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1. Introduction. The main results of this paper use descriptive set theory
to demonstrate that a class of operators can be written as a union of w; many
subclasses or as an intersection of w; many superclasses. The Schreier classes
(Se)e<w; which were introduced by D. Alspach and S.A. Argyros ([1]) play an
important role in defining these subclasses or superclasses. Other instances where
certain notions where quantified by using the Schreier families (S¢)¢<w,, are the
Se-unconditional basic sequences ([6], [13]), S¢-convex combinations of sequences in
Banach spaces ([3, page 1054]), Se-spreading models ([3, page 1057]), &-convergent
sequences in Banach spaces ([3, page 1054]), £&-Dunford-Pettis property ([3, page
1059]), Se strictly singular operators and Sg-hereditarily indecomposable Banach
spaces ([2]).

There are two main parts in this article. The first is an extension of a result
on strictly singular operators by the first named author, P. Dodos, G. Sirotkin and
V. Troitsky, ([2]). The classes of S¢ strictly singular operators are introduced in
[2] for 1 < ¢ < wy. These are increasing subclasses of the class of strictly singular
operators between two fixed Banach spaces. It is proved in [2] that the class of
strictly singular operators between two fixed separable Banach spaces is equal to
the union (for 1 < § < wq) of the classes of S¢ strictly singular operators between
these spaces (Theorem 2.2). The first main result of the present article states that
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the same holds if we merely assume that the domain space has a separable predual
(Theorem 2.3).

The second main part of this article (Section 3) gives a partial answer to a
question of J. Diestel [5]. The question asks whether the class of strictly cosin-
gular operators between two fixed Banach spaces can be quantified by using the
Schreier families (S¢)¢<w, and whether the new defined classes can be used to re-
trieve the class of strictly cosingular operators. In other words, the question asks
whether there exists a result for strictly cosingular operators which is similar to
Theorems 2.2 and 2.3. We answer this question under additional assumptions on
the range space (Theorem 3.1). The assumptions on the range space can be reduced
if we work with a new class of operators whose definition is similar to the definition
of strictly cosingular operators: Given a Banach space Y and a family (A;);cs of
normalized basic sequences of the dual space Y*, we define the notion of (A;)icr
strictly cosingular operators from a Banach space X to Y (their class is denoted by
(A;)ier — SC(X,Y)). These are defined in a similar manner to strictly cosingular
operators, and for some choices of (A;);cr, they coincide with the class of strictly
cosingular operators. Also for 1 < ¢ < w; we define the class of (A;);cr-S¢ strictly
cosingular operators from X to Y (their class is denoted by (A;)icr-SCe(X,Y)).
These are decreasing classes of operators containing the class (A;);er-SC(X,Y).
We prove that if Y is separable and A; is analytic for all ¢ € I then the class
(Ai)icr-SC(X,Y) is equal to the intersection of (A;);er-SCe(X,Y) for 1 <& < wy
(Theorem 3.3).

2. Strictly singular operators. We start by recalling some standard termi-
nology and facts from descriptive set theory and Banach spaces. More information
can be found in either [10] or [3]. For a non-empty set X let X <N denote the set
containing all finite sequences of elements of X. If X is a topological space then
X <N is a topological space as a direct sum of the spaces X" for all n € N. If X is
a set then a tree on X is a subset 7 of X <N such that if (z1,79,...,2,) € T (for
some m € N and z1,...,z,, € X) then (z1,29,...,2,) €7 forall 1 <n <m. If
7 is a tree on a set X then an infinite branch of 7 is an infinite sequence (z,)nen
of elements of 7 such that (x1,...x,) € 7 for all n € N. A tree is called well
founded if it does not contain infinite branches. If 7 is a tree on X then the «
derivative of 7, 7(®, can be defined for any o < w, after successively applying “o
many trimmings of final nodes of 77 (for the precise definition see either [3, pages
1010-1011] or [10, page 11]). The height of T, h(7), is the least ordinal a@ < wy
such that 7(®) = @, if such ordinals exist, else we set h(7) = w;. The following is
well known ([3, Theorem I.1.4]).

THEOREM 2.1. Let X be a Polish space, and T be an analytic well founded tree
on X. Then h(T) < w;.

