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¤ In t roducti on

Supp ose we want to check t he prim ali t y
of

N = 230402457 ! 1.

How fast can we do thi s comput ati on?

How fast can we exp ect t o do it ?

What is t he lengt h of t he input ?

To clarif y, t ypi ng

ta kes 12 keystrok es.
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The num ber N contai ns 30402457 bi ts.

If the num ber of binary operat ions for a
computa ti on is bounded by a polynom ial
in t he lengt h of t he input, then we say
it can be done in polyno mi al t im e.

A comput ati on can be done in polyno -
mi al t im e if the num ber of bi nar y op-
erat ions needed for t he comput ati on is
bounded by a poly nom ial in t he lengt h
of the input .
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Det ermini ng if N is prim e in 304024572

steps would be good.
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But thi s is a tal k about polyno mi als

f (x ) ! Z[x ].

Supp ose f has " r non-zero t erms , height
" H and degree n .

Lenst ra, Lenstra and Lovasz
showed t hat one can fact or f
in ti me t hat is polynom ial in
n and log H .

But we might expect t hat an algor ithm
exists that runs in t im e t hat is polyno -
mi al in log n , r and log H except t hat
t he fact ors mi ght well tak e t im e t hat is
polynom ial in n and log H to out put.
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"
.
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Exampl e: Facto r

x 101 + x 77 ! x 76 ! x 13 + x 12 ! 1.

The answer is

(x ! 1)
!
x 100 + x 99 + x 98 + x 97

+ x 96 + x 95 + x 94 + x 93 + x 92

+ x 91 + x 90 + x 89 + x 88 + x 87

+ x 86 + x 85 + x 84 + x 83 + x 82

+ x 81 + x 80 + x 79 + x 78 + x 77

+ 2x 76 + x 75 + x 74 + x 73 + x 72

+ x 71 + x 70 + x 69 + x 68 + x 67

+ x 66 + x 65 + x 64 + x 63 + x 62

+ x 61 + x 60 + x 59 + x 58 + x 57

+ x 56 + x 55 + x 54 + x 53 + x 52
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+ x 51 + x 50 + x 49 + x 48 + x 47

+ x 46 + x 45 + x 44 + x 43 + x 42

+ x 41 + x 40 + x 39 + x 38 + x 37

+ x 36 + x 35 + x 34 + x 33 + x 32

+ x 31 + x 30 + x 29 + x 28 + x 27

+ x 26 + x 25 + x 24 + x 23 + x 22

+ x 21 + x 20 + x 19 + x 18 + x 17
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(x ! 1)
!
x 100 + x 99 + x 98 + x 97

+ x 16 + x 15 + x 14 + x 13 + x 11

+ x 10 + x 9 + x 8 + x 7 + x 6 + x 5

+ x 4 + x 3 + x 2 + x + 1
"
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The reom (A . Schi nzel and M.F. ): Ther e
exi st

c1 = c1(H , r ) and c2 = c2(H , r )

and an algorithm that decides if a given
nonr ecipr ocal f (x ) ! Z[x ] of degree n ,
whi ch has height " H and " r non-
zero terms, is i rr educibl e and that ru ns
in time

O(c1( log n )c2) .f (x ) != ± x deg f f (1 /x )

f (x ) is recipr ocal means that
if f ( ! ) = 0, then ! != 0 and f (1/ ! ) = 0
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algor ithm wi ll det ect thi s and output
an m ! Z+ wi th ! m (x ) a facto r .

¥ If f has no cyclo to mi c fact or but has
a recipro cal facto r , t hen t he algor ithm
wil l giv e an expl ici t recipr ocal facto r .

¥ Ot herwi se, if f is a reducibl e, t hen
t he algor ithm out puts a g such that
gcd( f , g) is a non-triv ial fact or of f .
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Comm ent: It is not even obvi ous that
such output can be given in t im e t hat is
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¥ Ot herwi se, t he algor i thm output s the
compl et e fact oriza ti on of f (x ) into
ir reduci ble polynom ials over Q.
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The algor ithm does these in the orde r
li sted.

