THE DISTRIBUTION OF FRACTIONAL PARTS
WITH APPLICATIONS TO GAP RESULTS IN NUMBER THEORY
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1. INTRODUCTION

Let 0 and N be positive real numbers, and let f : R — R be any function. In this
paper, we will obtain estimates for the size of the set {u € (N,2N] : ||f(u)|| < 0}, where u
represents an integer and ||f(u)|| represents the distance from f(u) to the nearest integer.
Thus, the set consists of u € (N,2N] for which {f(u)}, the fractional part of f(u), lies
in I =[0,0)U(1—246,1). The function f may depend on other parameters than u and,
in particular, N. How good an estimate one can make depends on how well-behaved the
function f is as well as the size of . We will obtain two different theorems estimating
the size of this set. The first of these two theorems will be of a fairly general nature and
is motivated by the authors’ work in [12] and by work of Huxley [22] and of Huxley and
Sargos [24]; the second of these two theorems will be less general and is motivated by the
authors’ joint work in [11] and the second author’s work in [49].

We will show how these two theorems can be used to obtain gap results for k—free
numbers (integers n such that if p is a prime, then p* does not divide n), for squarefull
numbers (integers n such that if p is a prime dividing n, then p? divides n), and for the
number of non-isomorphic abelian groups of a given order. For the remainder of this
introduction we elaborate on these gap results.

Theorem 1. Let k be an integer > 2. Then there is a constant ¢ = c(k) such that if
h = cat/(2*+1) log  and x is sufficiently large, then the interval (z,z+ h] contains a k—free
number. Furthermore, if h = z'/(?*+1) (log 2)g(z) where g(z) is any function increasing to
infinity with x, then the number of k—free numbers in (z,x + h] is h/{(k) + o(h).

Theorem 1 for k = 2 was first established by the authors in [11] and for general k was
first established by the second author in [49]. For k = 2, this result improves on work by
Fogels [13], Roth [39], Richert [38], Rankin [37], Schmidt [40], Graham and Kolesnik [17],
the second author [46,47], the first author [6], and the authors jointly [10]. For general &,
this result improves on work by Halberstam and Roth [18], the first author [5], and the
second author [48].
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**Research supported by NSF EPSCoR Grant EHR 9108772, by Grant 403/94 from the Bulgarian
Academy of Sciences, and by the EC Human Capital and Mobility Programme.
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Theorem 2. Let a(n) denote the number of non-isomorphic abelian groups of order n.
For k a positive integer, let Ay = {n € Z% : a(n) = k}. Let h = 2'/°(logz)g(z) where
g(x) is any function increasing to infinity with x. Then there is a constant Py such that
the interval (x,z + h| contains Pih + o(h) elements of Ay.

Theorem 2 improves on work of Ivi¢ [26] and Kratzel [29,30]. The theorem is essentially
due to Li Hongze [31] who showed that one can take h = z(!/)*¢ above for any e > 0.
The approach of Li is based on using the exponent pair (1/6,2/3) and estimates from work
on gaps between squarefree and cubefree numbers from [11] and [18]. Our approach here,
and elsewhere in the paper, is based solely on elementary techniques. We also show that a
result of the type given in Theorem 1 for k = 2 is equivalent to an analogous result (with
the same h) for Theorem 2. To show this equivalence, we make use of a result of Schinzel
(cf. [4],[43]) that the unrestricted partition function p(n) has infinitely many distinct prime
divisors as n varies over the positive integers.

Theorem 3. Let Q(x) denote the number of squarefull numbers < x. Then for
5 1
— =0.1282-.- <0< =
39 0y

we have that

1/2)+6 _ C(3/2) 0 6

This is the main result of the authors in [12]. A classical result of Bateman and Gross-
wald [2] would imply the same result with 6 > 1/6. Theorem 3 is an improvement on work
by Shiu [44,45], Schmidt [41,42], Jia [27,28], Liu [32,33], and Heath-Brown [19].

Theorem 4. Let s1,$2,... denote the squarefree numbers in ascending order. Then for
43
0<y< 3 = 3.30769. ..,

there is a constant B() such that

Z (3n+1 - Sn)7 = B('Y)x + 0(33)'

Sn41 SQE

Theorem 5. Let k be an integer > 3. Let s1,ss,... denote the k—free numbers in
ascending order. For 0 < y < 2k — 1, there is a constant B(v, k) such that

S™ (51 = 50)" = B(r, k) + ofa).

Sn+1 S"B

Theorem 4 improves on work by Erdés [3], Hooley [21], and the first author [7]. Theorem
5 is the k—free version of Theorem 4 and improves on work of Hooley [21] and Graham
[15]. Theorem 5 is a slight improvement over Graham who had the result for 0 < v <
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2k — 2+ (4/(k 4+ 1)). The same result for v > 2k + 1 would imply an improvement on
Theorem 1, and it is of some interest to determine how close to 2k + 1 one can take 7.

