
EXAMPLES OF REDUCIBLE POLYNOMIALS



EXAMPLES OF REDUCIBLE POLYNOMIALS

by Michael Filaseta



EXAMPLES OF REDUCIBLE POLYNOMIALS

by Michael Filaseta

University of South Carolina



EXAMPLES OF REDUCIBLE POLYNOMIALS

by Michael Filaseta

University of South Carolina

(work with Martha Allen)



Theorem (I. Schur): Let n be a positive integer, and let
a0, a1, · · · , an denote arbitrary integers with|a0| =

|an| = 1. Then

an
xn

(n + 1)!
+ an−1

xn−1

n!
+ · · · + a1

x

2
+ a0

is irreducible (over the rationals) unlessn = 2r − 1 > 1

(whenx ± 2 can be a factor) orn = 8 (when a quadratic
factor is possible).



Theorem: Forn an integer≥ 1, define

f(x) =
n∑

j=0

aj
xj

(j + 1)!

where theaj ’s arbitrary integers with|a0| = 1. Suppose

n + 1 = k′2u with k′ odd

(n + 1)n = k′′2v3w with gcd(k′′, 6) = 1.

If
0 < |an| < min{k′, k′′},

thenf(x) is irreducible.



Theorem: Forn an integer≥ 1, define

f(x) =
n∑

j=0

aj
xj

(j + 1)!

where theaj ’s arbitrary integers with|a0| = 1. Suppose

n + 1 = k′2u with k′ odd

(n + 1)n = k′′2v3w with gcd(k′′, 6) = 1.

If
0 < |an| < min{k′, k′′},

thenf(x) is irreducible.

Why is this best possible?
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+ · · ·+a1

x

2
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k, `, m, andm′ ∈ Z+ (new notation)
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k, `, m, andm′ ∈ Z+ (new notation)

n = 2km ≥ 3, n + 1 = 3`m′, gcd(mm′, 6) = 1



f(x) = an
xn

(n + 1)!
+an−1

xn−1

n!
+ · · ·+a1

x

2
+a0

k, `, m, andm′ ∈ Z+ (new notation)

n = 2km ≥ 3, n + 1 = 3`m′, gcd(mm′, 6) = 1

aj ∈ Z, a0 = ±1



f(x) = an
xn

(n + 1)!
+an−1

xn−1

n!
+ · · ·+a1

x

2
+a0

k, `, m, andm′ ∈ Z+ (new notation)

n = 2km ≥ 3, n + 1 = 3`m′, gcd(mm′, 6) = 1

aj ∈ Z, a0 = ±1

If 0 < |an| < mm′, thenf(x) is irreducible.
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n = 2km ≥ 3, n + 1 = 3`m′, gcd(mm′, 6) = 1

an = mm′ =⇒ f(x) can have a quadratic factor



f(x) = an
xn

(n + 1)!
+an−1

xn−1

n!
+ · · ·+a1

x

2
+a0

n = 2km ≥ 3, n + 1 = 3`m′, gcd(mm′, 6) = 1

an = mm′ =⇒ f(x) can have a quadratic factor

We can use Newton polygons to “guess” a quadratic factor.
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+an−1
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2
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n = 2km ≥ 3, n + 1 = 3`m′, gcd(mm′, 6) = 1



f(x) = an
xn

(n + 1)!
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2
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an−3 = an−4 = · · · = a3 = 0,

a2 = −y, a1 = w + y, a0 = 1



f(x) = an
xn

(n + 1)!
+an−1

xn−1

n!
+ · · ·+a1

x

2
+a0
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an−3 = an−4 = · · · = a3 = 0,

a2 = −y, a1 = w + y, a0 = 1

(n + 1)!f(x) =
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x

2
+a0
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(n + 1)!f(x) = mm′xn
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+ 3`2ksmm′xn−2



f(x) = an
xn

(n + 1)!
+an−1

xn−1

n!
+ · · ·+a1

x

2
+a0

n = 2km ≥ 3, n + 1 = 3`m′, gcd(mm′, 6) = 1

an = mm′, an−1 = mr, an−2 = s,

an−3 = an−4 = · · · = a3 = 0,

a2 = −y, a1 = w + y, a0 = 1
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+a0
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an = mm′, an−1 = mr, an−2 = s,

an−3 = an−4 = · · · = a3 = 0,

a2 = −y, a1 = w + y, a0 = 1

(n + 1)!f(x) = mm′xn + 3`rmm′xn−1

+ 3`2ksmm′xn−2 − 3`−12k−1mm′(n − 1)!yx2
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f(x) = an
xn