Corol lary: If f (x ) ! Z[x ] is nonr ecipr o-
cal and reducible, then f (x ) has a non-
tri vial fac tor i n Z[x ] whi ch contai ns "
c(r , H ) terms.

Exampl e: For alm ost any aj ! Z wi th
|aj | " 1000 and any posit iv e int egers
e1, . . . , e100, if t he polyno mi al

a0 + a1x e1 + a2x e2 + · · · + a100x e100

is reducibl e over Q, t hen it has a non-
tri vial fact or wi th " c terms.

The orem (A. Schi nzel and M.F., 2004):
Ther e is an algori th m whi ch determines
if a gi ven f (x ) ! Z[x ] of degree n > 1,
whi ch has height H and r > 1 non- zero
terms, has a cyclotom ic factor and that
ru ns in ti me big- oh of

exp
!

(2 + o(1))
"

log r

"
log(H +1)

as r tends to inÞnity .
log r

!
log(H +1)

as r tends to inÞnity .
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exp
!

(2+ o(1))
!

N ( log N + log log n )
! log N

"
log(H + 1)

c1(H , r )( log n )c2(r )

Lemm a: Let f (x ) ! Z[x ] have r non-
zero terms. If f (x ) is di visibl e by a
cyclotomic polynomial, then there i s a
positi ve inte ger m such that ! m (x ) |f (x )
and every pri me fa ctor of m is " r .

Remark: If t he poly nom ial is reducibl e,
then it is possible to deter mine a non-
tri vial fact or in t he same ti me but ...

¥ If f has a cycl ot omic fact or, t hen t he
algor ithm wi ll det ect thi s and output
an m ! Z+ wi th ! m (x ) a facto r .

¥ If f has no cyclo to mi c fact or but has
a recipro cal facto r , t hen t he algor ithm
wil l giv e an expl ici t recipr ocal facto r .

¥ Ot herwi se, if f is a reducibl e, t hen
t he algor ithm out puts a g such that
gcd( f , g) is a non-triv ial fact or of f .

Remark: If t he poly nom ial is reducibl e,
then it is possible to deter mine a non-
tri vial fact or in t he same ti me but ...

¥ If f has a cycl ot omic fact or, t hen t he
algor ithm wi ll det ect thi s and output
an m ! Z+ wi th ! m (x ) a facto r .

¥ If f has no cyclo to mi c fact or but has
a recipro cal facto r , t hen t he algor ithm
wil l giv e an expl ici t recipr ocal facto r .

¥ Ot herwi se, if f is a reducibl e, t hen
t he algor ithm out puts a g such that
gcd( f , g) is a non-triv ial fact or of f .

The di vi sion algor i thm for poly nom ial s
ta kes ti me that is polyno mi al in t he de-
grees of t he input poly nom ial s.

x 100 ! x 18 + 1 = (x 3 + x + 1)q(x ) + r (x )

q(x ) has 96 terms

r (x ) = 101010478x 2! 19122919x ! 60075671

So how does one check if ! m (x ) |f (x ) ?

If m is smal l, t his is easy (reduce t he
exp onent s of f (x ) mod m and do the
div ision) .
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r (x ) = 101010478x 2! 19122919x ! 60075671

So how does one check if ! m (x ) |f (x ) ?

If m is smal l, t his is easy (reduce t he
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grees of t he input poly nom ial s.
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So how does one check if ! m (x ) |f (x ) ?

If m is smal l, t his is easy (reduce t he
exp onent s of f (x ) mod m and do the
div ision) .

Remark: If t he poly nom ial is reducibl e,
then it is possible to deter mine a non-
tri vial fact or in t he same ti me but ...

¥ If f has a cycl ot omic fact or, t hen t he
algor ithm wi ll det ect thi s and output
an m ! Z+ wi th ! m (x ) a facto r .

