1)} ran () C G, (6,1)}

U U {0allalllne o+ {eh a2l e T*(a:;»’“,H 1)} :ran (z7) C F}*
{Z:p’é:J—i—l}

||xt ||N ) pu(s)—=J

||$2||Ng_1,qk (€)= (J=p,+1)

U U {epl

A~ 7] o L2, ~(I4D) yF Y Aesral e T/, T+ 1)} rran () € F)} | +&/F
{ep),>T+1) 7Py~

Note that 010, sy < O14p,(s), 1+pu(s) = J+1, 9p/£9qk(g7t) < 9p/€+qk(g,t), p;—i—qk (0, t) > p;+(J—p;+1) =
J+1, the sets FM( )’s Fe”S and G, (¢,t)’s don’t split the 22’s, and arranged in successive order, give
the required sequence F; < ... < F,,. Then 1+ p,(s)’s, p; + qr(¢,t)’s, and p;’s for p; > J+1

arranged in the corresponding order, give the required sequence (Pg)T:r This finishes the induction.
O

Combining lemmas 4.12 and 4.13 we immediately obtain

Corollary 4.14 Let (x;) be a normalized block sequence in X = T(0;,S;)x, M,N € N, € > 0 and
(e])jien C (0,1) with ijf < e. There ezists x an (M, (g]), N) average of (z9) w.r.t. (e;), so

that if T = (x i)jﬂigizl is the admissible averaging tree of (x;) with v = 2, and (Nj)jw évl _o are the

maximum coordinates of T w.r.t. (e;), then

)

(1) Forj=1,...,M,i=1,...,N7, 1< p<j and an interval F C ran (2?) which does not split

any @i,
k
. . - e i
VFad s < Gpmac{ a7 yspg  van (2177) € F}+ S{ <+ ok € Tr(ad p)}.
s—1
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(2) There exists m € N and intervals F1 < Fy < ... < F,, which don’t split the azg ’s and
(p,)izy € N withp, > M for all £, such that

||| < max (U{

/=1 pe_M

0 \p,—n i TAn (2 S)QFE}*) + e

To prove theorem 4.4 we need also the following

Lemma 4.15 For all J N € N, e >0 and Y < X = T(0;,S;)x there exists y € Y with |ly|| = 1
and

lyllvp < ¢p(l+¢), forallp=1,...J.

Proof If this were false, then 3J, N € N Je € (0,1/2) 3Y < X such that

1
1< <Jﬁ||y||]\7,p forally €Y. (5)

Since (1 +¢)"@ 41y — 00 as n — oo we may choose n € N such that

Iyl <

1
>
(1+e)"07 010 1(n+1)

+ 2¢.

Let (x,) be a normalized block sequence in Y and apply corollary 4.14 to (ZL‘S) for (M,e,N) = (J(n+

1),201(+1)¢7, N) for an appropriate sequence (£]), to construct z = Y a,z?, a (J(n + 1), (1), N)

average of (xs) w.r.t. (es). Let x have a corresponding admissible averaging tree 7 = (z i)ji%;i)1Nj,

and let the maximum coordinates of 7 be (Nj)j(%tl)om w.r.t. (e;). Define 6/ = &l /@7 for ji € N
and note that Zéj < €0(nt1). Note that if 1 < p < J then ¢, > ¢} > ¢{ and if k, s € N then we
have that S < 5]“ There exists 1 < p' < J so that

1 1 n 1
O1t41) = Osnrn) O lasal]] < | < = " g o
p

T)HIHN,pl = oaite)

(since N = NJ™*"). Then by corollary 4.14 (1), there exists s' € N so that ran (z7"")~ Py ¢
ran (z] ") NI C ran (27" so that
5 11

and also there exists a family of intervals (E;). _

e

1 J(n+1) J(n+1
Orni1y < m ( || sl o || NI _1_2{5 cx € T xl L' )}>
J(n+1)—p!
sl 1
< 121: oP ||E J(n+1 p1|| + Z{5k . Ik c T(xJ(n—H) 1)}
> L 1+e i s = s 1 P

We minimally shrink the E;’s if necessary, to obtain (F}) which don’t split the #7121 et
A be the set of z/("*)=P'~15 that is split by the E;’s. Thus we get

1

o (i) )
Do) < 2 T I EaT T 2 el € A+ D0{0) s ol € T )
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Similarly by 5 for each i there exist 1 < p? < .J so that (note that N < N/~ P

0J(n+1) <

o 1 J(n+1) —p! k k. (n+1) 1
Z(1+5)¢2(1+ )HFl HNP +22{||x |- 2 EA}+Z{5 : 7 eT(=771 7p )}
% p;

o' 1

< F J(n+1)—p! ) 9 B[ b .
> zi:(l+5) ¢p2(1+5>” il g1 HNle(f-ls-l) pljp?—l— Z{HxSH X, GA}_|_ Z 55

ekeT (a] T p1)