(n + 1)!
+an−1

xn−1

n!
+ · · ·+a1

x

2
+a0

n = 2km ≥ 3, n + 1 = 3`m′, gcd(mm′, 6) = 1

an = mm′, an−1 = mr, an−2 = s,

an−3 = an−4 = · · · = a3 = 0,

a2 = −y, a1 = w + y, a0 = 1

(n + 1)!f(x) = mm′xn + 3`rmm′xn−1

+ 3`2ksmm′xn−2 − 3`−12k−1mm′(n − 1)!yx2

+ 3`2k−1mm′(n − 1)!(w + y)x

+ 3`2kmm′(n − 1)!



g(x) = xn + 3`rxn−1 + 3`2ksxn−2

− 3`−12k−1(n − 1)!yx2

+ 3`2k−1(n − 1)!(w + y)x

+ 3`2k(n − 1)!



g(x) = xn + 3`rxn−1 + 3`2ksxn−2

− 3`−12k−1(n − 1)!yx2

+ 3`2k−1(n − 1)!(w + y)x

+ 3`2k(n − 1)!

Idea: We show that there existr, s, y, andw such that
g(x) is divisible byq(x) = x2 − 3x − 6.



g(x) = xn + 3`rxn−1 + 3`2ksxn−2

− 3`−12k−1(n − 1)!yx2

+ 3`2k−1(n − 1)!(w + y)x

+ 3`2k(n − 1)!

Idea: We show that there existr, s, y, andw such that
g(x) is divisible byq(x) = x2 − 3x − 6.

x2 ≡ 3x + 6 (mod q(x)) =⇒



g(x) = xn + 3`rxn−1 + 3`2ksxn−2

− 3`−12k−1(n − 1)!y(3x + 6)

+ 3`2k−1(n − 1)!(w + y)x

+ 3`2k(n − 1)!

Idea: We show that there existr, s, y, andw such that
g(x) is divisible byq(x) = x2 − 3x − 6.

x2 ≡ 3x + 6 (mod q(x)) =⇒



g(x) = xn + 3`rxn−1 + 3`2ksxn−2

− 3`−12k−1(n − 1)!yx2

+ 3`2k−1(n − 1)!(w + y)x

+ 3`2k(n − 1)!

Idea: We show that there existr, s, y, andw such that
g(x) is divisible byq(x) = x2 − 3x − 6.

x2 ≡ 3x + 6 (mod q(x)) =⇒

g(x) ≡ xn + 3`rxn−1 + 3`2ksxn−2

+ 3`2k−1(n − 1)!wx

+ 3`2k(n − 1)!(1 − y)



xj ≡ aj + bjx (mod q(x)) (new notation)
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xj ≡ aj + bjx (mod q(x)) (new notation)

(1) xj+1 ≡ 3xj + 6xj−1 (mod q(x))

(2) aj+1 = 3aj + 6aj−1, bj+1 = 3bj + 6bj−1



(2) aj+1 = 3aj + 6aj−1, bj+1 = 3bj + 6bj−1



(2) aj+1 = 3aj + 6aj−1, bj+1 = 3bj + 6bj−1

a0 = 1 b0 = 0
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a0 = 1
a1 = 0

b0 = 0
b1 = 1



(2) aj+1 = 3aj + 6aj−1, bj+1 = 3bj + 6bj−1

a0 = 1
a1 = 0
a2 = 6

b0 = 0
b1 = 1
b2 = 3



(2) aj+1 = 3aj + 6aj−1, bj+1 = 3bj + 6bj−1

a0 = 1
a1 = 0
a2 = 6
a3 = 18

b0 = 0
b1 = 1
b2 = 3
b3 = 15



(2) aj+1 = 3aj + 6aj−1, bj+1 = 3bj + 6bj−1

a0 = 1
a1 = 0
a2 = 6
a3 = 18

b0 = 0
b1 = 1
b2 = 3
b3 = 15

A =
(
0 1
6 3

)