For 1 < ¢ < wy, the Schreier family, S¢ was introduced in [1], (see also [3, page
1038]), and contains certain finite subsets of N. Let £(X,Y") denote the space of
bounded linear operators from the Banach space X to the Banach space Y. An
operator T € L£(X,Y) is strictly singular (denoted T' € SS(X,Y)) if the restriction



DESCRIPTIVE SET THEORETIC METHODS 153

of T to any infinite dimensional subspace of X is not an isomorphism. In [2], the
notion of S¢ strictly singular operator is introduced (for 1 < & < wy) as follows. If
X,Y are Banach spaces, T € L(X,Y) and 1 < £ < wy, T is S¢ strictly singular
(denoted by T € SS¢(X,Y)) if for every € > 0 and every basic sequence (z,,)
in X there exists a set F' € S¢ and « € Span (z,,)ner such that ||Tz| < ef|z].
Thus SS¢(X,Y) is a subset of SS(X,Y). Also ([2]) SS¢(X,Y) C SS¢(X,Y) if
1 <& < <w. It is proved in [2] that:

THEOREM 2.2. Let X, Y be separable Banach spaces. Then SS(X,Y) =
Uecw, S8e(X,Y).

Here we give the following refinement of Theorem 2.2.

THEOREM 2.3. Let Y and Z be Banach spaces such that Y is separable and let
Y denote the dual of Y. Then SS(Y*,Z) = U, SSe(Y™*, Z).

Proof. Let Y and Z be as in the statement and assume that T €
Ne<w, (SSe(Y™,Z)). Let B denote the set of normalized basic sequences in Y,
Ba(Y™) denote the unit ball of Y* and S(Y™) denote the unit sphere of Y* (i.e.
the vectors of norm equal to 1). Let Y = (Ba(Y*), weak® topology)" and & =
(S(Y*), weak™ topology)Y. Then ) is a Polish space, (S(Y*), weak® topology) is
a Borel subset of (Ba(Y*), weak * topology) and thus S is a Borel subset of ).
We claim that B is a Borel subset of S and thus a Borel subset of ). Indeed,
B = UkeN Bj, where By denote the set of normalized basic sequences with basis
constant at most k. To see that By, is a Borel set, observe that for (y) € S,

(Y ) € By & YN < M in N, Y(a,) € Q<N, vr € Qt,
M N
1Y anypll > 7 or | Y anys |l < kr.
n=1 n=1

For fixed N < M in N, (a,), € QN and r € QF, the sets {(y), € YV :
IS gl > 7} and {(g)n € ¥ 5 2, anyill < kr} are open and closed,
respectively in ). Thus By is Borel and so B is a Borel subset of S.

Let K be the Polish space N x N x Y. Recall, that X<N denotes the direct sum
of the spaces K" (for n € N) and a tree on K will be a subset of <. Define a
tree R on K to be the following set:

{(mi, &, (y?,k)k)?:l e k=N myp == Mn,
(0 <+ <) e NN (Y k== (Yh )k € B}

Note that a generic element of R will look like (m, 4;, (y5)x)_,; where m,n € N,
(lh < by < --- < Ly) € N" and (y;)r € B. Obviously R is a closed subset of
(N x N x B)<N thus it is a Borel subset of X<V, (since (N x N x B)<N is a Borel

subset of K<N). For each m € N, define the following subtree of R.

* n . 1 g
T = {(m b, ()k)izs € R+ V(a)i € QT Y aiye | > — 11> aiye |1}
i=1 i=1
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T is a Borel subtree of R, (since T is || - ||-weak* continuous and | - || is weak*
lower semicontinuous). Since T' € (N, (SSe¢(Y™, 2))¢, for all £ < wp there
is an m € N and (y;)r € B such that for all (¢1,...,¢,) € Se¢ we have that
(m, &, (yp)k)i=y € T. The subtree 7(,), ,,, of T containing nodes of the form
(m, i, (yf)k)i—q with (¢1,...,4,) € S¢ is order isomorphic to Se. Thus for each
¢ < wy the height of 7 is greater than or equal to h(S¢) = ws. Whence h(T) = wy.
By Theorem 2.1, 7 is not well founded and thus there is an m € N, (y;)r € B and
(¢i)72, such that for all n € N (m, ¢;, (yj)k)j=y € 7. This implies that T, = is
an isomorphism and thus T is not in SS(Y™*, Z). .