In this introduction, we have indicated some of the extent of the approaches in this
paper. The main results concerning the distribution of fractional parts and the methods
used are discussed in detail in the next two sections. It is worth noting here that these
same ideas can be extended to algebraic number fields to obtain results about k—free
values of polynomials and binary forms. Such polynomial results have been obtained by
Nair [35,36], Huxley and Nair [23], and the first author [8]. In particular, Nair [35] showed
that if k is an integer > (v/2 — (1/2))g, then any irreducible polynomial f(z) € Z[x] of
degree g with gcd(f(m) : m € Z) k—free is such that f(m) is k—free for infinitely many
integers m. The first author [9] has obtained the analogous result for irreducible binary

forms f(z,y) € Z[xz,y] and k > (1/2)(v2 - (1/2))g.
2. DIVIDED DIFFERENCES AND A RESULT ON FRACTIONAL PARTS

Before continuing, we mention briefly some notation that will be used throughout the
paper.

||z|| = min{|z — m| : m is an integer}.

[x[ denotes the nearest integer to .

fu) < g(u), g(u) > f(u), or f(u) = O(g(w)) will mean that there is a constant
¢ > 0 such that |f(u)| < ¢|g(u)| whenever u is sufficiently large. A subscript will be
used to indicate the dependence of the constant on some fixed parameters; for example
f(u) < g(u) or f(u) = Oc(g(u)) indicates that ¢’ may depend on .

f(u) = o(g(u)) will mean that lim, . (f(u)/g(u)) = 0.
f(u) ~ g(u) will mean that lim, . (f(u)/g(u)) = 1.
f(u) < g(u) will mean that there are constants ¢j > 0 and ¢}, > 0 such that ¢}|g(u)| <

|F(w)] < chlg(u)l.

In this section and the next, we develop the two main results of this paper from which the
theorems of the previous section will follow either directly or indirectly. We also indicate
how exponential sum estimates can be used to obtain similar results. An interesting aspect
of the results mentioned in the previous section, however, is that although exponential sum
estimates have been used in the past to obtain similar theorems, we will make no use of
exponential sum estimates in this paper. Nevertheless, it is of some interest to understand
the role of exponential sums for such results.

For all of the results mentioned in the previous section, we will have f(u) = X/u® where
X is a new parameter and where s is a positive rational number. The value of ¢ will in
each case be “small,” and this will be crucial for the use of the more general theorems
discussed in this section and the next. In particular, the larger ¢ is, one can in general
expect to be able to make less use of the theorems in this paper and better use of the
methods of exponential sums.

Exponential sums serve immediately to make estimates of the type we want because of
the following:

Let 6 € (0,1/2). Let f : R — R be any function. Let S be a set of positive integers.
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Then for any positive integer J < 1/(46), we get that

S e i)+ 17151

ueS

fue s Il <ol s 57 2

1<5<T

A particularly simple proof of this result can be found in [6]. If one also makes use of Abel
summation, one can replace the above estimate with

= S i

ueS j=1

{ue S:|f(w)]] <} <

_‘2(J—#1 1<k<J{

Both of these enable one to apply exponential sum techniques. In particular, one can apply
the theory of exponent pairs in the first case or multi-dimensional estimates in the second
case. An excellent reference on obtaining such estimates is a recent book by Graham and
Kolesnik [16]. In addition, for monomials f such as we will be considering, one can make
use of recent work by Fouvry and Iwaniec [14].

Our interest here, again, is not in the use of exponential sums. We will make use of
finite differences. Finite differences arise in the theory of exponential sums. It is not
difficult, for example, to transform a sum over u of e(f(u)) to a sum over u and a of
e(f(u+a)— f(u)). The expression f(u + a) — f(u) is a difference, and we can view it as
being close to af’(u) if f is well-behaved and from this obtain estimates for exponential
sums. We can furthermore arrive at higher order differences to estimate such sums. The
advantage of avoiding the use of exponential sums is that in so doing one seemingly can
make more use of certain arithmetical considerations in order to obtain better estimates
of the type needed. Equally important is that one need not restrict oneself to the type of
differences that arise in exponential sum estimates. A crucial aspect to the proof of our
next result, for example, is an application of divided differences which we discuss next.
A theory of exponential sum estimates based on the use of such differences would be of
interest, but none currently exists.

If f is a continuous function defined on the reals and x¢, z1, ..., x, are n+1 distinct real
numbers, then there is a unique polynomial g(x) of degree < n such that g(z;) = f(z;) for
each j € {0,1,...,n}. The coefficient of ™ in g(x) is defined to be an nth order divided
difference for f, and we denote it by f[zo,z1,...,2,]. Divided differences are classical in
the theory of numerical methods. Below we give the necessary background for our use of
them.

