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Notation: f(x) 2 Z[x] is irreducible
g = deg f

k 2 Z, k � 2
gcdm2Z(f(m)) is k-free

sn is the nth integer m > 0 for which f(m) is k-free

Theorem 2. Let k � (
p
2 � 1=2)g. Given any  > 0, there exists a Æ = Æ() > 0 such

that X
sn+1�X

sn+1�sn�X
Æ

(sn+1 � sn)
 � B(; f; k)X;

for some constant B(; f; k) depending only on , f(x), and k.

De�nition 1. Given f(x) 2 Z[x], let sn = sn(f) be the nth positive integer m such that
f(m) is k-free. Let

L(h) = L(h;X) = L(h;X; f) = j
�
n 2 Z+ : h < sn+1 � sn � 2h;X=2 < sn � X

	
j:

(2) L(2h)� X

h+"

Comment: (2) & Theorem 3 =) Theorems 1 & 2 (sort-of).

Notation: D = R(f; f 0), the resultant of f and f 0

z = 4g

A = fp : pjD or p � zg
Q =

Q
p2A p

k

H =
h logh

8gQ
�(q) = �(f; q) = jfa 2 Zq : f(a) � 0 (mod q)gj

Lemma 1. There exists an integer a such that if B = fy 2 (n; n+ h] : y � a (mod Q)g,
then X

p�H

X
m2B

pkjf(m)

1 �
X

z<p�H
p-D

�
h

Qpk
+ 1

�
�(pk):



Lemma 2. If p - D, then �(pk) � g for every positive integer k.

Lemma 3. Given the notation above,
P

z<p�H;p-D �(pk)=pk � 1=4:

Lemma 4. Let

F (n) = F (n; h; f) =
X

n<m�n+h

X
p>H

pkjf(m)

1:

If there are no integers m in (n; n+ h] such that f(m) is k-free, then

F (n) � h

4Q
:

Lemma 5. For r a positive integer, de�ne

Mr = Mr(h;X; f) =
X

X=2<n�X

F r(n):

Then

L(2h)�r
Mr

hr+1
+ 1:

De�nition 2. Let Sr(T ) be the number of 2r-tuples (p1; : : : ; pr;m1; : : : ;mr) with T <

p1 < p2 < � � � < pr � 2T such that, for each j 2 f1; 2; : : : ; rg,

jm1 �mj j < h;
X

2
< mj � X + h � 2X; and pkj jf(mj):

Notation: G(n; T ) = G(n; T; f) =
P

n<m�n+h

P
pkjf(m)
T<p�2T

1

Lemma 6. Let r be a positive integer. If r = 1, then

X
X=2<n�X

�
G(n; T )

r

�
� (2g)rhSr(T ):

If r > 1, then X
X=2<n�X
G(n;T )�2gr

�
G(n; T )

r

�
� (2g)rhSr(T ):


