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Theorem (I. Schur): Let n be a positive integer, and le

ag,ai,- - ,an denote arbitrary integers withag| =
lan| = 1. Then
" mn—l -
a —|— Ao oo _|_ a1— _|_ a
n(n n 1)! n—1 ! ! 12 0

IS irreducible (over the rationals) unlegas= 2" —1 > 1

(whenx £ 2 can be a factor) on = 8 (when a quadratic
factor is possible).




Theorem: Forn an integer> 1, define
o :

xrJ
f(m) Z ](]_I_l),

7=0
where thea ;'s arbitrary integers withag| = 1. Suppose
n+1= k2" with k&’ odd
(n+ 1)n = k293"  with ged(k”,6) = 1.

If
0 < |an| < min{k’, K"},
then f(x) is irreducible.



Theorem: Forn an integer> 1, define
o :

xrJ
f(w) Z ](]_I_l),

7=0
where thea ;'s arbitrary integers withag| = 1. Suppose
n+1= k2" with k&’ odd
(n+ 1)n = k293"  with ged(k”,6) = 1.

If
0 < |an| < min{k’, K"},
then f(x) is irreducible.

Why is this best possible?
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£
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k, £, m, andm’ € ZT  (new notation)

n:2km23, n—|—1=3£m’, ged(mm/’,6) =1

a; € Z, ag = x1

If 0 < |an| < mm/, thenf(x) is irreducible.
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xXr
Fe s an + ag

n=2n>3 n+1 — 3/, ged(mm/’,6) =1

an, = mm’ = f(x) can have a quadratic factor

We can use Newton polygons to “guess” a quadratic fac



xXr
Feetar +ag

n=2n>3 n+1 — 3/, ged(mm/’,6) =1



xXr
Feetar +ag

n=2n>3 n+1 — 3/, ged(mm/’,6) =1

an — mm,a ap—1 = mMmr, Gn—2 — S,
Ap—3 = Qp—q4 = -+ =a3 =0,
a2 = —Y, a1 =w-+y,a9 =1



n n—1
f(x) =a - -y
rUn—1

"(n+ 1)!

x
+---t+ai1-+ag
n! 2
__ ok ol 7 / L
n=2"m>3, n+1=3m', gcd(mm’,6) =1

/
anp = MM, Gp_1 = MTr, Ap_2 = S,

Ap—3 = Qp—q4 =+ =a3 =0,

(n+1)!f(z) =
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n n—1
f(x) =a - -y
rUn—1

"(n+ 1)!

x
+---t+ai1-+ag
n! 2
__ ok ol 7 / L
n=2"m>3, n+1=3m', gcd(mm’,6) =1

/
anp = MM, Gp_1 = MTr, Ap_2 = S,

Ap—3 = Qp—q4 =+ =a3 =0,

(n + D! f(z) = mm/z™ + 3rmm/z" !



n—1 T

— et ar tao

x™ €T

flz) = a"(n+ 1)! Fon—1—

n = 2Fm >3, n+1= SEm’, ged(mm/’,6) =1

- D) f(x) = mm/z™ + 3trmm/z" !

4 39k gmm/ "2




n :En_l T
Fan—1 ' +---—|-a1§—|-a0

f(@) = anoms, n

n = 2Fm >3, n+1= SEm’, ged(mm/’,6) =1

(n + D! f(z) = mm/z™ + 3rmm/z" !

L 3£2k8mm/w’n—2 _ 3£—12k—1

mm’(n — 1)lyx

2



f(x) =a

n | CEn—l

"(n+ 1)!

xXr
++ a1 +ag

- An—1 '
n.

n = 2Fm >3, n+1= SEm’, ged(mm/’,6) =1

/

Ap = Mm , np—1 = Mr, Gn—2 = S,
Ap—3 = Qp—q4 =+ =a3 =0,
az = —Y, a1 = W + Y,aq9 =

- D) f(x) = mm/z™ + 3trmm/z" !

= 3£2ksmm €T

 alok—1

‘e 2 _ 312kl (n — 1)y

mm’(n — 1) (w + y)z
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F(z) = an——— + an_1

n = 2Fm >3, n+1= SEm’, ged(mm/’,6) =1

n CEn—l

n!

"(n+ 1)!

/
anp = MM, Gp_1 = MTr, Ap_2 = S,

Ap—3 = Qp—q4 =+ =a3 =0,

- D) f(x) = mm/z™ + 3trmm/z" !
- 392 I/ (n — 1) (w + y)a

- 3828 mm/ (n — 1)!

xXr
++ a1 +ag

mm’(n — 1)lyx

2



g(z) = " + 3brz" 1 4 3f2kggn 2
— 32_12’“_1(71 — 1)lyx?
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g(x) is divisible byg(x) = 2 — 3z — 6.



g(z) = " + 3brz" 1 4 3f2kggn 2
— 32_12’“_1(71 — 1)lyx?
-+ 3£2k_1(n — 1) (w+y)x
+ 3%2F(n — 1)!