¥ If f has no cyclo to mi c fact or but has
a recipro cal facto r , t hen t he algor ithm
wil l giv e an expl ici t recipr ocal facto r .

¥ Ot herwi se, if f is a reducibl e, t hen
t he algor ithm out puts a g such that
gcd( f , g) is a non-triv ial fact or of f .

The di vi sion algor i thm for poly nom ial s
ta kes ti me that is polyno mi al in t he de-
grees of t he input poly nom ial s.
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q(x ) has 96 terms

r (x ) = 101010478x 2! 19122919x ! 60075671

So how does one check if ! m (x ) |f (x ) ?

If m is smal l, t his is easy (reduce t he
exp onent s of f (x ) mod m and do the
div ision) .
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ta kes ti me that is polyno mi al in t he de-
grees of t he input poly nom ial s.

x 100 ! x 18 + 1 = (x 3 + x + 1)q(x ) + r (x )

q(x ) has 96 terms

r (x ) = 101010478x 2! 19122919x ! 60075671

So how does one check if ! m (x ) |f (x ) ?

If m is smal l, t his is easy (reduce t he
exp onent s of f (x ) mod m and do the
div ision) .
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ta kes ti me that is polyno mi al in t he de-
grees of t he input poly nom ial s.

x 100 ! x 18 + 1 = (x 3 + x + 1)q(x ) + r (x )

q(x ) has 96 terms

r (x ) = 101010478x 2! 19122919x ! 60075671

So how does one check if ! m (x ) |f (x ) ?

If m is smal l, t his is easy (reduce t he
exp onent s of f (x ) mod m and do the
div ision) .

Remark: If t he poly nom ial is reducibl e,
then it is possible to deter mine a non-
tri vial fact or in t he same ti me but ...

¥ If f has a cycl ot omic fact or, t hen t he
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an m ! Z+ wi th ! m (x ) a facto r .
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gcd( f , g) is a non-triv ial fact or of f .

x 100 ! x 88 + 1 = (x 6 + x 3 + 1)q(x ) + r (x )

! 9(x )

x 100 ! x 88 + 1 = (x 9 ! 1)q2(x ) + r 2(x )

r (x ) " r 2(x ) (mod x 6 + x 3 + 1)

r 2(x ) " x 100 ! x 88 + 1 (mod x 9 ! 1)

x 100 ! x 88 + 1 = (x 6 + x 3 + 1)q(x ) + r (x )

! 9(x )

x 100 ! x 88 + 1 = (x 9 ! 1)q2(x ) + r 2(x )

r (x ) " r 2(x ) (mod x 6 + x 3 + 1)

r 2(x ) " x 100 ! x 88 + 1 (mod x 9 ! 1)

x 100 ! x 88 + 1 = (x 6 + x 3 + 1)q(x ) + r (x )

! 9(x )

x 100 ! x 88 + 1 = (x 9 ! 1)q2(x ) + r 2(x )

r (x ) " r 2(x ) (mod x 6 + x 3 + 1)

r 2(x ) " x 100 ! x 88 + 1 (mod x 9 ! 1)

x 100 ! x 88 + 1 = (x 6 + x 3 + 1)q(x ) + r (x )

! 9(x )

x 100 ! x 88 + 1 = (x 9 ! 1)q2(x ) + r 2(x )

r (x ) " r 2(x ) (mod x 6 + x 3 + 1)

r 2(x ) " x 100 ! x 88 + 1 (mod x 9 ! 1)

r 2(x ) ! " x 7 + x + 1 (mod x 6 + x 3 + 1)

Remark: If t he poly nom ial is reducibl e,
then it is possible to deter mine a non-
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¥ Ot herwi se, if f is a reducibl e, t hen
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gcd( f , g) is a non-triv ial fact or of f .
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¥ Ot herwi se, if f is a reducibl e, t hen
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WeÕll come back t o t his.
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f is reduci ble if and onl y if t he non-
recipr ocal part of f is reducibl e

¥ Ot herwi se, t he algor i thm output s the
compl et e fact oriza ti on of f (x ) into
ir reduci ble polynom ials over Q.