(2) aj+1 = 3aj + 6aj−1, bj+1 = 3bj + 6bj−1

a0 = 1
a1 = 0
a2 = 6
a3 = 18

b0 = 0
b1 = 1
b2 = 3
b3 = 15

A =
(
0 1
6 3

)
=⇒ Aj =

(
aj bj

aj+1 bj+1

)



(2) aj+1 = 3aj + 6aj−1, bj+1 = 3bj + 6bj−1

a0 = 1
a1 = 0
a2 = 6
a3 = 18

b0 = 0
b1 = 1
b2 = 3
b3 = 15

A =
(
0 1
6 3

)
=⇒ Aj =

(
aj bj

aj+1 bj+1

)
Aj ≡

(
2 3
2 3

)
(mod 4) for j > 1



(2) aj+1 = 3aj + 6aj−1, bj+1 = 3bj + 6bj−1

A =
(
0 1
6 3

)
=⇒ Aj =

(
aj bj

aj+1 bj+1

)
Aj ≡

(
2 3
2 3

)
(mod 4) for j > 1



(2) aj+1 = 3aj + 6aj−1, bj+1 = 3bj + 6bj−1

A =
(
0 1
6 3

)
=⇒ Aj =

(
aj bj

aj+1 bj+1

)
Aj ≡

(
2 3
2 3

)
(mod 4) for j > 1

(3) ν2(aj) = 1 and ν2(bj) = 0



(2) aj+1 = 3aj + 6aj−1, bj+1 = 3bj + 6bj−1

A =
(
0 1
6 3

)
=⇒ Aj =

(
aj bj

aj+1 bj+1

)

(4) ν3(aj) ≥
j − 1

2
and ν3(bj) ≥

j − 1

2



(2) aj+1 = 3aj + 6aj−1, bj+1 = 3bj + 6bj−1

A =
(
0 1
6 3

)
=⇒ Aj =

(
aj bj

aj+1 bj+1

)

(4) ν3(aj) ≥
j − 1

2
and ν3(bj) ≥

j − 1

2

ν3(aj+1) ≥ min{ν3(aj), ν3(aj−1)} + 1



(2) aj+1 = 3aj + 6aj−1, bj+1 = 3bj + 6bj−1

A =
(
0 1
6 3

)
=⇒ Aj =

(
aj bj

aj+1 bj+1

)

(4) ν3(aj) ≥
j − 1

2
and ν3(bj) ≥

j − 1

2

(5) ajbj+1 − aj+1bj = ±6j



(2) aj+1 = 3aj + 6aj−1, bj+1 = 3bj + 6bj−1

A =
(
0 1
6 3

)
=⇒ Aj =

(
aj bj

aj+1 bj+1

)

(4) ν3(aj) ≥
j − 1

2
and ν3(bj) ≥

j − 1

2

(5) ajbj+1 − aj+1bj = ±6j

(6) min{ν3(aj), ν3(aj+1)} ≤
j + 1

2



g(x) ≡ xn + 3`rxn−1 + 3`2ksxn−2

+ 3`2k−1(n − 1)!wx

+ 3`2k(n − 1)!(1 − y)



g(x) ≡ xn + 3`rxn−1 + 3`2ksxn−2

+ 3`2k−1(n − 1)!wx

+ 3`2k(n − 1)!(1 − y)

xj ≡ aj + bjx (mod q(x))



g(x) ≡ xn + 3`rxn−1 + 3`2ksxn−2

+ 3`2k−1(n − 1)!wx

+ 3`2k(n − 1)!(1 − y)

xj ≡ aj + bjx (mod q(x))

g(x) ≡
(
bn + 3`rbn−1 + 3`2ksbn−2 + 3`2k−1w(n − 1)!

)
x

+ an + 3`ran−1 + 3`2ksan−2 + 3`2k(n − 1)!(1 − y)



g(x) ≡ xn + 3`rxn−1 + 3`2ksxn−2

+ 3`2k−1(n − 1)!wx

+ 3`2k(n − 1)!(1 − y)

xj ≡ aj + bjx (mod q(x))

g(x) ≡
(
bn + 3`rbn−1 + 3`2ksbn−2 + 3`2k−1w(n − 1)!

)
x

+ an + 3`ran−1 + 3`2ksan−2 + 3`2k(n − 1)!(1 − y)

Idea: First, we make the constant term0. We show there
existr ands that do the trick (providedy is fixed appro-
priately). Note thatgcd(3`an−1, 3

`2kan−2) = 2×3v.



