Irreducibility and Coprimali
Algorithms for
Sparse 8lynomials

joint work with Andrzej Schinz

a[ntroducti on

Supp ose we want to check the prim ality

of
N = 230402457 | 4

How fast can we do thi s comput ati on?
How fast can we expect to do it?

If the number of binary operations for a
computa ti on isbounded by a polynom ial

in the length of the input, then we say
it can be done in polynomial time.

a[ntroducti on

Supp ose we want to check the prim ality

of
N = 230402457 | 4

How fast can we do thi s comput ati on?
How fast can we expect to do it?
What is the lengt h of the input ?
The number N contains 30402457 bits.

Determining if N is prim e in 304024572
steps would be good.

a[ntroducti on

Supp ose we want to check the prim ality

of
N = 230402457 | 4

How fast can we do thi s comput ati on?
How fast can we expect to do it?
What is the lengt h of the input ?

To clarif y, typing

2/°30402457-1

takes 12 keystrok es.

But thisis atalk about polynomials
f(x)! Z[x].

Supposef has degreen, height" H and
" r TIoB-2er0 terms.

maxim um coe! cient
in absolute value

all terms are
non-zero

But thisis atalk about polynomials
f(x)! Z[x].

Supposef has degreen, height" H and
" r non-zero terms.

Tradit ionally, f (x) has n + 1 coe! cients
and each coe! cient can have OlengthO
on the order of logH so that the total
length of the input is of order nlogH .

Act ually, | should say n" logH + logn .

But thisis atalk about polynomials
f(x)! Z[x].

Supposef has degreen, height" H and
" r non-zero terms.

Lenstra, Lenstra and
Lovasz showed that
one can factor f in
time that is polyno-
mial in n and logH .

But thisis atalk about polynomials
f(x)! Z[x].

Supposef has degreen, height" H and
" r non-zero terms.

We might expect an algorit hm exists that
runs in time that is polynomial in logn,
r and logH except that the factors might
well take time that is polynomial in n
and logH to output .

Exampl e: Factor

X101+ x 71 76! 13 12! 1.

X X+ X

The answer is
(x ! l)'xlooJr %99 4 4984 97
+ x% 4 x95 4 494, 93, (92
91 90 89 88 87

X86+ X85+ )(84+ X83+ X82

w8l 4 yB80 4 479, 78, 77
72

X5+ X7+ XU+ XU+ X

2X76+ X75+ X74+ X73+ X

w714 ¢ 704 469, 68, 67

+ o+ o+ o+ o+

+ 66 4 465 464, 63, 62
+ xBL 4 x60 4 %594 y58 4 57
+ 56 4 55 4 544 453, 452
+ x5Lg x50 4 449 | 448 | 47
+ 46 445 444, 43 42
+ x4y 440, 439, .38 .37
+ 364 435, 434, .33, .32
b 3Ly y30, 429, 428 27
b x264 w25, 424, 423, 22
+ x4 x20 4 x 194 y 184 417

16, (15, 14, 13, 11

04 %9+ x84+ x7+ x84+ x5
4

S+ x%+ x+ 1

+ X
+ X

+ X7+ XU+ X

We might expect an algorit hm exists that
runs in time that is polynomial in logn,
r and logH except that the factors might
well take time that is polynomial in n
and logH to output .

But this is a talk about ir reducibil ity
testing of polynomials

f(x)! Z[x].
Here, it is more reasonable to expect an
algorithm to run in time that is polyno -

mial in logn, r and logH .

But we won@ do that.

Thereom (A . Schinzel and M.F. ): Ther e
exist
c1=cqy(H,r) and co = co(H,r)
and an algorithm that decides if a given
nonr ecipr ocal f (x) ! Z[x] of degree n,
which has height * H and " r non-
zero terms, is irr educibl e and that runs
in time
O(c1(logn)©2).

f (x) is reciprocal means that
if f(!)=0,then! £ O0and f(1/!)=0

Thereom (A . Schinzel and M.F. ): Ther e
exist
c1 = cqy(H,r) and co = co(H,r)
and an algorithm that decides if a given
nonr ecipr ocal f (x) ! Z[x] of degree n,
which has height * H and " r non-
zero terms, is irr educibl e and that runs
in time
O(c1(logn)©2).

f (x) is reciprocal means that
f(x) = + x9eaff (1/x )