3. Strictly cosingular operators. For Banach spaces X and Y and an oper-
ator T € L(X,Y), A. Pelczynski defined in [11] that T is called strictly cosingular
if for any subspace Z of Y of infinite codimension, the operator Q7T is not onto,
where @z is the canonical quotient map from Y to Y/Z. We denote by SC(X,Y)
the set of all strictly cosingular operators from X to Y. Notice that by dualizing,
T € L(X,Y) is strictly cosingular if and only if for any infinite dimensional weak*-
closed subspace W of Y*, the restriction of T* on W, T*|, is not an isomorphism.
Thus, in particular, if 7* € SS(Y*, X*) then T € SC(X,Y). The converse is in
general false, as it can be seen from the inclusion operator from cg to f~,. Pel-
czynski proved in [11] that this operator is strictly cosingular but its adjoint is a
projection from the dual of ¢, to ¢; which fails to be strictly singular. For Banach
spaces X and Y let SS,(X,Y) denote the set of all operators T € L(X,Y") such
that T* € SS(Y*, X*). For every ¢ < wy define the classes SS¢ .(X,Y) to contain
all operators T' € L(X,Y) such that T* € SS¢(Y*, X*). Note that if Y is separable
then by Theorem 2.3, SS.(X,Y) = |J SS¢.(X,Y). Thus, if the range space Y

E<wr
is separable and SC(X,Y) = S§S.(X,Y) then we obtain an answer to J. Diestel’s
question.

Recall that W.T. Gowers answered in the negative, in [8], the question of
whether every Banach space contains a boundedly complete basic sequence or
an isomorph ¢g. Consequently V.P. Fonf characterized in [7] the class K of Ba-
nach spaces that contain either a boundedly complete basic sequence or cy. Let
Ks denote the class of Banach spaces such that all of their infinite dimensional
closed subspaces contain a boundedly complete basic sequence or an isomorph of
co- Many known Banach spaces belong to K. For example, since every space with
an unconditional basis contains cg, 1 or a reflexive subspace, we obtain that g4
contains all Banach spaces which are saturated with unconditional basic sequences.
Also by the results of W.B. Johnson and H.P. Rosenthal, in [9, Theorem IV.1.(ii)],
all separable dual spaces belong to /Cs.

THEOREM 3.1. Let Y be separable and Y* € Ks. Then for any Banach space X,
SC(X,Y) = 8S8.(X,Y). Thus by Theorem 2.3, SC(X,Y) = U, SS¢«(X,Y).

Proof. Let T € SC(X,Y) and suppose T is not in SS(Y*, X*). Find a subspace
Z of Y* such T*|z is an isomorphism. Our goal is to find an infinite dimensional
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weak™ closed subspace preserved by T™*. This will contradict the fact that T €
SC(X,Y), and establish that SC(X,Y) = §S.(X,Y). The fact that SC(X,Y) =
Ug<w, SSe(X,Y) follows immediately from Theorem 2.3 since Y is separable.

Since Y* is in Ky, we first assume that Z contains a normalized boundedly
complete basic sequence, call it (y). Since Y is separable, the weak* topology on
the unit ball of Y* is metrizable, thus (y;) has a weak* convergent subsequence.
Let (z;) be the difference sequence of that weak* convergent subsequence of (y).
Then (27) is weak® null seminormalized boundedly complete basic sequence in Z.
By [9, Theorem IIL.1], since Y is separable, (2, ) has a further subsequence (2} )
which is weak* basic (and boundedly complete). By [9, Proposition II.1], the weak*
and norm closure of the linear span of (z,’:n) coincide and thus Z contains an infinite
dimensional weak* closed subspace. The restriction of T* on that subspace is an
isomorphism.

