LECTURE 1

An Example Concerning
the Irreducibility of ™ 4+ g(x)
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QUESTION 1. Let fo(x) = 1. For k > 1,
define f.(x) to be the reducible polynomial of the
form fi._1 () 4+ x™ with n assmall as possible and

n > deg fr._1. Isthe sequence { fi.(x)} afinite
seguence or an infinite sequence?



QUESTION 1: Let fo(x) = 1. For k > 1,
define f.(x) to be the reducible polynomial of the
form fi._1 () 4+ =™ with n assmall as possible and

n > deg fir._1. Isthe sequence { fr.(x)} afinite
sequence or an infinite sequence?

Answer: Thesequence { fi.(x) } isafinite sequence.
The polynomial

14+ 23 4 215 4 216 4 32, 33, 34, 35
IS the last polynomial in the sequence.

Problem: Find a proof.



Definitions and Notation: Let f(x) € Cla]| with
f £ 0. Then

f(x) = 298 £(1/z) isthereciprocal of f(z).
If f = +f, thenwesay that f isreciprocal.

Comment: If f isreciprocal and « is aroot of f,
then1/aisaroot of f.

Two-StepsFor Establishing { fi.(x) } isFinite:

1. Handle reciprocal factors (there are none).

2. Handle non-reciprocal factors (there is no
more than one).



STEP 1. HANDLE RECIPROCAL FACTORS

L et
g(m) =14+ $3 + $15 + {B16 + $32 + $33 + .’1334 + 21335.

If £ isanirreducible reciprocal factor of
F(x) = " + g(x),
then it divides
F(z) = g(z)z™ 3% + 1.

So f divides
§(z)F(z) — z*°F ()

= g(x)g(x) — .



g(:c):1—|—a:3—|—:1:15—|—:1316—|—:1332—|—a:33—|—:1334—|—w35

f dividesg(x)g(x) — x3°

f 1sether

w6+w5+w4—|—w3+w2+w—l—1
or

264 4 61 _ 160 54 43 o 42
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f i1sether

w6—|—:135—|—w4—|—w3—|—w2—|—33—|—1
or

204 4 61 _ 60 54 43 4 5 42
IDCS s [ s SIS

Thus, f dividesF(x) = =" + g(x). If
f=aS+ax®+at 423+ 2%+ 41,
then f also dividesz” — 1. If n > 7, then f must

divide
"7 + g(x).

If n > 14, then f must divide
Cl)n_14—|—g(CL').

If n = r (mod 7),then f must dividex” +g(x).



If n =r (mod 7),then f must dividex” +g(x).

Testif f = A VL L St ST R R |
dividesz" 4+ g(x) forr € {0,1,2,3,4,6}.

It doesn't.

Conclusion: F'(x) = ™+ g(a) isnot dviisble by
f = :136—|—ac5—|—:134—|—a:3—|—5132—|—a3—|—1f0ranyn.

If f isan irreducible reciprocal factor of F', then f

IS the polynomial

264 4 61 _ 60 , 54 43 5 42
_|_3341_..._|_3310—334—|—:c3—|—1.



Suppose f is
264 4 261 _ 560 54 43 | 5,42
IO s (L Q. SR

Compute theroots of f. In particular, f has aroot
o~ 0.58124854 — 0.96349774 |

with
1.125 < | < 1.126.

lg(a)] < g(1.126) < 231 < 1.125%" < |a|*"

F(a)] > |a™ —|g(a)] > 0 for n > 47

f doesnot divide F' foranyn > 0



STEP 2: HANDLE NON-RECIPROCAL FACTORS

Lemma 1. If the non-reciprocal part of a polyno-
mial F'(x) € Z|x] is reducible, then there exist
non-reciprocal polynomials u(x) and v(x) in Z|x]
suchthat F'(x) = u(x)v(x).

Proof. Let a(x) be an irreducible non-reciprocal
factor of F'(x).

CASE 1. a(x) divides F
Write F'(x) = u(x)v(x) where
a(x)tu(x) and a(x)1v(x).