Thereom (A . Schinzel and M.F. ): There
exi st

c1= c1(H,r) and co = co(H,r)

and an algorithm that decides if a given
nonr ecipr ocal f (x) ! Z[x] of degree n,

whi height " H and " r non-
zero is irr educibl e and that runs
in ti

O(c1(logn)©2).

f(x)E + x99Ff (1/x)

Thereom (A . Schinzel and M.F. ): There
exist

c1= c1(H,r) and co2 = co(H,r)

and an algorithm that decides if a given
nonr ecipr ocal f (x) ! Z[x] of degree n,
which has height * H and " r non-
zero terms, is irr educibl e and that runs
in time

O(c1(logn)©2).
Remark: If the polynomial is reducibl e,

then it is possible to deter mine a non-
tri vial factor in the same time but ...




¥If f has a cyclotomic factor, then the
algorithm will detect thi s and output
anm ! zZ* with | (x) afactor.

¥If f has no cyclotomic factor but has
a recipro cal factor, then the algorithm
will give an explicit reciprocal factor.

¥ Ot herwi se, the algorithm output s the
compl ete factorization of f(x) into
irreduci ble polynom ials over Q.

Comment: It is not even obvious that
such output can be given in time that is
less than polynomial in degf .

¥If f has a cyclotomic factor, then the
algorithm will detect this and output
anm ! zZ* with | (x) afactor.

¥If f has no cyclotomic factor but has
a recipro cal factor, then the algorithm
will give an explicit reciprocal factor.

¥ Ot herwi se, the algorithm output s the

compl ete factorization of f(x) into
irreduci ble polynom ials over Q.

The algorithm does these in the order
listed.

Corollary: If f(x)! Z[x] is nonr ecipro-
cal and reducible, then f (x) has a non-
tri vial factor in Z[x] which contai ns "
c(r,H) terms.

Exampl e: For almost any a; ! Z with

laj| " 1000 and any positive integers
e1,...,e100, if the polyno mial
ap+ aix® + agx®2+ ...+ ajgox 100

is reducibl e over Q, then it has a non-
tri vial factor with " c terms.

¥If f has a cyclotomic factor, then the
algorithm will detect this and output
anm ! Z* with | (x) afactor.

Theorem (A. Schinzel and M.F., 2004):
Ther e is an algori thm which determines
if a given f(x) ! Z[x] of degree n> 1,
which has height H and r > 1 non- zero
terms, has a cyclotomic factor and that
runs in time big-oh of

ca(H, r)(logn)c2r)

as r tends to inPnity .

¥If f has a cyclotomic factor, then the
algorithm will detect this and output
anm ! zZ* with | n(x) afactor.

Lemma: Let f(x) ! Z[x] have r non-
zero terms. If f(x) is divisible by a
cyclotomic polynomial, then there is a
positi ve inte ger m such that ! m (x)|f (x)
and every pri me factor of m is " r.

¥If f has a cyclotomic factor, then the
algorithm will detect this and output
anm ! Z* with | n(x) afactor.

The division algorithm for polynomials
takes time that is polynomial in the de-
grees of the input polynomials.
x1001 x84 1= (x3+ x + 1)q(x) + r(x)
q(x) has 96 terms
r(x) = 101010478x?1 19122919x! 60075671

¥If f has a cyclotomic factor, then the
algorithm will detect this and output
anm ! Z* with | (x) afactor.

The division algorithm for polynomials
takes time that is polynomial in the de-
grees of the input polynomials.

So how does one check if ! m(x)|f (x)?

If m is small, this is easy (reduce the
exponents of f(x) mod m and do the
division).

¥If f has a cyclotomic factor, then the
algorithm will detect this and output
anm ! Z* with | (x) afactor.

x1001 %884 1 = (x84 x3+ 1)q(x) + r(x)

x1001 x84+ 1= (x91 1)ga(x) + ra(x)
r(x)" ra(x) (mod x8+ x3+ 1)
ro(x) " x100; x88, 1 (mod x91 1)

x 100 (mod x91 1)

¥If f has a cyclotomic factor, then the
algorithm will detect this and output
anm ! zZ* with | (x) afactor.

x1001 %884 1 = (x84 x3+ 1)q(x) + r(x)

x1001 x84+ 1= (x91 1)ga(x) + ra(x)

¥If f has a cyclotomic factor, then the
algorithm will detect this and output
anm ! Z* with | n(x) afactor.

x1001 %884 1 = (x84 x3+ 1)q(x) + r(x)

x1001 x84+ 1= (x91 1)ga(x) + ra(x)

¥If f has a cyclotomic factor, then the
algorithm will detect this and output
anm ! Z* with | (x) afactor.