In the second case we assume that Z contains and isomorph of ¢g. We recall
that H.P. Rosenthal proved in [12, Theorem 1.3] that if an operator originates from
a Banach space which is complemented in its second dual and preserves an isomor-
phic copy of ¢y then it preserves an isomorphic copy of /. Since the dual Banach
space Y* is complemented in its second dual, by the above result of Rosenthal,
there exists a subspace W of Y* which is isomorphic to £, such that the restric-
tion of T on W is an isomorphic embedding. Obviously W contains a weak* closed
subspace of Y* (consider, for example, a reflexive subspace of W). The restriction
of T™ on that weak® closed subspace is also an isomorphism. ]

The assumption on Y* in Theorem 3.1 can be eliminated if we work with
the class of (A;);er strictly cosingular operators instead of the class of strictly
cosingular operators. We now motivate the definition of (A;);c strictly cosingular
operators by examining the definition of strictly cosingular operators. Let X,
Y be Banach spaces and T € L(X,Y). Since every weak* closed subspace of
Y* contains the weak* closed linear span of some basic sequence we have that
T € SC(X,Y) if and only if for any basic sequence (v} ), in Y*, T |§;a-;(y;) is not an

isomorphism (where Span (y;) denotes the linear span of (y;;) and Span (y;;) denotes
the weak* closure of the linear span of (y)). When attempting to define subclasses
of strictly cosingular operators in a way similar to the definition of S¢ strictly
singular operators, we encounter an immediate problem. Namely, whether or not
T* |Span ) is an isomorphism is not characterized by whether or not 7*|gpan )
is an isomorphism with the same isomorphism constant for any finite subset F' of
N. A natural way to compensate for this is to consider complements of the finite
sets. Of course, T is not an isomorphism for all basic sequences (y) in

neF

Span (y;)
Y™, if and only if for all basic sequence (y) in Y* and for every finite subset I of

N, T*|c~—, . is not an isomorphism. A new problem arises: If for every basic
Span (¥} )ngr

sequence (y) in Y* one examines the restriction of 7% on S/l;az(y;)ng 1 where
belong to a fixed class Z of finite subset of N (e.g. Z = S¢ for some & < w1), then the
fact that we examine every basic sequence (y.),, makes the class Z unimportant,
since (Y} )ngr is another basic sequence in Y*. We fix this problem by fixing a
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family (A;);cr of sets A; of basic sequences in Y* and examining whether, for
every ¢ € I there exists a basic sequence (y) € A; such that for all finite subsets
F of positive integers, T |§$;(y’:)nﬂ is not an isomorphism. Here is the precise
definition:

DEFINITION 3.2. Let X, Y be Banach spaces and T € L(X,Y). Let I be an index
set and for every i € I let A; be a set of basic sequences in the dual space Y* of
Y. Fix1<¢<uws.

1. We say that T is (A;);ecs strictly cosingular, (denoted by T € (A;)ier-
SC(X,Y)), if and only if for every ¢ € I there exists (y)), € A; and an
infinite subset N of the positive integers such that for every finite subset F'

of N we have that T*|§p§;(y*) r is not an isomorphism.

2. We say that T is (A;);er-Se strictly cosingular ,(denoted by T € (A;)icr-
SC¢(X,Y)), if and only if for every i € I there exists (y)), € A; and an
infinite subset N of the positive integers such that for every finite subset F
of N with F' € S¢ we have that T" |~ is not an isomorphism.

pan (5, )ngF

First note that for Banach spaces X and Y and any families (A;);er of basic
sequences of Y*, we have SC(X,Y) C (A;)ier-SC(X,Y). Also note that for a
specific choice of (A;)icr, we have that SC(X,Y) = (A4;)ic;-SC(X,Y). Indeed,
consider the set W of all weak* closed infinite dimensional subspace of Y*, and
for every W € W, consider the set Ay of all normalized basic sequences in W.
Then it is easy to see that (Aw)wew-SC(X,Y) = SC(X,Y). Also, (Aw)wew-
SCe(X,Y) =SC(X,Y) for all £ < wy thus Theorem 3.3 does not give new results
for strictly cosingular operators.

It is obvious that for Banach spaces X, Y, a family (A;);cs of sets of basic

sequences in Y* and an ordinal 1 < ¢ < w; we have that

(Ai)ier-SC(X,Y) C (Ai)ier-SCe(X,Y).
Also notice that for ordinals 1 < & < { < w; we have that
(Ai)ier-SC(X,Y) C (Ai)ier-SCe(X,Y).

