Distribution Results for Multiplicative Functions in Short Intervals

Classical use of exponential sums have been applied to give a variety of results about the distribution of multiplicative functions in short intervals. Among the contributions to the subject are the works of S. W. Graham and G. Kolesnik [11], D. R. Heath-Brown [12], H. Li [24], A. Ivić [18], C.-H. Jia [19,20], E. Krätzel [23], H. Liu [25,26], R. A. Rankin [29], H. E. Richert [30], K. F. Roth [31], P. G. Schmidt [32,33,34], and P. Shiu [35,36]. These results have seen recent advances through the use of finite difference techniques developed by M. N. Huxley [13-17], S. Konyagin [21], Sargos [16], and both independently and jointly by the two PI’s Filaseta and Trifonov (cf. [4-10,40-44]). For example, they have investigated estimates for the sums (1) ∑ x<n≤x+h F (n)

where h is small (h = x^θ for some θ ∈ (0, 1) with the goal of minimizing θ) and F (n) represents one of the three characteristic functions for the set of k-free numbers, for the set of squarefull numbers, and for the set of n for which the number of non-isomorphic abelian groups of order n is a given fixed number k. In fact, each of the papers indicated as applications of exponential sums listed above (from the paper by Graham and Kolesnik [11] to the papers by Shiu [35,36]) give estimates for (1) for one of these three characteristic functions. In [10], Filaseta and Trifonov show how differences can be used in each of these three cases to establish improvements over these known exponential sum estimates.

One problem the PI’s would pursue is to generalize the applications of finite differences to more general functions F (n). More precisely, we pose to investigate the following.

Problem 1. Using the recently developed differencing techniques, obtain an estimate for (1) for general F (n) (subject to as few constraints as possible).

Such F (n) need not necessarily be multiplicative functions, but clearly such a constraint might lead to a better estimate or be advantageous to the approaches. That a general result of some sort should exist is already suggested by the treatment of the non-isomorphic abelian group problem by Filaseta and Trifonov in [10]. Further recent evidence includes the observation by Anguel Kumchev [22], a current student of Filaseta, that differences can be used to obtain a short interval result when F (n) denotes the number of squarefree divisors of n. Also, Trifonov (unpublished) observed that one can use differences to obtain a short interval result when F (n) is the number of “exponential” divisors of n (see the work of M. V. Subbarao [38] and J. Wu [45] for asymptotics concerning exponential divisors). Trifonov’s approach here seems to naturally lend itself to possible generalizations. A general result might also address the function F (n) defined by

F (p^j ) =

0 if j < r 1 if r ≤ j ≤ s 0 if j > s where r and s are integers satisfying s > r ≥ 1. This is suggested by the characteristic function for the squarefree numbers (the case r = 1 and s = 1) and the characteristic function for the squarefull numbers (the case r = 2 and s = ∞). This function is discussed, for example, in the work of H. Menzer [28]. We mention such examples of F (n) reluctantly. The point of this investigation is not to obtain results for various special classes of functions F (n); the focus is rather to obtain a result that includes as general a class of multiplicative functions as possible.