f has no recipr ocal fact or

(other than const ants)
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f has no recipr ocal fact or

f (x ) =
r!

j =0

aj x dj

f is reduci ble if and onl y if t he non-
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Thoug ht: A fact orizat ion in Z[y1, . . . , yt ]
impl ies a fact oriza ti on of f (x ) in Z[x ].
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Count er-Thoug ht: We want m ij and vj
in Z, but not necessaril y positi ve.
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Do what you have to do t o make
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Recall : Facto r and subst it ute yj = x vj .
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thi s in Z[y1, y2, . . . , yt ].

Recall : Facto r and subst it ute yj = x vj .

(2)

(3) f (x ) =
s!

i =1

x wi Fi (x v1, . . . , x vt )(3) f (x ) =
s!

i =1

x wi Fi (x v1, . . . , x vt )

Conclus ion: (1) and (2) impl y (3)
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The orem (A. Schi nzel, 1969) : Fix

F = ar x r + ááá+ a1x 1 + a0,

wi th aj nonzer o inte ger s. Ther e exi sts
a Þnite computable set of matric es S
wi th integer entri es, depending only on
F , wi th the fol lowi ng pr operty:

Suppose the vector
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d = #d1, d2, . . . , dr $ % Zr ,

wi th dr > ááá> d1 > 0, is such that

f (x ) = F (x d1, x d2, . . . , x dr )

has no non- constant recipr ocal factor.
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as a pr oduct of poly nom ials in Z[x ] each
of which is either i rr educible over Q or
a constant.

This all works for ÒsomeÓ (m ij ) ! S.
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Do what you have to do t o make

thi s in Z[y1, y2, . . . , yt ].
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Count er-Thoug ht: We want m ij and vj
in Z, but not necessaril y positi ve.

This all works for ÒsomeÓ (m ij ) ! S.

The set of mat r ices depends on

F = ar x r + ááá+ a1x 1 + a0,

not on d1, d2, . . . , dr .

This Part of Al gor i thm :

¥ Compute set of matrices S.

The set of mat r ices depend on
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not on d1, d2, . . . , dr .
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Remark: If t he poly nom ial is reducibl e,
then it is possible to deter mine a non-
tri vial fact or in t he same ti me but ...

¥ If f has a cycl ot omic fact or, t hen t he
algor ithm wi ll det ect thi s and output
an m ! Z+ wi th ! m (x ) a facto r .

¥ If f has no cyclo to mi c fact or but has
a recipro cal facto r , t hen t he algor ithm
wil l giv e an expl ici t recipr ocal facto r .

¥ Ot herwi se, if f is a reducibl e, t hen
t he algor ithm out puts a g such that
gcd( f , g) is a non-triv ial fact or of f .WeÕve checked:

f does not have a cycl ot omic fact or .

We want t o know:

Do es f have a recipro cal fact or?

In other words, we want to :

Comput e the gcd( f , ÷f ).
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We want t o comput e gcd( f , g).



In general, if f and g are sparse polyno -
mi als around degree n in Z[x ], how does
one comput e gcd( f , g) .

Some it ems t o keep in mind:

! The Eucl idean algor ithm wil l run in
t im e that is polyno mi al in n , not log n .

! Pl aisted (1977) has shown that t his
probl em is at least as har d as any prob-
lem in N P.
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mi als around degree n in Z[x ], how does
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The n one needs to deal wi th comput ing
gcd( f , g) , which we addr ess lat er.

Next , we il lust rate how t o obtai n g.
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The set of mat r ices depends on

F = ar x r + ááá+ a1x 1 + a0,
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We are int erested in t he case t hat bot h
f and g do not have a cycl ot omic facto r .

Remark: If t he poly nom ial is reducibl e,
then it is possible to deter mine a non-
tri vial fact or in t he same ti me but ...

¥ If f has a cycl ot omic fact or, t hen t he
algor ithm wi ll det ect thi s and output
an m ! Z+ wi th ! m (x ) a facto r .