ldea: We show that there exist, s, y, andw such that
g(x) is divisible byg(x) = 2 — 3z — 6.

r? = 3z + 6 (mod g(z)) =



g(z) = " + 3brg" 1 4 3f2kggn 2
— gt lak—1(n — 1)1y(3z + 6)
+ 3£2k_1(n — 1) (w + y)x
+ 3%2F(n — 1)!

ldea: We show that there exist, s, y, andw such that
g(x) is divisible byg(x) = 2 — 3z — 6.

r? = 3z + 6 (mod g(z)) =



g(x) = ™ + 3trz™ 1 4 3takgyn 2
— 3t=1ak—1(pp — 1)1y
+ 32k 1(n — 1)1 (w + y)=
+ 3%2F(n — 1)!

ldea: We show that there exist, s, y, andw such that

g(x) is divisible byq

() = % — 3z — 6.

r? = 3x + 6 (mod g(x)) =

g(x) = x™ -

- 3bpge L gtk gpn—2
- 382kl — 1) lwe

- 382k (n — 1)1(1 — )



z) = a; +bjx (mod q(x)) (new notation)
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z) = a; +bjx (mod q(x)) (new notation)

(1) 27t =327 + 62771 (mod q(z))



2 . — .
( ) (1,]_|_1 3CLJ —+ Gaj_l, bj_|_1 — 31)'7 —+ 6bj—1












3aj—|—6aj_
apg =1
a; =0
ar = 6
az = 1

S O O O
W N = O



S
=)

Q
w



S O O O
W N = O















v3(aji1) =2 min{vs(a;),v3(a;j_1)} +1






(2) a;jyq1 = 3a; + 6a;_1, bj—l—l = 3bj + 6bj—1

jg—1 j—1
@) wvi(ay) 27— and  ws(by) =T~
(5) ajbj+1 — aj_|_1bj — ::Gj
: J+1
(6) min{v3(a;),v3(aji1)} < ———
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g(z) = ™ + 3brz" 1 4 3t2kggn 2
+ 3£2k_1(n — 1)!wax
+ 32k (n — 1)1(1 — y)




g(x) = " + 3tpg 1 4+ glok ;.1 —2
) =a; +bjxz (mod q(x))




g(x) = " + 3tpg 1 4+ glok ;.1 —2
) =a; +bjxz (mod q(x))

g(x) = (bn + 3%b,,_ ;1 + 3°2%sbh,, o + 3£2k_1fw(n — 1)!):13
+ a,, + 3%ra,,_, + 3%2%sa,,_o + 3£2k(n — 1)1 —y)



g(x) = 2™ + 3trz™ 1 4+ 32k sgn 2
+ 3t2k—1(n — 1)lwa

+ 32k — 111 — y)
r) =a; +bjxz (mod q(x))

g(x) = (bn + 3%b,,_ 1 + 3°2%sbh,,_o + 3£2k_1fw(n — 1)!):13
+ a,, + 3%ra,,_, + 3%2%sa,,_o + 3£2k(n — DHI(1 — vy)

ldea: First, we make the constant teildn We show there
existr ands that do the trick (provided; is fixed appro-
priately). Note thagcd(3%a,,—1, 3¢2%a,,_2) = 2x 3.



First Zero Candidate:

an + 3fran,_1 + 3% 2Fsa,_o + 3£2k(n —DI(1—1vy)

Recalln is even anch - 1 = 3%m/.
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@) va(a) >T_— and  wy(by) >

imply vg(an) > n/2.

v3((n +1)!) <



First Zero Candidate:

an + 3rap_1+3%2%san,_o + 3£2k(n —DI(1—1vy)

Recalln is even anch - 1 = 3%m/’. Also,

n+ 1 n+ 1 n+1
3 T g2 T g
Hencews(3%2F(n — 1)!) < n/2. Also, n even and

) — 1 ) — 1
@) va(ay) 27— and  wy(by) > =

imply vg(an) > n/2. We fixy so that
v3(an + 3£2k(n —D!(1—1y)) > .

v3((n +1)!) <



It follows that there are integels) andsg such that
(7)  an + 3%roan—1 + 3%2Fspan_o
+ 32k — 1)1 —y) = 0.



It follows that there are integels) andsg such that
(7)  an + 3%roan—1 + 3%2Fspan_o
+ 32k — 1)1 —y) = 0.

an + 3ECLn—l("“O + 2kan—2t>
+ 3£2kan_2(80 — an_lt)
+ 3%2F(mn —1)!1(1 —y) = 0.