Problems involving short interval results of the type in (1) are closely related to estimating the size of the set (2) S = {n ∈ (N, 2N] ∩ Z : ‖f(n)‖ ≤ δ}, where f is a function satisfying certain conditions on its derivatives, δ > 0, and ‖x‖ = min{|x − m| : m ∈ Z}. When δ is small, the finite difference approaches, as in the applications discussed above, produce upper bounds that improve on estimates obtainable by current exponential sum techniques. Different differencing techniques apply to different problems depending on the function f and the size of N. As an example, we consider the case that F (n) is the characteristic function for the squarefree numbers. One estimates (1) by showing that typically F (n) = 1 unless n is divisible by the square of a small prime. This is obvious if one considers a full range of n up to some number x, but treating the case of n in a short interval (x, x+h] is a more difficult problem. This short interval problem for squarefree numbers boils down to establishing that there are o(h) primes p > h such that p^2|n for some n ∈ (x, x + h]. For each p > h such that p^2|n, we have n = p^2m ∈ (x, x + h] for some integer m and, hence, x p^2 < m ≤ x p^2 + h p^2 . Thus, if we consider f(u) = x/u^2 and δ = h/N^2, then the size of the set S in (2) gives an upper bound for the number of primes p ∈ (N, 2N] satisfying p^2|n for some n ∈ (x, x + h]. As N varies, the short interval problem for squarefree numbers is reduced to an estimate for |S|. In the case of the characteristic function for squarefull numbers, improvements over the work in [10] by further differencing methods have been made by Huxley and Trifonov [17] and by Konyagin and Trifonov (in progress). The first of these showed how a divided difference approach of H. P. F. Swinnerton-Dyer [39] for estimating the number of points on a curve could be extended to an estimate for the number of lattice points close to a curve. In other words, Swinnerton-Dyer obtained estimates in the case δ = 0 in (2) above, and Huxley and Trifonov extended his approach to δ > 0 to give an improvement in the short interval result for squarefull numbers. Swinnerton-Dyer’s method relies on the use of a third order divided difference and certain convexity conditions. Extending the approach to divided differences of higher order required a bit of work largely because of issues associated with handling the convexity condition. Making use of some ideas of Huxley [15], Konyagin and Trifonov have bypassed the issues of convexity and extended the work of Swinnerton-Dyer to fourth order divided differences.

Problem 2. Generalize the approach of Konyagin and Trifonov to divided differences of an arbitrary order and apply the new estimates to short interval results for multiplicative functions.

An arithmetic problem that arises in the Konyagin-Trifonov approach is to estimate the number of 8-tuples (D_1, D_2, D_3, D_4, z_1, z_2, z_3, z_4) where the D_j are integers satisfying 0 < |D_j | ≤ B and D_1 + D_3 ≠ D_2 + D_4 and the z_j are integers with 0 < z_1 < z_2 < z_3 < z_4 ≤ A satisfying D_1z_1 − D_2z_2 + D_3z_3 − D_4z_4 = 0 and D_1z^2_1 − D_2z^2 + D_3z^2_3 − D_4z^2_4 = 0.

With a little work one can obtain the bound O(A^{1+ϵ}B^4), but one expects something closer to O(AB^2). We know how to decrease the exponent on B from 4 to 11/3, but more work is needed on this problem as any improvement on this estimate leads to a sharper estimate for |S| in (2). Such an estimate would in turn lead to an improvement in the application of differences to the squarefull problem for short intervals. In fact, these results also give improvements to Swinnerton-Dyer’s original work where δ = 0.

Problem 3. Make further progress on estimates for the number of 8-tuples

(D_1, D_2, D_3, D_4, z_1, z_2, z_3, z_4)

as described above.

In dealing with Problem 2, we would also investigate further problems of the type just described. More precisely, further order divided differences leads to the problem of estimating the number of 2n-tuples of integers D_1, . . . , D_n and z_1, . . . , z_n with 0 < |D_j | ≤ B for each j, 0 < z_1 < z_2 < · · · < z_n ≤ A, ∑_n k=1(−1)^kD_k ≠ 0, and ∑_n k=1(−1)^kD_kz^j_k = 0 for j = 1, 2, . . . , n − 2. In each of these cases, we are mainly interested in an upper bound when B is “small” compared to A.

Suppose F (n) = 1 if and only if n is the sum of two squares. Again, F is multiplicative. It would be of particular interest in this case to find a lower bound for the sum in (1). A lower bound result would correspond to a short interval result for numbers which are the sum of two squares. In this case, a very simple argument shows that between x and x + O(x^{1/4}) there is a number which is the sum of two squares and, although this result dates back to R. P. Bambah and S. Chowla [1] in 1947, no improvement on the exponent 1/4 has ever been obtained.

Problem 4. Obtain lower bound estimates for the sum given in (1).

A related question concerning gaps between lattice points on circles and ellipses has been more recently considered by J. Cilleruelo and A. Córdoba [2, 3]. This problem would correspond to upper bound estimates for sums of the type given in (1), and the PI’s plan to consider possible applications of the recent differencing approaches to this work of Cilleruelo and Córdoba.