CASE 2. a(x) doesnot divide F

Consider anirreduciblenon-reciprocal b(x) such that
a(x)b(x) divides F. If b(x) divides F', appeal to
Case 1 with b(x) inplaceof a(x). If b(x) doesnot
divide F', write F'(x) = u(x)v(x) where

a(x)|u(x) and b(x)|v(x).



Lemma 1. If the non-reciprocal part of a polyno-
mial F(x) € Z|x] is reducible, then there exist
non-reciprocal polynomials u(x) and v(x) in Z|x]
suchthat F'(x) = u(x)v(x).

Comment: Inthecasethat F' () hasapositivelead-
ing coefficient, both w(a) and v(x) can be taken to
have a positive leading coefficient.



Lemma 1. If the non-reciprocal part of a polyno-
mial F(x) € Z|x] is reducible, then there exist
non-reciprocal polynomials u(x) and v(x) in Z|x]
suchthat F'(x) = u(x)v(x).

Assume the non-reciprocal part F'(x) is reducible.
Let u(x) and v(x) beasin Lemma 1.

Lemma. The polynomia w(x) = u(x)v(x) has
the following properties:

(Yw # +F andw # +F.

(i) ww = FF.
(i) w(1) = F(1).
(iv) [[w]| = [ F||.

(v) If Fisa0, 1-polynomial, then w is aso and
with the same number of non-zero termsas F'.



F(z) = u(z)v(z), w(r)=u(r)v(z)
u(x) and v(a) are non-reciprocal

(v) if Fisa0, 1-polynomial, then w isaso and
with the same number of non-zero terms as F'

Pr oof.

r S
F(x) = Z aj:cdj, w(x) = Z bz
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Assume (the non-reciprocal part of)
F(x) = " + g(=)
IS reducible.

g(a:):1—|—:133—|—a:15—|—:1316—|—:n32—|—3333—|—3334—|—a:35

Then thereisaw(x) satisfying:
(Yw# +Fandw # +F

(i) ww = FF
(i) w(1) = F(1)
(iv) [[w]| = [|.F|

(V) w isa0, 1-polynomial with the same number
of non-zerotermsas F



(Vw# +Fandw # +F (i)ww = FF
(i) w(1) = F(1) (iv) [[w]| = || F]]

(V) w Is a0, 1-polynomial with the same number
of non-zerotermsas F

If n > 83, then

Fﬁ:].—I—iE3—|—$15—|—$16—|—$32—|—€E33—|—$34—|—$35—|—'°'

where all subsequent terms have degree > 48.

w(x) =1+ 7?72 +x"
w(x) =14+ ?77? +x"

w(a:):1+:c3—|—---—|—zcn
w(x)=14---+2" 3+ 2"



(Vw# +Fandw # +F (i)ww = FF
(i) w(1) = F(1) (iv) [[w]| = || F]]

(V) w Is a0, 1-polynomial with the same number
of non-zerotermsas F

Fﬁv:1_I_a:3_|_w15_I_:B16_|_a:32_|_w33+w34_l_w35_|__..

w(w)zl—l—w?’—l—---—l—wn
@(w)zl—l—---—l—wn_?’—kwn

w(w):1+:133—|—w15—|—---—|—:13n
@(w)zl—l—---—I—wn_lS—I—wn_g—I—wn

w(a:):1+:133—|—:1315—|—:1:16—|—---—|—:13"
@(m) — 1_|_..._|_wn—16_|_wn—15_|_mn—3_|_wn

SO w = 'l



Summary:

l.x™ 4 g(a) has no reciprocal irreducible factors
1. the non-reciprocal part of x™+g(x) isirreducible

The first of these was shown for all n > 0, and the
second of these was shown for n > 83. Checking
directly for 35 < n < 83, we deduce the original
clam.
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Theorem: Let g(x) be a0, 1-polynomia with the
property that g(x) isirreducible over the set of 0, 1-
polynomials (that is, g(x) is not the product of two
0, 1-polynomials of degree > 0). Then the non-
reciprocal part of F'(x) = ™+ g(x) isirreducible
Ifn > 3degg.