¥ If f has no cyclo to mi c fact or but has
a recipro cal facto r , t hen t he algor ithm
wil l giv e an expl ici t recipr ocal facto r .
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In general, if f and g are sparse polyno -
mi als around degree n in Z[x ], how does
one comput e gcd( f , g) .

Some it ems t o keep in mind:

! The Eucl idean algor ithm wil l run in
t im e that is polyno mi al in n , not log n .

! Pl aisted (1977) has shown that t his
probl em is at least as har d as any prob-
lem in N P.

Pl aistedÕs tak es f and g to be di vi sors of
x N ! 1 wher e N is a pro duct of smal l
prim es.

We are int erested in t he case t hat f and
g = ÷f do not have cycl ot omic facto rs.

So at least all is not hopeless.

The orem (A . Schi nzel and M.F. ): Ther e
is an algor ithm whi ch tak es as input
two polynomials f (x ) and g(x ) in Z[x ],
each of degree ! n and height ! H
and having ! r + 1 nonzer o terms, with
at least one of f (x ) and g(x ) fr ee of
any cyclotom ic facto r s, and outpu ts the
value of gcdZ(f (x ) , g(x )) and r uns in
time Or ,H

!
log n

"
.

Corol lary: If f (x ) , g(x ) ! Z[x ] wi th
f (x ) or g(x ) not divi sible by a cyclo-
tom ic polynomial , then gcdZ(f (x ) , g(x ))
has Or ,H (1) terms.

Exampl e: For almost any aj , bj ! Z wi th
|aj | " 1000 and |bj | " 1000 and posit iv e
in tegers e1, . . . , e100 and f 1, . . . , f 100, t he
greatest common divi sor of

f (x ) =
100!

j =0

aj x ej and g(x ) =
100!

j =0

bj x f j

has " c t erms.

No te tha t if a and b are relat iv ely pr ime
positi ve integers, then

gcd
!
x ab ! 1, (x a ! 1)( x b ! 1)

"

=
(x a ! 1) (x b ! 1)

x ! 1
,

whi ch can have arbi trar i ly many terms.
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f (x ) =
k!

j =1

aj x dj ! F1(x ) =
k!

j =1

aj x j

g(x ) =
k!

j =1

bj x dj ! F2(x ) =
k!

j =1

bj x j

f (x ) =
k!

j =1

aj x dj ! F1(x ) =
k!

j =1

aj x j

Lemm a (B ombieri and Zannier ) : Let

F1, F2 ! Q[x 1, . . . , x k ]

be copri me polynomials. Th ere exi sts
a numb er c1(F1, F2) wi th the fol lowing
pr operty. If "#u = $u1, . . . , uk% ! Zk ,
! &= 0 is algebr aic and

F1(! u1, . . . , ! uk ) = F2( ! u1, . . . , ! uk ) = 0,

then ei ther ! is a root of unity or there
exi sts a non- zero vecto r "#v ! Zk having
length at most c1 and or thogonal to "#u .
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bj x j

"!u = #d1, . . . , dk$

d1 dk
f ( ! ) = g(! ) = 0 c1( f , g)

Idea: T he lat ti ce of vecto rs or t hogonal
to !"v is (k ! 1)-di mensio nal so that t her e
exists a vector #e1, . . . , ek ! 1$ and a ma-
tri x M in Zk! 1 sat isfyi ng

!

"
"
#

d1
d2
...

dk

$

%
%
& = M á

!

"
"
#

e1
e2
...

ek ! 1

$

%
%
& .

So

di =
k! 1!

j =1

m ij ej ,

wi th t he m ij " Z bounded.

x dj =
k ! 1"

j =1

#
x ej

$m ij
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aj
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$m ij

F (2)
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ai
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F (k)
1 (x some exp onent ) = f (x )

F (k)
2 (x same exponent ) = g(x )

Induct ion
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¥ The induct ion step may end before
it ends.

So what ?