The PI’s also plan to study the problem of using differences to estimate the size of the set S^′ = {(u, v) ∈ Z^2 : u ∈ (N, 2N], v ∈ (M, 2M], ||f(u, v)|| < δ} for some appropriately behaved function f(u, v). In other words, we will consider the possibility of extending the current differencing techniques to obtain multi-dimensional versions of the type already investigated.

Problem 5. Find a good upper bound (using differences) for the size of the set S^′ mentioned above or, more generally, obtain estimates for the number of lattice close to a surface in higher dimensions.

It is anticipated that such estimates would then be applied to obtain new short interval results for multiplicative functions. For example, if F (n) is the characteristic function for cubefull numbers, then estimates for |S^′| would lead to estimates for the size of the sum in (1). In other words, if C(x) denotes the number of cubefull numbers ≤ x, estimates for |S^′| lead to estimates for C(x + h) − C(x). Our initial work on this problem has led to a simple proof that one can take h = x^{(2/3)+θ} with θ = 1/8 and a more complicated argument that one can do better. Our results are not yet satisfactory as Liu [27] has obtained the better result θ = 11/92 using exponential sum techniques. The idea would be to see what differencing methods produce for such a result, but it would clearly be reasonable to also consider exponential sum approaches. Perhaps the best approach in the end might be to consider a combination of the two techniques. An approach that makes use of differences here would be of interest partially because the application of differences to cubefull numbers has not yet been realized (at least in a form that improves on other known techniques).

Problem 6. Using results from the previous problem, determine a small value of θ for which C(x + x^{2/3+θ}) − C(x) = Ax^{2/3+θ} (1 + o(1)) ,

where A is an appropriate constant.

References

1. R. P. Bambah and S. Chowla, On numbers which can be expressed as a sum of two squares, Proc. Nat. Inst. Sci. India 13 (1947), 101–103.

2. J. Cilleruelo and A. Córdoba, Trigonometric polynomials and lattice points, Proc.

Amer. Math. Soc. 115 (1992), 899–905.

3. J. Cilleruelo and A. Córdoba, Lattice points on ellipses, Duke Math. J. 76 (1994), 741–750.

4. M. Filaseta, An elementary approach to short intervals results for k-free numbers, J.

Number Theory 30 (1988), 208–225.

5. M. Filaseta, Short interval results for squarefree numbers, J. Number Theory 35 (1990), 128–149.

6. M. Filaseta, On the distribution of gaps between squarefree numbers, Mathematika 40 (1993), 88–101.

7. M. Filaseta and O. Trifonov, On gaps between squarefree numbers, Analytic Number Theory, Proceedings of a Conference in Honor of Paul T. Bateman (Progress in Mathematics Series, Vol. 85), edited by Berndt, Diamond, Halberstam, and Hildebrand, Birkhäuser, Boston (1990), 235–253.

8. M. Filaseta and O. Trifonov, On gaps between squarefree numbers II, J. London Math.

Soc. (2) 45 (1992), 215–221.

9. M. Filaseta and O. Trifonov, The distribution of squarefull numbers in short intervals, Acta Arith. 67 (1994), 323–333.

10. M. Filaseta and O. Trifonov, The distribution of fractional parts with applications to gap results in Number Theory, Proc. London Math. Soc. 73 (1996), 241–278.

11. S. W. Graham and G. Kolesnik, On the difference between consecutive squarefree integers, Acta Arith. 49 (1988), 435–447.

12. D. R. Heath-Brown, Square-full numbers in short intervals, Math. Proc. Camb. Phil.

Soc. 110,1 (1991), 1–3.

13. M. N. Huxley, The integer points close to a curve, Mathematika 36 (1989), 198–215. 14. M. N. Huxley, Moments of differences between squarefree numbers, Sieve Methods, Exponential Sums, and their Applications in Number Theory, LMS Lecture Note Series, vol. 36, edited by Greaves, Harman, and Huxley, Cambridge Univ. Press, 1997, pp. 187–204.

15. M. N. Huxley, The integer points close to a curve III, preprint. 16. M. N. Huxley and P. Sargos, Points entiers au voisinage d’une courbe plane de classe C^n , Acta Arith. 69 (1995), 359–366.