To check whether a bxed ! y(x) divi des
f (x), check instead wh'ether

¥If f has no cyclotomic factor but has
a recipro cal factor, then the algorithm
will give an explicit reciprocal factor.

Wedl come back to this.

r(x)" ro(x) (mod x8+ x3+ 1) r(x)" ro(x) (mod x8+ x3+ 1) My fxya (x9r 1),
dlm
rao(x) " x1001 x88 4 3 (mod x21 1) r(x)! "xTE x4 1 (mod x84+ x3+ 1) d=m
ro(x) ! " x7+x+1 (mod x®+ x3+ 1) r(x)! x*+ 2x+ 1 (mod x8+ x3+ 1)
¥ Ot herwi se, the algorithm output s the ¥ Ot herwi se, the algorithm output s the - #, - v
compl ete factorization of f(x) into compl ete factorization of f(x) into f(x) = ajx%, F(Xg..., Xr) = ap+ ajx; ’ f(x) = ax%,  F(xg,..., Xr) = ap+ ajx;
irreduci ble polynom ials over Q. irreduci ble polynom ials over Q. j=0 j=1 j=0 j=1
...................................................................................................................................... " " 1) di = miqvq+ &Fmygve, 1" 0" or
" " . ) d-1$ % & v.l$ (1) i j1vVit et mig Vi,
f(x) = aJXd‘ f(x)= ajxdi 1) d’ = My oy v
r t
j=0 j=0 (mj ) will come from a Pnite set
_ F = F(X1,X2,. ., Xr) di = migve+ & myve, 100" T depending only on F
f has no reciprocal factors

(other than constants)

arXr + aad+ aix1 + ag,

f(x)= F:xdl,de,...,xdr

vj ! Z show exist for some (mj; )




(1) di = mi1v1+ééé+mitvt, 1" i

( m“aeayt : ,yT'laeay{“”)
yj = X Vipo1ljt
F!xdl,de,...,xdf = f(x)

Thoug ht: A factorizat ion in Z[y1, ..., Vyt]
impl ies a factorization of f (x) in Z[x].

(1) di = mjqvp+ & mive, 1" 0" r
F(yl “aeayt : ,yT'laaaytm“)
yj = X Vipoar gt
F!xdl,de,...,xdf = f(x)

Counter-Thoug ht: We want mj and v;
in Z, but not necessarily positive.

mr1

o Fyf ey, .. y]
\1
yy ey R (v eyt

aeaytm“)

RVAALEY: :- VL)

Recall : Factor and substitute yj = xVi

2 yitéyF (v gy Ny T Ey )
= Fa(ya, ..., yt) &aFs(y1, ..., yt)
Is
3) f(x) = xWiF; (xVe, ..., x"Y)
i=1

Recall : Factor and substitute yj = xVi

(1) dj= mjvi+ &t mjve, 1"

(2) yl aﬂyu‘F(ym“aaayP“ llll ylmrlmylmn)
= Fa(ya, ..., yt) @aFs(y1, ..., yt)
s
3) f(x) = xWiF;(xVe, ..., x"Y)
i=1

Conclusion: (1) and (2) imply (3)

The orem (A. Schinzel, 1969): Fix
F = arxr + adaa+ aix1 + ag,

with aj nonzer o inte gers. Ther e exists
a bnite computable set of matric es S
with integer entri es, depending only on
F, with the fol lowi ng property:

Suppose the vector

d = #dy,dp, ..., dr$%Z",
with dy > aaa> dq > 0, is such that
f(x) = F(x9,x9%, ..  xd

has no non- constant recipr ocal factor.

Then ! r" t matrix M = (mj)# S of
rank t $ r and a vector

% = 'v,Vo, ..., Vi( # zt
such that | # | #
di Vi
i =Mm" 8
dr Vi

holds and the factori zation given by

Mmr1

y1 ey F (v ey Ly ey M
= Fa(y1, ..., yt) &@aFs(yg, ..., Yt)

in Z[y1,...,yt] into irreducibles implies

M1 4

fx)=  xWiF(x¥1, ..., x")
i=1
as a product of polynomials in Z[x] each
of which is either irr educible over Q or
a constant.