Then by corollary 4.14 (1), for each 7 there exists s7 € N so that ran (), Jntl)=p p?) C F; and also
family of intervals (£; ;) sty ptp2 C Tan (zg Jntl)=p 1) so that
=LoNo )
6J(n—|—1) <
Qpl 1 J(n+1)— 1_ k J 1)—pl
0 ot b e Tr (el g
Z(1+a) ¢ (1 +¢) (ﬁ”xs? Ny 2 +Z{N’€ s € Tn (o P}

+2 3 {ll2fl] - ok € A} + 30{6% ok € (" ph)) <

J(n+1)—p —p?

s2-1

' or it J(n+1)—p' —p? ki .k k.o k
> > mHEm%g ' iate A+ {o) 2 € S}
i j=1

where S = T (2]"™ phyuy; U {T(:z:;](nﬂ)*pl*l,pf) : ran (:C;]("H)*pl*l) C F;}. We increase A by

J(n+1)—p'—p?—

including every node x " which is split by some E; ; and minimally shrink the £; ;’s to

get intervals (F; ;) which don’t split the 2] =PRI Lg s

Jot) Z Z F, x;f(nJrl)—pl —p?

f|| :asiC EA}—G—Z{(S?::U]; € S}

J(n+1)—p —P? )

For every i, j there exists 1 < p3 ', < J so that we have (note also that N < NN 21

01(n+1) <

Z Z gr'+o; 1 ||F ,x‘](""'l)_pl_p?
L)% s2
i (1_'_8)2 (ﬁpf,j(l"i_g) 7

2

Z Z epl-‘rpz 1 HF .xJ(TH*l)*pl*p?

1, 52
=5 (1+€)2¢p§’j(1—|—5) I8 N
LYot at e S}

By corollary 4.14 (1), for each 4, j there exists s ; € N so that

03 + 22{H$§H : 55]; € A} + Z{(Sf : xf €S}

k| . .k
2 Yt ok e )

2J

ov i 1 J(n+1)—p' —p? —p?

0J(n+1) = ZZ 1+ 6 ¢ ( ) leg’j e
p

| J(n+1)fp17pffp23j 0
33 —1 ’
i,

ke
¥
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k
Xt € T, T ) ) 2 S ok € A+ Tt € )

6" +p +pz L J(n+1)_p1_p?_p? _
< ZZ Aoy 17, N st +2 3 (llk]) 2ok € A} Y0(05 0k € 8)

3
j 3 —1 ’
¥

for some &’ C 7. We continue passing to lower levels of the tree until we obtain Jn < p' + p? +
“+p; & <J(n+1)—1. On each branch of the tree we stop when this is satisfied. Thus we get
an estlmate of the following form (A increases to contain the z¥’s that are split)

» +p +-tp”
0 k |xJ(n+1)_p1_pg..._p; AAAAA {

J(n+1) E : E : r J(n+1)—pl—p2...—p"
~ 1_|_€ Sk N (n+1)—pt—p7--—p;

+23 {llgll - 25 € A+ 3 {07 af €W}

for some W C T, where the first “>>” is taken over all branches on which We have Jn < p' +p? +
o+ pl < J(n+1)—1. By remark 4.6 (3) we have that 2 > {||z¥| : 2% € A} < €0;4,11). Also
Z{ék zk G W} < €041y Thus

f/n J(n+1)—p' —p2-—pl
QJ(n-‘rl) < (7 Z Z ||$sr """ k” J(nt1)—pl—p2-..—pT + 2Eé)cf(rﬂrl)'

1 _',_ 6)77, 1;7_._7]@ Tyenny k Ns: k_l Tyeuny k:}o
. 1 J(n+1)—p'—p?--—p] | ... . .
Since |- [lno < 5[ - ||, the vectors z, ~*’s have disjoint support and their level in the
tree is at least 1,by the triangle 1neqﬁdlity we obtain
67 1
0 < ———— + 2¢e0 1< + 2¢
J(n+1) 01(1 T g)n J(n+1) (1 + €>n0J61¢J(n+1)
which is a contradiction. O

Proof of theorem 4.4 Let ¢ > 0 be arbitrary. By lemma 4.15 we can find a normalized block
sequence (z;) in Y and an increasing sequence (j;) of integers, j; = 1, so that if Ny = 1 and
N; = max(ran (x;)) w.r.t. (es) then for every i € N we have

Vp - }a s 7ji7 ||x’b||Nz L < ¢p(1 + 6) and
VD 2> Jit1, il s p < €

Apply corollary 4.14 for (z;), &, N =1 and M = j (and appropriate (£¥)) to obtain z, a (j, (¢F), 1)
average of (r;) w.r.t. (e;) with admissible averaging tree (%) kivmzl of (z;) and maximum coordinates
(Nf)f;’ivﬁizo wrt. (). Fori=1,...,N%if 2¥ = z, then define j; = j;,. Then j; < --- < jyo and
for i =1,..., N° we have

vp = 17 cee 7ji7 ”x?HNiO_I,p < ¢P(1 + 8) and

VD 2> i1, 122 no , p» <
Note (by remark 4.6 (2)) that 2] is j-admissible w.r.t. (z;) and by corollary 4.14 (2) there exist
m € N, intervals Fy < ... < Fy,, which don’t split the z0’s, and (p,)j~, C N with p, > j for all £
such that

¢
el < mac | U lalllng - vom () € F Y| 42
/=1 pZ_J
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Foreach £ =1,...,mif p, > j then there exists exactly one m, € N such that jmé <p,—J< jmeﬂ.