For the last inclusion, let T' € (A;)icr-SC¢(X,Y) and for ¢ € I let a basic sequence
(yX)n € A; and an infinite subset N of positive integers such that for all ' C N

with F' € S¢, T* |-~ is not an isomorphism. There exists an infinite subset
¢ Span (y;; )ngr

M of N such that for every F C M with F € S¢ we have that F' € S: ([3]).
Thus for every F' C M with F € Sg, T*| is not an isomorphism. Thus
T e (Ai)i€[—$C5(X, Y).

The following result is the analogue of Theorems 2.2 and 2.3 for (A;);¢; strictly
cosingular operators.

Span (¥} )ngr

THEOREM 3.3. Let X and Y be Banach spaces such that Y is separable, and
(A;)icr be a family an analytic sets of basic sequences in Y*. Then (A;)icr-
SC(X,Y) = ﬂ§<wl(Ai)¢e1—SCE(X, Y).
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Proof. It suffices to show that (;_,, (Ai)icr-SCe(X,Y) C (Ai)ier-SC(X,Y).
Fix an operator 7' € (e, (Ai)ier-SC¢(X,Y) and 99 € I. As in the proof of
Theorem 2.3, let B denote the set of normalized basic sequences in Y*, Ba(Y™)
denote the unit ball of Y*, ) denote the Polish space Ba(Y*)N with the product
of the weak* topology. Let K be the Polish space N x ). Recall, that <N denotes
the direct sum of the spaces K™ (for n € N) and a tree on K will be a subset of
KC<N. Define a tree R on K as follows:

R={(l, (i )r)imy € K< (0 <o <) € NS (g ) =+ = (5 1)1 € B}

Note that a generic element of R will look like (¢;, (y5)k)ie; where n € N, ({1 <
ly <---<{,) € N"and (y;)r € B. It has been shown in the proof of Theorem 2.3
that B is a Borel subset of ). Thus (Nx B)<" is a Borel subset of L<N = (Nx ))<N.
Obviously R is a closed subset of (N x B)<N thus it is a Borel subset of X<N. Define
the following two subtrees of R.

T ={(;, (yp)n)izs € R: T7|

is not an isomorphism
Span (Y5 ) kg {eq,....0n} p }’

Tio = {6, (p)r)iz1 € R: (yp)k € A }-
Both 7 and 7;, are trees on K. The main component of the proof will be to show
that 7 =7 N 7., is an analytic subtree of R, and thus an analytic tree on K.

In order to see that 7;, is an analytic tree, define the map = : R — B by
7w (s, (Yi)k)i=1) = (yi)k where ((¢;, (y7)k)i=1) is a generic element of R. Obviously
this map is continuous, and 7;, = 7~ *(A;,). Since A;, is an analytic set, we obtain
that 7;, is analytic (see e.g. [10, Proposition 14.3(ii)]).

To demonstrate that 7 is analytic, we wish to write it as a countable intersection
of analytic sets. Let,

Ce = {((4i; (k)r)iz1,y") € R x (Ba(Y™), weak™ topology) :
y" € Span (yp)kg(e, ..., yand [[T7y"|| < elly™[|}.
In this definition, as well as the rest of the proof, Ba(Y*) will be equipped with the
weak™ topology. Clearly, 7 = ﬂEEQ+ projrC. where projr denotes the projection
to R. Since R is a Borel subset of X<V there exists a finer Polish topology on C<N
making R a clopen set and having the same Borel sets as the ordinary topology
of K<N ([10, Theorem 13.1]). Considering this finer topology on R we have that
R x (Ba(Y), weak™ topology) is Polish. Thus once we show that C. is Borel we

obtain that projzC. is analytic ([10, Exercise 14.3]) hence 7T is analytic. Decompose
C. as the intersection of the following two sets,

C2 = {((ti, (yp)w)iz1,y™) € R x Ba(Y™),: | T*y"|| < elly™|},

C% = {((ti, (Wi)w)1=1,y") € R x Ba(Y™) : y* € Span (y])rgier... o0} }-
For ((4;, (yf)k)i—1,¥*) € R x Ba(Y™) notice that

