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Florian Luca’s Result: Let f denote one of the arithmetic functionsφ, σ andτ , and letr be a fixed rational number.
Then there are finitely many pairs of positive integersn andm for whichf(n!)/m! = r.

Theorem 1: Letf denote one of the arithmetic functionsφ andσ, and letk be a fixed positive integer. Then there are
finitely many positive integersa, b, n, andm such that

b · f(n!) = a · m!, gcd(a, b) = 1 and ω(ab) ≤ k.

Theorem 2: Let t > 0. Then there are finitely many positive integersa, b, n, andm such that

b · φ(n!) = a · m!, gcd(a, b) = 1 and ω(ab) ≤ logt(nm).

Lemma 1: Letn be a positive integer, and letq be a prime. Then

νq(n!) =
n − sq(n)

q − 1
,

wheresq(n) is the sum of the baseq digits ofn.

Corollary 1: Letn be a positive integer, and letq be a prime. Then

νq(n!) =
n

q − 1
+ O

(
log n

log q

)
,

where the implied constant is absolute.

Lemma 2: Letn andm be integers. Ifn is sufficiently large and

m ≥ n +
n

log n
+ O

(
n

log2 n

)
, (∗)

then the interval(n,m] contains� m/ log2 m prime numbers.

Lemma 3: Fix M > 0. Then there is an absolute constantc1 > 0 and a constantc2 = c2(M) > 0 such that

π(x; b, a) =
π(x)
φ(b)

+ E, where |E| ≤ c2x exp
( − c1

√
log x

)
,

for x ≥ 2 and every choice of relatively prime integersa andb with 1 ≤ b ≤ (log x)M .

Proof of Theorem 2:

• It suffices to shown is bounded, so assumen is large and(a, b, n,m) is as in Theorem 2.

• Establish (∗). To do this, takeM = t + 2 andq ≤ logM n with q - ab. Use Corollary 1 and Lemma 3 to obtain

νq(b · φ(n!)) ≥ νq(φ(n!)) ≥ n

q − 1
+

n

(q − 1) log n
+ O

(
n

q log2 n

)
.

Combine this with an application of Corollary 1 to estimateνq(a · m!).

• Apply Lemma 2.