This all works for OsaneO (mj;) ! S.

(1) dj= mjvi+ @& mjve, 1°

(2 VLR OTRE Sy
= Fi(ys, ..., yt) adaFs(y1, ..., yt)
yj = xVi, 11t
[S
(3) f(x) = xWiF;(xVe, ..., xVY
i=1

This Part of Al gorithm :
¥ Compute set of matrices S.

The set of matrices depends on
F = arx, + &4+ aix1 + ag,
not on dq,dp,...,dy.

This Part of Al gorithm :
¥ Compute set of matrices S.
¥ Determine all solutions to (1).

(1) dj= mjvi+t &+tmijve, 1" 0" r

Easy Lemma: Ther eDsan algori thm that
determines for a given inte gral matrix
(mj ) ! S whether (1) holds for some
Vj I Z. If it does, the solution is unique
and the algori thm outputs the soluti on.
The algori thm runs in time O, y (logn).

This Part of Al gorithm :

¥ Compute set of matrices S.

¥ Determine all solutions to (1).

¥ For each soluti on, compl etely fact or
M1 4 m it

F(yy ey ,--,y'l“’léééw{“”)-

yitaayF (v ey MLy ey

(2)
= Fa(y1, ..., yt) &aFs(y1, ..., Y1)

This Part of Al gorithm :
¥ Compute set of matrices S.
¥ Determine all solutions to (1).
¥ For each soluti on, compl etely fact or

(yg_nllaﬂytmlt N y;-“rléa'iytmrl)_
¥ Substitute y; = x"i to obtai n (3)&.
!S
(3) f(x) = xWiF(xVL, .., x V)
i=1

Each xWiF;(xV1,...,x"t) isaconstant or
irre ducible for some solut ion to (1).

This Part of Al gorithm :
¥ Compute set of matrices S.
¥ Determine all solutions to (1).
¥ For each soluti on, compl etely fact or
Fyp tay "ty ey ).
¥ Substitute y; = x"i to obtai n (3)&.

¥ Choose (3) with the largest number

of non-constant xWiF;(xV1,...,xVt).
1S

3) f(x) = xWiF;(xVe, ..., xVY
i=1

¥If f has no cyclotomic factor but has
a recipro cal factor, then the algorithm
will give an explicit reciprocal factor.

We@e checked:
f does not have a cyclotomic factor.

We want to know:
Doesf have a recipro cal factor?

¥If f has no cyclotomic factor but has
a recipro cal factor, then the algorithm
will give an explicit reciprocal factor.

Doesf have a recipro cal factor?
Supp ose w(x) is a recipro cal factor.
w(l)=0=! 1 =20 and w(1/!')=10

=l f()=0and g(!)=0,
where g(x) = x989ff (1/x ) = f (x)

We want to comput e ged(f, g).




¥If f has no cyclotomic factor but has
a recipro cal factor, then the algorithm
will give an explicit reciprocal factor.

In general, if f and g are sparse polyno -
mials around degree n in Z[x], how does
one comput e ged(f,g)?

¥If f has no cyclotomic factor but has
a recipro cal factor, then the algorithm
will give an explicit reciprocal factor.

I Plaisted (1977) has shown that this
probl em is at least as hard as any prob-
lem in NP.

Theorem (A . Schinzel and M.F. ): There
is an algorithm which takes as input
two polynomials f (x) and g(x) in Z[x],
each of degree ! n and height ! H
and having ! r+ 1 nonzer o terms, with

Corol lary: If f(x),g(x) ! Z[x] with
f (x) or g(x) not divisible by a cyclo-
tom ic polynomial , then gcdz(f (x), g(x))
has Oy 4 (1) terms.

Exampl e: For almost any aj, b; ! Z with
[aj| " 1000 and [bj| " 1000 and positive

: o L o at least one of f(x) and g(x) free of integers ey, ...,ejpoand f1,...,f 100, the
Some items to keep in mind: P|Na|stedQ; takesf e_md g to be divisors of any cyclotom ic facto rs, and outpu ts the greatest common divi sor of
| The Euclidean algorithm will run in X" ! 1 where N is a product of small \{alue of gedz(f x),g(x)) and runs in 100 100 .
timethat ispolynomial in n, not logn. prim €s. time Oy logn . f(x) = ajx% and g(x) = by x ")
We are interested in the case that both j=0 j=0
f and g do not have a cyclotomic factor. has " ¢ terms.
i . 1k 1k
Corol lary: If f(x),g(x) ! Z[x] with Theorem (A . Schinzel and M.F. ): Ther e o . _ d _
f(x) or g(x) not divisible by a cyclo- is an algorithm which takes as input Lemm a (B ombieri and Zannier ): Let F0) . ax b Fix) - ajX]

tomic polynomial , then gedz(f (x), g(x))
has Oy y (1) terms.

