A COUNTEREXAMPLE TO A QUESTION OF
R. HAYDON, E. ODELL AND H. ROSENTHAL

G. ANDROULAKIS

Abstract: We give an example of a compact metric space K, an open
dense subset U of K, and a sequence (f,,) in C'(K) which is pointwise
convergent to a non-continuous function on K, such that for every
u € U there exists n € N with f,(u) = f(u) for all m > n, yet
(fn) is equivalent to the unit vector basis of the James quasi-reflexive
space of order 1. Thus ¢y does not embed isomorphically in the closed
linear span [f,] of (f,). This answers in negative a question asked by
H. Haydon, E. Odell and H. Rosenthal.

1. INTRODUCTION

A result of J. Elton [E], which was also proved later by R. Haydon,
E. Odell and H. Rosenthal [HOR], states that if K is a compact metric
space, and (f,) is a uniformly bounded sequence in C(K) such that

S 1 furi(k) = fulk)] < 00, Yk € K
n=1

and the pointwise limit of (f,) on K is a non-continuous function, then
co embeds isomorphically in the closed linear span [f,] of (f,). Thus
the following question was naturally raised by R. Haydon, E. Odell and
H. Rosenthal:

Question 4.7 in [HORJ: Let K be a compact metric space, R be a
residual subset of K (i.e. K\R is a first category set), and (f,) be a
sequence in C'(K) which converges pointwise on K to a non-continuous
function, and

> | fas1(r) = fulr)| < oo, for all r € R.
n=1

Does ¢y embed in the closed linear span [f,] of (f,)?
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We will construct K a compact metric space, U an open dense subset
of K and a sequence (g,) C C'(K) such that

(a) (D°1, gi)n is a uniformly bounded and pointwise convergent se-
quence on K to a non-continuous function;
b) For every u € U there exists n € N such that g,,(u) = 0 for ever
Yy g Yy
m > n;
¢) |gy| is isomorphic to the James quasi-reflexive of order 1 space J.
(c) [gn] p q p

Since, of course, ¢y does not embed isomorphically in J, this answers
in the negative Question 4.7 of [HOR]. Our construction is very ele-
mentary and explicit even though a shorter proof of the existence of a
counterexample to Question 4.7 of [HOR]| can be given along similar
lines using more advanced machinery.

2. THE CONSTRUCTION

We recall the definition of the James space J and some simple facts.
Let cop denote the finitely supported sequences of real numbers. For
() € coo we define

(za)lls = sup{[z), + (2 — 2p)* + -+ (wp, — 2 )72 :
k€N,1<p; <py<-<px1 <Pk}
Then the James space J is the completion of (cog, || - ||/). If (e,) is the
unit vector basis of cq, then (e,) becomes the unit vector basis of J,
which is monotone and shrinking. Also, (3" | e,), is a weak-Cauchy
sequence which is not weakly convergent in J. If (a,) € ¢o such that
(a,) is a monotone sequence of real numbers (i.e. non-increasing, or

non-decreasing) then |[[(a,)||; = |a1| (this is because if a,b € R with
ab > 0, then a? + b* < (a + b)?).

Notation: For (a,), (b,) € coo, we define (a,) - (bn) € coo, by

(an) - (bn) = (anby).

Lemma 2.1. For (a,), (b,) € coo we have

[(@n) - (On) s < l[(@n) [ 511(bn)lloo + [l (an)lloo | (bn) |l

Proof For some k£ € N and some finite sequence of positive integers
1 <pp <py <---pr we have:
H(an> ' (bTL)HJ = [(&pl bpl)2 + (ambm — Qp, bp1>2 +ot (apkbpk - apkflbpk71)2]1/2
= [(ap, bp1>2 + (apy (bp, — bp,) + (ap, — apl)bpl)Q +-t
(apy, (bpy, — bpy_,) + (ap, — apk—l)bpk—1)2]1/2‘
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Therefore by the triangle inequality in ¢, we have that

