Seminar Notes (09/16/05): The factorization of v + x revisited, Part I
(joint work with M. A. Bennett and O. Trifonov)

Notation: loe D
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Notation for Later: Q3 = Q3(s), Q4 = Qu(s), K1, k2

Theorem 1. Let p and q be distinct primes. Suppose that there exist positive integers a, b, ko, lyg and Dg
such that

ap*® — bg" = D,
and write

20 = Do/(ap"™), My = min{p"®,¢'°} and My = max{p", ¢'o}.

Assume further that there exists a rational number s satisfying 1 < s < 1/z09, Q3 > 1 and Q4 > 1. Set
A = log(Qy)/log(M5 Q). Let D be a positive integer, and fiz € > 0. Define xo as above. If x > xy is an
integer and

2% 4+ Dz = pqly

with k, 1, and y nonnegative integers, then y > z*~¢.

Corollary 1. Let p, ¢ and A = A(p, q) be as in the table below.

pla | Mp,a | p | qg|Apag)
23] 027 |[3[11| 0.32
2015 025 | 5|11] 0.19
3/5] 021 | 2[13| 005
21 7| 025 || 3]13] 0.22
3/ 7] 003 | 5]13| 0.16
5071] 022 || 7|13 0.09
2|11 005 | 11]13] 0.03

Let D be an integer satisfying 1 < D < 100. Then, if we write
2* + Dz = ptd'y,
for k.1 and y nonnegative integers, we have y > z*, unless x < 1000 or (p,q,z, D) is in the set

{(2,3,32768,37), (2, 3,65536, 74), (2, 3, 1458, 78), (2, 5, 3072, 53),
(2,7,1024,5), (2,7,2048, 10), (5,7, 2401, 99), (3, 11, 14580, 61),
(3,11,1771470,91), (3,11, 6561, 94), (5, 11,1250, 81), (3, 13, 2187, 10),
(3,13,4374,20), (3, 13,6561, 30)}.

Definition (or Lemma): For positive integers A, B and C, define

Pap o) = ZC: <A+B+C+ 1> <A +ZT>(_2)T’

r
r=0



Qap.o(z) = (-1)° EA: <A o T> <B . r> g
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Lemma 1. The polynomials above satisfy

PA,B,C(Z) -(1- Z)B+C+1QA,B,C(Z) = ZA+C+1EA,B,C(Z)'

Lemma 2. There is a non-zero integer D = D(A, B) for which

PaB,a(2)Qat1,8-1,4+1(2) — Qa,B,a(2)Pay1,5-1,441(2) = D2*T1.

Proof of Theorem 1 (Part I):
e Note it suffices to consider ged(y, pg) = 1.

e Define Dy = ged(z,z + D) = p®¢Pyo with ged(pg,y0) = 1. Observe that z/D; and (x + D)/D;
are relatively prime with product p*=2%¢!=2y /y2. If either x/D; or (z + D)/D; is coprime to pq, then
y/y2 > x/Dy so that y > x/D. In this case, A < 1 and 2 > DY(=Y imply y > 2*. Therefore, we can
suppose p divides (z + D)/D; and ¢ divides /Dy (or something like that).

e Set Dy = D/D;. Then Dy = p*~2%y; — ¢!=2Pyy, where y = y2y1y2. We will show y; or y is > 2.

e Write s = ¢/d with ged(c,d) = 1. Take mq, ma, 0 < a3 < koc and 0 < 31 < lgc integers satisfying

/

k—2a = koemi+ay and [ —28 = lpema+ 3. Set 3 = p*ty; and yh = g% yo. Then Dy = pkocmiyl — glocmayl,

e Take m = min{my, ma}. Then
D2 _ pkocmyll/ . qlgcmy/2/ (1)

where either vy =y} or y§ = 34 and y > min{p~ 1y}, ¢ P1y4}.

e Take n = dm — 0 where § € {0,1}. Let A=C =nand B=cm —n— 1. Let P,(2), Qn(2), and E,(z)
denote the polynomials in the definition above, and set G = G(c¢,d,n) to be the ged of the coefficients of
Qn(z). Lemma 1 implies then that P,(2)/G, @Q.(2)/G, and E,(z)/G have integer coefficients.

e Use z = zp in Lemma 1 to deduce
(apko)cmP — (quO)CmQ =F (2)
where P, Q and E are integers defined by

P = (ap™)" Py (20) /G, Q= (ap")"Qn (20) /G, and E = (ap™)™ " DF"*" E, (20) /G-

e Multiplying (1) by b*™Q and (2) by 4, we deduce that

PR QyY — a“™ Py | < b D|Q| + |Ely;.

e Lemma 2 implies that the expression b“"Qy) — a®"* Pyl is nonzero for at least one of n = dm and
n = dm — 1. Fix § accordingly. Then p*¢™ < b°*D|Q| + |E|yY. The idea is to show that |Q| and |E| are
not too large and deduce a lower bound on yJ.

o If y < 2%, then min{p~*1y}, ¢ 1y} < z* so that either

T = qulocmyé/ — qulgcmqﬁlq—ﬁlyg < Dqlocmqlocm)\ — qlocm > xl—k/(Dqloc)



kocm, 11

or, similarly from z + D = D1p y!, we have pFoem > xl_x/(Dpkoc). Therefore,

(1 —=X)logz —log (Dqlﬂc) (1 —=X)logz —log (Dp’“’c) }

e { log (g'o¢) ’ log (p*oc)

The condition z > zo implies
(1—X)logz > (M + 1)log (DM$) > M log (DM$) + max { log (Dpkoc),log (Dqlf’c) }.

Hence, m > M log (DMS$)/ max { log(¢'¢),log(p"¢)} = M log (DMS$)/log(M3) = MD. It follows that

log (k1) log (M$§r3") Mog(kaD)
dm >max{ log (s’ ¢t log (M5 )’ € (1— 1) log (M5 2g)" ™0 ( -