First Zero Candidate:

an +3`ran−1 +3`2ksan−2 +3`2k(n − 1)!(1 − y)

Recalln is even andn + 1 = 3`m′.



First Zero Candidate:

an +3`ran−1 +3`2ksan−2 +3`2k(n − 1)!(1 − y)

Recalln is even andn + 1 = 3`m′. Also,

ν3((n + 1)!) <
n + 1

3
+

n + 1

32
+ · · · =

n + 1

2
.



First Zero Candidate:

an +3`ran−1 +3`2ksan−2 +3`2k(n − 1)!(1 − y)

Recalln is even andn + 1 = 3`m′. Also,

ν3((n + 1)!) <
n + 1

3
+

n + 1

32
+ · · · =

n + 1

2
.

Hence,ν3(3
`2k(n − 1)!) ≤ n/2.



First Zero Candidate:

an +3`ran−1 +3`2ksan−2 +3`2k(n − 1)!(1 − y)

Recalln is even andn + 1 = 3`m′. Also,

ν3((n + 1)!) <
n + 1

3
+

n + 1

32
+ · · · =

n + 1

2
.

Hence,ν3(3
`2k(n − 1)!) ≤ n/2. Also,n even and

(4) ν3(aj) ≥
j − 1

2
and ν3(bj) ≥

j − 1

2
imply ν3(an) ≥ n/2.



First Zero Candidate:

an +3`ran−1 +3`2ksan−2 +3`2k(n − 1)!(1 − y)

Recalln is even andn + 1 = 3`m′. Also,

ν3((n + 1)!) <
n + 1

3
+

n + 1

32
+ · · · =

n + 1

2
.

Hence,ν3(3
`2k(n − 1)!) ≤ n/2. Also,n even and

(4) ν3(aj) ≥
j − 1

2
and ν3(bj) ≥

j − 1

2
imply ν3(an) ≥ n/2. We fix y so that

ν3
(
an + 3`2k(n − 1)!(1 − y)

)
≥ v.



It follows that there are integersr0 ands0 such that

an + 3`r0an−1 + 3`2ks0an−2(7)

+ 3`2k(n − 1)!(1 − y) = 0.



It follows that there are integersr0 ands0 such that

an + 3`r0an−1 + 3`2ks0an−2(7)

+ 3`2k(n − 1)!(1 − y) = 0.

an + 3`an−1
(
r0 + 2kan−2t

)
+ 3`2kan−2

(
s0 − an−1t

)
+ 3`2k(n − 1)!(1 − y) = 0.



It follows that there are integersr0 ands0 such that

an + 3`r0an−1 + 3`2ks0an−2(7)

+ 3`2k(n − 1)!(1 − y) = 0.

an + 3`an−1
(
r0 + 2kan−2t

)
+ 3`2kan−2

(
s0 − an−1t

)
+ 3`2k(n − 1)!(1 − y) = 0.

r = r0 + 2kan−2t and s = s0 − an−1t



g(x) ≡
(
bn + 3`rbn−1 + 3`2ksbn−2 + 3`2k−1w(n − 1)!

)
x

+ an + 3`ran−1 + 3`2ksan−2 + 3`2k(n − 1)!(1 − y)



g(x) ≡
(
bn + 3`rbn−1 + 3`2ksbn−2 + 3`2k−1w(n − 1)!

)
x



g(x) ≡
(
bn + 3`rbn−1 + 3`2ksbn−2 + 3`2k−1w(n − 1)!

)
x

Next: Force the coefficient ofx to be0 by choosingw
andt appropriately.



an + 3`r0an−1 + 3`2ks0an−2 + 3`2k(n − 1)!(1 − y) = 0



an + 3`r0an−1 + 3`2ks0an−2 + 3`2k(n − 1)!(1 − y) = 0

bn + 3`rbn−1 + 3`2ksbn−2 + 3`2k−1w(n − 1)!
?
= 0



an + 3`r0an−1 + 3`2ks0an−2 + 3`2k(n − 1)!(1 − y) = 0

bn + 3`rbn−1 + 3`2ksbn−2 + 3`2k−1w(n − 1)!
?
= 0

r = r0 + 2kan−2t and s = s0 − an−1t

an = 3an−1 + 6an−2, bn = 3bn−1 + 6bn−2



an + 3`r0an−1 + 3`2ks0an−2 + 3`2k(n − 1)!(1 − y) = 0

bn + 3`rbn−1 + 3`2ksbn−2 + 3`2k−1w(n − 1)!
?
= 0

r = r0 + 2kan−2t and s = s0 − an−1t

an = 3an−1 + 6an−2, bn = 3bn−1 + 6bn−2

3`2k−1w(n − 1)!(8)