We shall use the obvious remark that if A C [0,00) is a finite non-empty set and a € A then

r’Ir‘lsx(A*) < max(A\{a}). If p, = j then epg/epg—j = 6; and we note that ||:1:8||N‘97170 < é”x?” = é
us

p
ol <max | U {7—ak]

{tp,>j}y P

0.
Ne-pg=g 2 T () € Fyys # m,} U {é} +e.

Let ran (z)) C F, and p, > j. If s < m, we have jo 41 < Jm, < p, —j and so [N \py—i < & If
§ > m, we have js = jm, 41> P, = j and SO HxSHNS,ppé—J < ¢p[J(1 + ¢). Note that
0, ,

0 } =i = P,

pe_.]
and therefore 0

]| < 67 sup ¢, (1 4 €) V =L + 2¢.
p=>j 0

Note (by remark 4.6) that we can write x = Y. a;x; for some set F' € S; where a; > 0 for all i € F
and Y ;cp a; = 1. Therefore 6;(Y") < ||z|| and since € > 0 is arbitrary we obtain the result. O

Note that theorem 4.4 does not necessarily give the best possible estimate for §;(Y"). Indeed if
6, = 27" for all n then T = T'(0,,,S,)n and for all Y < T, §;(Y) = 277 [OTW]. Yet theorem 4.4
only gives ¢;(Y) < 27771, However we have the following estimate which does yield the proper
estimate for Tsirelson’s space.

Theorem 4.16 Let X =T(0,,S,)x be reqular. Then for allY < X and j € N we have

§;(Y) < 67 sup - e
p=j ¢p J
Proof Let Y < X, j € N and € > 0. Since Y contains ¢}’s uniformly, for all N € N Jy € Y with
L=yl <llyllnvo < 1+e. (see eg [OTW] proposition 2.7). Therefore we may choose inductively a
normalized block sequence (z;) in Y so that for i € N if N; = max(ran (2¥)) w.r.t. (e;) (No = 1)
then ||z;||n,_, 0 < 1+ e. Note then that for every i,p € N, ||zilln_yp < |zillviy0 < 1+¢e. Apply
corollary 4.14 (for an appropriate sequence (g¥)) to obtain x a (j, (¢F), 1) average of (x;) w.r.t. (e;)

with admissible averaging tree (:16’“),91\[(;6Z | of (2;) and maximum coordinates (N¥)7" Okz o w.r.t. (e;).
Note then that for every i,p € N we have that |[2||yo , < 1+4¢. By corollary 4.14 (2) there exist
m € N, F} < --- < F,, intervals in N which don’t split the z{’s and integers (pe)Z”:1 with p, > j for
all ¢, such that

HxOHN ) py- jil=1,... mran(z}) C F,} +e < ¢’ sup i ‘(1—|—€)+
Py—i p2j Pp—j

]l < max{

and the result follows since £ > 0 is arbitrary. a
To estimate 0,(Y) for Y = X is easy as we see from the next

Theorem 4.17 Let X = T(6,,, Sp)nen be reqular. Then for all j € N we have 0;(X) = 6;.
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Proof Let j € N and € > 0. Apply corollary 4.14 for (z;) = (e;), M = j, N = 1 and an appropriate
sequence (F), to obtain x, a (j, (¢¥),1) average of (e;) w.r.t. (e;) with admissible averaging tree
(xf)i’ivoliizl and maximum coordinates (Nf)i’ivoliizo w.r.t. (e;). Then by (2) there exists m € NN,

Fy <.+ < F, intervals in N and integers (p,)jL; with p, > j for all £, such that

Op
]| < max{gp fj |#?llno  p, 5 i =1, ,mran (2}) C F,} +¢.
-
Since (z)Y° is a subsequence of (e;), we have Hx?HN?_l’p[j = Op,—; for every i = 1,... . N° and
¢ =1,...,m. Thus |z < maxi<p<m Op, + €. Since the sequence (0;) is decreasing we have
||z]| < 6; + . Since supp (z) € S; and € > 0 is arbitrary we obtain the result. O

Question If X =T'(6,,5,)n is a regular mixed Tsirelson space and Y < X is 6;(Y) = 6; for every
JjeN?
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