Note that if a and b are relatively prime
positive ilnteg ers, then

ged x3 1 1, (x@1 1)(xP! 1)"
_ (x®! 1(xP1 1)

two polynomials f (x) and g(x) in Z[x],
each of degree ! n and height ! H
and having ! r+ 1 nonzer o terms, with
at least one of f(x) and g(x) free of
any cyclotom ic facto rs, and outpu ts the
value of gcdz(f {x),g(x)) and runs in
time O,y logn .

Fl, F2! Q[Xl,...,Xk]
be copri me polynomials.  There exists
a number cy1(F1, F2) with the fol lowing
property. If T = $uq, ..., uR%! ZK,
! & 0 is algebraic and
Fo(tUs, ... 19 = Fp(tUs, .. 1% = 0,
then either ! is a root of unity or there

Lemm a (B ombieri and Zannier): Let

F1.F2 ! QX1 ..., Xkl
be copri me polynomials.  There exists
a number ci(F1, F2) with the fol lowing
property. Iff(!)= g(!') = 0O, then there
exists a non- zero vector 1 ozk having

1k 1k - Lok . length at most c1 and orthogonal to U .
1 1 ' F)= axd | OF0)=  ax exists a non- zero vector 'V | ZX having
: . ’ - ] ’ = 17 length at most c; and orthogonal to o=
whi ch can have arbitrar ily many terms. i=1 j=1 u = #dg, ..., di
Idea: The lattice of vectors orthogonal 1 @) ko kel 1 m; Issues to Deal Wi th:
to 'v is(k! 1)-di mensional sothat there di = mij & Fioya ooy ) = &y, o o _
exists a vector #y,..., ey 1$and a ma- j=1 i=1  j=1 ¥ Bombieri & Zannier @ work requires
trix M in zX! 1 satisfvin 1k 1k ol 1 K ol 1 relati vely prime multivariat e poly-
.P $ fy' 9 $ f(x) = axdi = a #Xej$mlj (2) ! mij nomials.
dl? e1 y i i FoVi oYk ) = by
i d ,:: e i=1 i=1 i=1 i1 j=1
b oPp=M oay 2 é ko ki1 Divi de by ged(F1” F5%).
= o = a X Issues to Deal Wi th: ~
d Gkt 1 1 0 Yk 1) o Vi N Keep track of the gcd®. They are
So W1 == ¥ Bombieri & Zannier @ work requires part of ged(f (x),g(x)).
di= mie F(Z)(Xel LxBKD) = f (%) relati vely prime mult ivariat e poly-
: j=1 e " ! Y nomi als.

with the mj " Z bounded.

Fz(z)(xel, L x&E1) = g(x)

Issues to Deal Wi th:

¥ Bombieri & Zannier @ work requires
relati vely prime multivariat e poly-
nomials.

¥ Bombieri & Zannier @ work requires
polyno mials.

@) !k k! 1 e

Fi7/ (Y1 Yk 1) = a; Yj !
=1 j=1

@ 1k k! 1 .

Fo (Y1, s v )= by’
=1 j=1

Issues to Deal Wi th:

¥ Bombieri & Zannier @ work requires
relati vely prime multivariat e poly-
nomials.

¥ Bombieri & Zannier & work requires
polyno mi als.

use J F{? and 3 F?).

Issues to Deal Wi th:

¥ Bombieri & Zannier @ work requires
relati vely prime multivariat e poly-
nomials.

¥ Bombieri & Zannier @ work requires
polyno mials.

¥ Some variables may be missing.

o T
Fr(ys .. YD) = Ay

Issues to Deal Wi th:

¥ Bombieri & Zannier @ work requires
relati vely prime multivariat e poly-
nomi als.

¥ Bombieri & Zannier @ work requires
polyno mi als.

¥ Some variables may be missing.

¥ The induct ion step may end before
it ends.

So what ?