(G, (gi)w)ier,y") € C2 & Vr € QF, iyl > 7 or [Ty <er.
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Hence, C! is a Borel subset of R x Ba(Y*) (by the weak* lower semicontinuity of

1)

Now we demonstrate that C? is a Borel set. Let F(Y*) denote the topological
space of the weak* closed subsets of Y*. This is called “the Effros-Borel space of
the topological space (Y*, weak™ topology)”, (see [10, Section 12.C]), and its basic
open sets have the form Vi := {F € F(Y*) : FNU # 0} (where U is an arbitrary
weak™ open subset of Y*). Define the map, ¢ : R x Ba(Y™*) — F(Y™*), by

(s (U n)ier,y™) = {25 — y* : 2* € Span (y5)ng1 }-

We claim that 1 is continuous. Indeed, fix a weak™ open subset U in Y* and notice
that,

i (U k)ien, y") € R x Ba(Y*): {z* —y* : 2* € Span (y)ngr} N U # 0}
i, (Yi)k)iery*) € R x Ba(Y™*) : {z* —y* : 2* € Span (y )ngr} N U # 0},

(since U is weak™ open, Span () ngrN(y*+U) # 0 < Span (Y ngrN(y*+U) # 0).

Thus
Y (V) = U G
TEN<N, (a;)€R<N

where for fixed I € NN and (a;) € R<Y,

Cr.(an) = {((¢, (p)k)ier,y*) € R x Ba(Y™) : Zaiy,?‘ -y €U}
igl
Since U is a weak® open subset of Y*, C (,,) is an open subset of R x Ba(Y™),

showing that ¢ is continuous. Since Y is separable, {0} is a weak™® closed set thus
the set {F € F(Y*):0 € F} is Gs in F(Y™*) and therefore

CP=y '{FeF{Y*):0cF)})
= {((i, Wik )ier, y") € R x BY "+ y* € Span (y;)ngs }

is Borel.

Having determined that C? and C! are both Borel, it follows that C. is Borel
for each ¢ € QT. Finally T is an analytic tree on IC.

By our assumption, for each £ < w; there exist a (y)) € A;, and an infinite
subset N of N such that for any ({1 < ... < £,) C N with (¢1,...,¢,) € Se,
(s, (Y3 )k)iy € 7. The subtree ;f(y;,)n,N of 7 containing all the nodes of the form
iy (Y5)ke)iq with (44 < ... < £,) C N and ({1,...,4,) € S¢ is order isomor-
phic to S¢. Thus, for each £ the height of the tree T is greater that or equal to
h(S¢) = wS. Whence, h(T) = w;. By Theorem 2.1, conclude that 7 is not well
founded. Let (y), € A;, and (¢;)$2; be an increasing sequence of positive integers
such that for all m € N, (45, (y;)r)i%, € T. Therefore, if F is any finite subset of
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()2, CN, T |Span Yngr is not an isomorphism. Since the above is true for all
o€, T € (A)ier- SC(X Y). O

We now give some examples of analytic sets of basic sequences in a dual Ba-
nach space Y* for separable Y. Such sets can be used for A; in defining (A;);cr-
SC(X,Y). Bossard, in [4], shows that for a separable Banach space Z, the set of all
boundedly complete and the set of all shrinking basic sequence is coanalytic (the
complement of an analytic set) non-Borel as a subset of Z.

REMARK 3.4. Assume that Y is a separable Banach space. Let W be a fixed
infinite dimensional weak* closed subspace of Y*, (z}) be a fixed basic sequence
in Y* and A be a fixed analytic set of basic sequences in Y*. Let ) be the Polish
space (Ba(Y™*), weak™ topology)".

1. The set By, of normalized basic sequences in W is a Borel subset of ).

2. If W has infinite codimension in Y* then the set By - of all normalized basic
sequences (y) in Y* with y ¢ W for all n € N, is a Borel subset of ).