17. M. N. Huxley and O. Trifonov, The square-full numbers in an interval, Proc. Cam. Philos. Soc. 119 (1996), 201–208.

18. A. Ivić, On the number of finite non-isomorphic abelian groups in short interval, Math.

Nachr. 101 (1981), 257–271.

19. C.-H. Jia, The distribution of squarefull numbers, Chinese, Acta Scientiarum Naturalium, Univ. Pekinensis 3 (1987), 21–27.

20. C.-H. Jia, On squarefull integers in short intervals, Chinese, Acta Math. Sinica 5 (1987), 614–621.

21. S. Konyagin, Estimates of the least prime factor of a binomial coefficient, preprint. 22. A. Kumchev, The k-free divisor problem, Monatsh. Math., to appear. 23. E. Krätzel, Die Werteverteilung der Anzahl der nicht-isomorphen Abelschen Gruppen endlicher Ordnung in kurzen Intervallen, Math. Nachr. 98 (1980), 135–144.

24. H. Li, On the number of finite non-isomorphic abelian groups in short intervals, Math.

Proc. Cambridge Philos. Soc. 117 (1995), 1–5.

25. H. Liu, On square-full numbers in short intervals, Chinese, Acta Math. Sinica 6 (1990), 148–164.

26. H. Liu, The number of squarefull numbers in an interval, Acta Arith. 64 (1993), 129–149.

27. H. Liu, The number of cube-full numbers in an interval, Acta Arith. 67 (1994), 1–12. 28. H. Menzer, On the distribution of powerful numbers, Abh. Math. Sem. Univ. Hamburg 67 (1997), 221–237.

29. R. A. Rankin, Van der Corput’s method and the theory of exponent pairs, Quart. J.

Math. Oxford Ser. (2) 6 (1955), 147–153.

30. H. E. Richert, On the difference between consecutive squarefree numbers, J. London Math. Soc. (2) 29 (1954), 16–20.

31. K. F. Roth, On the gaps between squarefree numbers, J. London Math. Soc. (2) 26 (1951), 263–268.

32. P. G. Schmidt, Abschätzungen bei unsymmetrischen Gitterpunktproblemen, Dissertation zur Erlangung des Doktorgrades der Mathematisch–Naturwissenschaftlichen Fakultät der Georg–AugustUniversität zu Göttingen, 1964.

33. P. G. Schmidt, Zur Anzahl quadratvoller Zahlen in kurzen Intervallen und ein verwandtes Gitterpunktproblem, Acta Arith. 50 (1988), 195–201.

34. P. G. Schmidt, Über dier Anzahl quadratvoller Zahlen in kurzen Intervallen, Acta Arith.

46 (1986), 159–164.

35. P. Shiu, On the number of square-full integers between successive squares, Mathematika 27 (1980), 171–178.

36. P. Shiu, On squarefull integers in a short interval, Glasgow Math. J. 25 (1984), 127–134.

37. P. Shiu, The distribution of cube-full numbers, preprint.

38. M. V. Subbarao, On some arithmetic convolutions, The theory of arithmetic functions (Proc. Conf., Western Michigan Univ., Kalamazoo, Mich., 1971), Lecture Notes in Math., Vol. 251, pp. 247–271, Springer, Berlin, 1972.

39. H. P. F. Swinnerton-Dyer, The number of lattice points on a convex curve, J. Number Theory 6 (1974), 128–135.

40. O. Trifonov, On the squarefree problem, C. R. Acad. Bulgare Sci. 41 (1988), 37–40. 41. O. Trifonov, On the squarefree problem II, Mathematica Balcanika 3 (1989), 284–295. 42. O. Trifonov, On the gaps between consecutive k-free numbers, Mathematica Balcanika 4 (1990), 50–60.

43. O. Trifonov, On gaps between k−free numbers, J. Number Theory 55 (1995), 46–59. 44. O. Trifonov, Integer points close to a smooth curve, Serdica Math. J. 24 (1998), 319–338.

45. J. Wu, Problème de diviseurs exponentiels et entiers exponentiellement sans facteur carré, J. Théor. Nombres Bordeaux 7 (1995), 133–141.