I(an) - (Bu)lls <

a b2 (am apl)Qb?n +-o+ (@pk = Qpy 1) s ]1/2 +

[ p17p1 Pr-1
e e e U (Y L
< fap, + (g, = ap)* - (@ = ap )T (B0)[loo +
(@) llool(bpa = by )+ -+ (b, — by )"V
< l€an)l11(Bn) oo =+ [1@n)llooll (0n)l 5
which finishes the proof of the lemma. O

Now we are ready to see the counterexample. Let K := {(a,b) € R*:
0 <a<1,0<b <1} Since C[0,1] is universal for the class of
separable spaces, there exists a sequence (f,) C C[0,1], and M > 0
such that (f,,) is M-equivalent to the unit vector basis of J. For n € N
set K, :={(a,b) eR*:0<a<1,1/2"<b <1}, L, :={(a,b) € R?*:
0<a<1l,b=1/2"} L:={(a,0):0<a <1} and U = K\L. Now,
for n € N define g, : K — R by

e g, | K,=0,

e for every 0 < a <1, g, restricted to the segment connecting the
points (a,1/2") and (a,0), is linear,

e g, | L=f,.

® g, is continuous on K.

We will show that (g,,) is equivalent to the unit vector basis (e;) of the
James space. This will imply that (3_7, ¢;), is a weak Cauchy sequence
which is not weakly convergent, which will finish the proof. Let n € N
and (\)"; € R. We want to estimate ||[A\;g; + -+ + Augnlloo- For

(a,b), (c,d) € K, let [(a,b), (c,d)] denote the linear segment connecting
the points (a,b) and (¢, d). For every 0 < a < 1 we have that

hd ()‘191 +--+ /\ngn) | [(a’ 1)7 (CL, 1/2)] E

o (A\gi+ -+ Mgn) | [(a,1/2Y), (a,1/271)] is linear, for every i =
1,...,n—1,

o (Mgi+ -+ Aagn) | [(a,1/27),(a,0)] is linear,

e \igi + -+ A\,g, is continuous on K.

Therefore we obtain:

H/\lgl + -+ /\ngnHoo

= max [10ugn 4+ aga) | Ly lloe V1001 + -+ dng) | Ll

= Q%?X [(Argr + - Ar—1gr—1) [ Ly lloo VIALSL 4+ 4 Anfalloo-
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Therefore we obtain immediately the lower estimate:
1
> —||A coe A Apenl| g
Z MH e+ -+ Anenlls

For the upper estimate we need to estimate ||(A1g1+- - -+ Angn | Lk)Hoo
for 2 < k <n. Note that for 0 < a <1 and 2 < k <n we have that

(/\lgl + -+ )\ngn)(aa 1/2k)

1i_ 1 1 1 _1 1
=\ 2 T 2 fi(a) + Ao 2 T 2 fola) +-- -+ )\kflufkfl(a)
2 22 k=T
k=1 _ 1 2k=2 _ 1 2—1
= Alwfl(a) —+ AQW.]CQ(G) + -4+ Ak;_l 9 fk_l(a).
Therefore we have that
[Argr + -+ Ne—1gr—1 | L oo
k=1 _ 1 2k=2 _ 1 2—1
= H)\lwfl + )\2wf2 o A 5 fr1lloo
k=1 _ 1 2k=2 _ 1 2—1
S M||)\1W61 + )\QWBQ + -+ /\k:—l 9 ek_1||J
:MH()\MAQ?'” 7)‘k—1707"')
k=1 _ 1 2k=2_1 2—1
( 1 0 ghz g 0, )l
< M| Mer+ -+ Xprep—a|s - 1
Lo2el—1 21
+MH()\Z)';€=11HOOH(W7 N ,?,O, e )H](by Lemma 21)
2k:—1 _
< M||Aer + - -+ Merex—1ll s + M| (N) |lso S (since the
k=1 _ 1 2k=2_1 2—1
sequence ( ST gk g ,0,...,) is decreasing)

<2M|[Aer + - -+ Aprepa [l (since [(A)F oo < TOW)1)-
Also, since || A1f1 + -+ Aufulls < M||Aer + -+ - + \uenl|s, we obtain
that

||)‘191 +--+ /\ngnHoo < 2M||)\1€1 +oot )‘nenHJ‘
This finishes the proof. O
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