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Theorem 1: Let f denote one of the arithmetic functionsφ, σ andτ , and letk be a fixed positive integer. Then there
are finitely many positive integersa, b, n, andm such that

b · f(n!) = a · m!, gcd(a, b) = 1 and ω(ab) ≤ k. (1)

Corollary 1: Letn be a positive integer, and letq be a prime. Thenνq(n!) =
n

q − 1
+ O

(
log n

log q

)
.

Corollary 2: Let q be a prime, and leta andN be integers withN > 2. If q|ΦN (a), then eitherq ≡ 1 (mod N) or
we have that bothq is the largest prime factor ofN andq2 - ΦN (a).

Lemma 6: For n sufficiently large,φ(n) >
n

2 log log n
.

Lemma 7: Let k be a positive integer. There are positive numbersck andnk such that ifn ≥ nk, then eithern has
≥ k + 1 odd prime factors that are≤ log n or φ(n) ≥ ckn.

Lemma 9: Fix primesq1 andq2 and a numberε > 0. Letn1 andn2 be sufficiently large integers. Then

gcd
(
qn1
1 − 1, qn2

2 − 1
)

< max{qεn1
1 , qεn2

2 }.

Lemma 11: Let q be a fixed odd prime. There is a constantn0 = n0(q) such that ifn ≥ n0, then

n

3(q − 1) log n
≤ νq

(
σ(n!)

) ≤ 25n
log n

.

Proof of Theorem 1 for f = σ:

• NoteΦN (a) ≥ (a − 1)φ(N) ≥ aφ(N)/2 whereN anda ≥ 3 are positive integers.

• Need only shown is bounded. Fixk, and assumen is large andm, a andb satisfy (1).

• Fix q among the firstk + 2 odd primes that do not divideab.

• Deducem ≤ (50(q − 1)n)/ log n from Corollary 1 and Lemma 11.

• Let q1 < q2 < · · · < qk+1 bek + 1 primes not dividingab, and setnj = νqj

(
n!

)
+ 1.

• Case (i):∃j ∈ {1, 2, . . . , k + 1} such thatnj has≥ k + 1 odd prime factors that are≤ log n.

• Call themd1, d2, . . . , dk+1 and definemi = nj/di. Lemma 6 impliesΦmi
(qj) ≥ q

mi/(4 log log mi)
j .

• Usec′in/ log n ≤ mi ≤ n, deduceΦmi
(qj) ≥ q

c′in/(4 log n log log n)
j .

• From Corollary 2,∃Di such thatp|Φmi
(qj)/Di impliesp ≡ 1 (mod mi).

• DeduceΦmi
(qj)/Di andΦmi′ (qj)/Di′ are relatively prime ifi 6= i′, and fixi so thatgcd

(
a,Φmi

(qj)/Di

)
= 1.

• The product of the primes (with multiplicity) dividingm! and≡ 1 (mod mi) is bounded. Complete Case (i).

• Case (ii):∀j ∈ {1, 2, . . . , k + 1}, nj has≤ k odd prime factors≤ log n.



• Lemma 7 impliesΦnj
(qj) ≥ q

cknj/2
j .

• Corollary 1 impliesmax1≤i≤k+1{ni} ≤ qk+1 min1≤i≤k+1{ni}.

• Apply Lemma 9 withη = log qk+1/ log q1 andε = ck/(4kqk+1η). Deduce

Aj = gcd
(

Φnj
(qj),

∏
1≤i≤k+1

i6=j

Φni
(qi)

)
≤ gcd

(
q

nj

j − 1,
∏

1≤i≤k+1
i6=j

(
qni
i − 1

))

≤ (
max

1≤i≤k+1
{qni

i })εk ≤ q
εk max{ni}
k+1 ≤ q

εηk max{ni}
j ≤ q

qk+1εηknj

j = q
cknj/4
j ≤ Φnj

(qj)1/2.

• If p|Φnj
(qj)/Aj , thenνp

(
Φnj

(qj)
)

> νp

(
Φni

(qi)
)

for i 6= j, soΦnj
(qj)/Aj are pairwise relatively prime.

• Fix j with gcd(a,Φnj
(qj)/Aj) = 1. Lemma 7 and Corollary 1 implyΦnj

(qj)/Aj ≥ 3c′′k n.

• Corollary 2, Corollary 1 and the bound onm give a contradiction. Case (ii) is complete.