It follows that there are integels) andsg such that
(7)  an + 3%roan—1 + 3%2Fspan_o
+ 32k — 1)1 —y) = 0.

an + 3ECLn—l("“O + 2kan—2t>
+ 3£2kan_2(80 — an_lt)
+ 3%2F(mn —1)!1(1 —y) = 0.

r =19+ Zkan_Qt and S = 89— Qp_1t



g(x) = (bn + 3%b,,_, + 3t 2%sbh,,_, + 3£2k_1fw(n — 1)!):13
+ a,, + 3%ra,,_1 + 3°2%sa,,_» + 3£2k’(n — 1)1 —y)



g(x) = (bn + 3%b,,_, + 3t 2%sh,,_, + 3£2k_1w(n — 1)!)33



g(x) = (bn + 3rby_1 + 3°2%sb,,_» + 32" lw(n — 1)z

Next: Force the coefficient ok to be 0 by choosingw
andt appropriately.



a, + 3roa,_1 + 3t 2%spa,_» + 3£2k(n —1)!I(1—-—y)=0



a, + 3roa,_1 + 3t 2%spa,_» + 3£2k(n —1)!I(1—-—y)=0
bn + 347bn_1 + 328sb,_s + 3¢25 lw(n — 1)! = 0



a, + 3roa,_1 + 3t 2%spa,_» + 3£2k(n —1)!I(1—-—y)=0
bn + 347bn_1 + 328sb,_s + 3¢25 lw(n — 1)! = 0

r =ry+ 2Fa,,_ot and S = 8Sg — Qp_1t
a, = 3a,_1 + 6an—27 b, = 3b,—1 + 6b,,_2



a, + 3roa,_1 + 3t 2%spa,_» + 3£2k(n —1)!I(1—-—y)=0
bn + 347bn_1 + 328sb,_s + 3¢25 lw(n — 1)! = 0

r =ry+ 2Fa,,_ot and S = 8Sg — Qp_1t
a, = 3a,_1 + 6an—27 b, = 3b,—1 + 6b,,_2

8) 3t2k 1w (n — 1)!
+ 3t2k (an—an—l — an—lbn—2>t
1 (3%rg + 3)by_1 + (3%2Fsg + 6)b,,_o = 0.




a, + 3roa,_1 + 3t 2%spa,_» + 3£2k(n —1)!I(1—-—y)=0
bn + 347bn_1 + 328sb,_s + 3¢25 lw(n — 1)! = 0

r =ry+ 2Fa,,_ot and S = 8Sg — Qp_1t
a, = 3a,_1 + 6an—27 b, = 3b,—1 + 6b,,_2

8) 3t2k 1w (n — 1)!
+ 3t2k (an—an—l — an—lbn—2>t
1 (3%rg + 3)by_1 + (3%2Fsg + 6)b,,_o = 0.

9) (3£r0 + 3)an—1 (3£2k30 + 6)an—2
+ 32k — 1)1 —y) = 0.




(8) 3928 lw(n — 1)!
+ 3£2k (an—an—l _ an—lbn—2>t
+ (3%rg + 3)b,_1 + (3%2%sy + 6)b,,_, = 0.

(9) (3“ro + 3)an—1 + (3°2Fs9 + 6)a,_»
+ 392F(n —1)!1(1 —y) = 0.

(8) X Qp—1 — (9) X bn—l:



(8) 3928 lw(n — 1)!
+ 3tk (an_zbn_l — an_lbn_z)t
+ (3%r¢ + 3)b,_1 + (3%2%sy + 6)b,,_5 = 0.
(9) (3% + 3)an_1 + (3%2%sg + 6)a,_s
+ 3%92%(n — 1)!1(1 — y) = 0.
8) X an_1—(9) X b,_1:

(10) an_132¥1(n — 1)lw
+ a,,_13%2" (Gn_zbn_l — an_lbn_z)t
— (3%2%sy + 6) (an_an_l — an—lbn—Z)
— 3%2F(n — 1)!(1 — y)b,_; = 0.



(8) 3928 lw(n — 1)!
+ 3£2k (an—an—l _ an—lbn—2>t
+ (3%rg + 3)b,_1 + (3%2%sy + 6)b,,_, = 0.

(9) (3“ro + 3)an—1 + (3°2Fs9 + 6)a,_»
+ 392F(n —1)!1(1 —y) = 0.

(8) X Qp—2 — (9) X bn—2:



(8) 3928 lw(n — 1)!
+ 3tk (an_zbn_l — an_lbn_z)t
+ (3%r9 + 3)b,_1 + (3%2%sg + 6)b,,_o =
(9) (3% + 3)an_1 + (3%2%sg + 6)a,_s
+ 3%92%(n — 1)!1(1 — y) = 0.
(8) X an_2 —(9) X b,,_s:

(11) an_232 1 (n — 1)lw
+ a,,_3%2F <an_2bn_1 — an_lbn_z)t
+ (3£r0 + 3) (an_zbn_1 — an_1bn_2)
— 3%2F(n — 1)!(1 — y)b,,_, = 0.



We work with (10) ifvg(a.n,—1) < vz(an—2) and work
with (11) otherwise.

Supposerg(an—1) < v3(an—2). Let

c = an_13£2k_1(n — 1)!,
C, == an—13£2k (an—2b’n—1 _ a”n—lbn_2)’
¢! = (3°2%s0 + 6) (an—2bp—1 — an—1bpn_2),

" = 3%2F(n — 1)1(1 — y)bp_1.

Show there existv andt such thatcw + 't = ¢” + ¢’
by looking at thevs andvg values.