+ 3`2k(
an−2bn−1 − an−1bn−2

)
t

+ (3`r0 + 3)bn−1 + (3`2ks0 + 6)bn−2 = 0.



an + 3`r0an−1 + 3`2ks0an−2 + 3`2k(n − 1)!(1 − y) = 0

bn + 3`rbn−1 + 3`2ksbn−2 + 3`2k−1w(n − 1)!
?
= 0

r = r0 + 2kan−2t and s = s0 − an−1t

an = 3an−1 + 6an−2, bn = 3bn−1 + 6bn−2

3`2k−1w(n − 1)!(8)

+ 3`2k(
an−2bn−1 − an−1bn−2

)
t

+ (3`r0 + 3)bn−1 + (3`2ks0 + 6)bn−2 = 0.

(3`r0 + 3)an−1 + (3`2ks0 + 6)an−2(9)

+ 3`2k(n − 1)!(1 − y) = 0.



3`2k−1w(n − 1)!(8)

+ 3`2k
(
an−2bn−1 − an−1bn−2

)
t

+ (3`r0 + 3)bn−1 + (3`2ks0 + 6)bn−2 = 0.

(3`r0 + 3)an−1 + (3`2ks0 + 6)an−2(9)

+ 3`2k(n − 1)!(1 − y) = 0.

(8) × an−1 − (9) × bn−1:



3`2k−1w(n − 1)!(8)

+ 3`2k
(
an−2bn−1 − an−1bn−2

)
t

+ (3`r0 + 3)bn−1 + (3`2ks0 + 6)bn−2 = 0.

(3`r0 + 3)an−1 + (3`2ks0 + 6)an−2(9)

+ 3`2k(n − 1)!(1 − y) = 0.

(8) × an−1 − (9) × bn−1:

an−13
`2k−1(n − 1)!w(10)

+ an−13
`2k

(
an−2bn−1 − an−1bn−2

)
t

− (3`2ks0 + 6)
(
an−2bn−1 − an−1bn−2

)
− 3`2k(n − 1)!(1 − y)bn−1 = 0.



3`2k−1w(n − 1)!(8)

+ 3`2k
(
an−2bn−1 − an−1bn−2

)
t

+ (3`r0 + 3)bn−1 + (3`2ks0 + 6)bn−2 = 0.

(3`r0 + 3)an−1 + (3`2ks0 + 6)an−2(9)

+ 3`2k(n − 1)!(1 − y) = 0.

(8) × an−2 − (9) × bn−2:



3`2k−1w(n − 1)!(8)

+ 3`2k
(
an−2bn−1 − an−1bn−2

)
t

+ (3`r0 + 3)bn−1 + (3`2ks0 + 6)bn−2 = 0.

(3`r0 + 3)an−1 + (3`2ks0 + 6)an−2(9)

+ 3`2k(n − 1)!(1 − y) = 0.

(8) × an−2 − (9) × bn−2:

an−23
`2k−1(n − 1)!w(11)

+ an−23
`2k

(
an−2bn−1 − an−1bn−2

)
t

+ (3`r0 + 3)
(
an−2bn−1 − an−1bn−2

)
− 3`2k(n − 1)!(1 − y)bn−2 = 0.



We work with (10) ifν3(an−1) ≤ ν3(an−2) and work
with (11) otherwise.

Supposeν3(an−1) ≤ ν3(an−2). Let

c = an−13
`2k−1(n − 1)!,

c′ = an−13
`2k(

an−2bn−1 − an−1bn−2
)
,

c′′ = (3`2ks0 + 6)
(
an−2bn−1 − an−1bn−2

)
,

c′′′ = 3`2k(n − 1)!(1 − y)bn−1.

Show there existw andt such thatcw + c′t = c′′ + c′′′

by looking at theν2 andν3 values.