3. The set B,, of all unconditional basic sequences is a Borel subset of ).

4. The set Af;ﬁb) of all subsequences of (z) is an analytic subset of ).

5. The set Al(’iic)k of all block sequences of (z%) is an analytic subset of Y.

n

6. The set Appe, of all non-boundedly complete basic sequences in Y* is an
analytic subset of ).

7. The set Ayp,, of all sequences in A with biorthogonal vectors in Y is an analytic
subset of V.

Proof. (1) is proved in Theorem 2.3.
(2) is obvious since Y*\W is a weak® open set.
(3) This follows from writing B,, as,

By ={(y})n € B: 3k € N,¥(a;); € Q<N VF finite
subset of N, || Z a; vyl < K| Zazyz I}

i€l

-UJ N NAiwnes: Vre(@*IIZazyz|>TorIIZazyz|<kr}

keN (a;);€Q<N FCN i€F
finite

(4) We have that (w}) € Af“f) if and only if there exists k1 < ky < --- an increasing

sequence of positive integers such that w;, = z; for all n € N. The set NN of the
increasing sequences of integers endovved with the coordinate-wise convergence is
a Polish space, thus the result follows from [10, Exercise 14.3 (ii)].
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(5) We have that (w});) € Bé’i‘ic)k if and only if there exists k1 < ko < --- an

k:n+171
increasing sequence of integers and (a;) € RN such that w? = Y. a;zf. Since
i=ky
NN x RY endowed with the coordinate-wise convergence is a Polish space, the
result follows from [10, Exercise 14.3 (ii)].

(6) Set B = By~ (see part (1)) and

Cobe = {((Y3)n: (an)n) € B x RY : M,

N N
stj\1}p | Z anynll < M& <Z any,’;) is not Cauchy}.
n=1 n=1 N

Observe that App. = projgCnpe (the projection on B). Therefore, it is enough to
show that Cyp. is a Borel subset of B x RY (since we can assume that B is a Polish
space by [10, Theorem 13.1]). For each M € N, the set

N
cM = {((wn)ns (an)n) € B x RM : Slj\lfp [ Zany:;” < M}

i=n

is a closed in B x RY. Thus J,;cyCM is Borel. Additionally,

N
D ={((y])i, (a:)i) € BxRY: (Z a;y!)n is not Cauchy}

=1

={((y})i,(a;);)) €eBxRY:FreQF,vneN,In<meN, | Zaiy;‘H >}
m

= U N U i) € BRY || aiyi |l > r}

reQt neNn<meN i=n

is Borel. Thus, Cppe = D((Upren CY) is Borel.

(7) Set Cpo := {((¥)ns (Yn)n) € YV x YN 1 y¥(yn) = 6k.n}. Then Cy, is a closed, and
hence trivially a Borel subset of Y x YN. A,, is analytic since Ay, = projyCyo (the
projection on ). o

Finally we present an example in order to illustrate Theorem 3.3. Let D be the
dyadic tree {0} U {0,1}<N and consider the space X = ¢1(D). Let {e, : « € D}
denote the basis of X which is ordered as: ey, eg,e1,€0,0,€0,1,€1,0,€1,1,€0,0,1, €tc.
Fix wy many infinite branches of D, and enumerate them as {b¢ : { < wi}. For
fixed & < wy, let (e n)n be the increasing enumeration of the set {e, : a € be}.
Also for every £ < wy let F¢ be a fixed finite set which does not belong in S¢. Define
T € L(X) to be equal to 0 on e ,, for every £ and every n € Fe. Also define T to be
the identity on the rest of the basis of X. Then the biorthogonal functional of the
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basis become a weak* basis for X* (see [9]), and T is 0 on e ,, (the biorthogonal
functional of e¢ ) for every & and every n € F. Also T* is identity on the rest
of the weak* basis. Now let A denote the set of subsequences of {e}, : a € D}
which are infinite branches of D (e} denotes the biorthogonal functional of e for
all @ € D). This is a closed subset (Ba(X*), weak*)N (this is because each “level”
of D has finitely many nodes thus finite many possible limits). Since F¢ is not in
S¢ we have that T' € A-SC¢(X, X) for all £&. Thus Theorem 3.3 gives the existence
of an infinite branch b of D and an infinite subset N of b such that for all finite
subsets F' of N we have that T*|S/p\a;(ea)a€b\F is not an isomorphism.
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