Let s be a positive integer. For arbitrary distinct real numbers 3y, 81, ..., 3s, We set

G =G (8o, 8,8 = [ B;i—8).

0<i<j<s

For j in {0,1,..., s}, we define

G_SS) - Gg'S)(ﬂOaﬂh s 755) - G(s_l)(ﬂO:ﬂh s 75j—175j+17 s 755—1755)7



MJ(S) = MJ(S)(/307/317"' 7/85) = (_1)S_jG§S)(/BO7/B]'"” 7/85)7

and
(s)
DY = D60, 81, 80) = [ (85— o) = S oolonProenBe),
j i (Bo, B ) og‘gs(] ) 2 (Bos B )
i#]

To clarify our use of subscripts, we note that in the definition Ggs) we are discarding the
(7 + 1)st argument so that for example
GES)(ﬁ17ﬁ27"':ﬂs+l) - H (ﬁﬂ_ﬁz)
0<i<t<s
i1, 0E 41
For our purposes, we fix 5 = 0. We now formulate four lemmas. The first two are
well-known and can be found in [25].

Lemma 1. With the notation above,

s M(s)
flu,u+ B, ... u+gs]_ZfU+ﬁ]): fu+ B;)M;

T pw & G

and

U+ P, u+ Doy, + Os| — flu, U+ 01,0, U+ D
Lemma 2. Suppose that 0 < 31 < 33 < -+ < Bs and that f has a continuous derivative
of order s in [u,u + B;]. Then there is a number £ € (u,u + 35) for which

(s)
f[uﬂu—i_ﬂl:"'?u—i_ﬁs] = f S'(é.)

Lemma 3. Let s > 2, and let 31,32, ...,3s be distinct positive integers. Let

dy =p1B2Bsm1, do=(Bs —P1)(Bs —P2) - (Bs —Bs—1), and d = ged(dy,da).
Then for every j € {0,1,...,s}, d is a factor ofMJ(.S), and for every j € {1,2,...,s — 1},

M;S)(ﬂOuﬂh o Bs) = dlM(s (B, By, Bs) = dQMJ(‘s_l)(ﬂO:ﬂh coBs-1)-

Proof. Clearly, G = []yc;<jcs_1(8j—0B:) is divisible by di and G5 = ], <, ; <, (8;—5:)
is divisible by ds. Hence, d divides MJ(S) for j=0and j =s. For j € {1,2,...,s—1}, one
checks directly that

C(S 2 (517[327"'755) - gJG(S)(/BOMBIV"a/Bs)

%GE'S)([}W[}I? s ’65)'

and
d2G§,s_1)(507517 o Bel) =
Hence,

Gg'S)(/BO?ﬁl? s 7/85) = leg's__ll)(51752) e 7/35) + d2G§'S_1) (,60,,61, e ,ﬁs_l).
The result follows. W



Lemma 4. Ifn is an integer and n = 0 + ¢, then one of the following must hold:
(i) 10] = 1/2.
(i) 10] < |

If |e] < 1/2, then n is non-zero in case (i) and n = 0 in case (ii).

The argument for Lemma 4 is clear. We have stated it here simply to accentuate its
importance as this simple lemma will play a major role in our arguments.

We state the main result of this section next. In the statement of the result, we will
make use of two numbers r and k. Throughout the remainder of this section, there will
be various implied constants (such as in the asymptotic formulas f G )(u) = TN~ in the
statement of our next result); all such constants may depend on r but are independent of

k.

Theorem 6. Let N > 1. Let r be an integer > 3. Let ' be a positive real number.
Suppose that f is a function with at least r derivatives and with f(j)(u) = TN~ for
je{r—2,r—1,r} and u € (N,2N]. Let ¢ be a positive real number with

5 < k min{TN_T+2’T(r—4)/(7’—2)N—r+3 _I_ TN—T'-|-1},

for some sufficiently small constant k depending on r and the implied constants in the
asymptotic formulas f)(u) < TN~ above. Let

S={ue (N,2N|NZ:||f(u)]] <}
Then

S| < 72/ (1) N (r=1)/(r+1) L 52/ ((r=1)(r=2)) 4 N (5TN1_T)1/(TZ_3T+4)'

To prove Theorem 6, we first consider several key steps which we designate as lemmas.
For each lemma, we will assume that the conditions in the theorem hold.

Lemma 5. For some positive constant c; depending only on r and the implied constants
in f(r=2)(u) x TN~"*2, there exists a set S’ satisfying

(i) 8" C S,
Cgﬁ) S| < (r=1)(]5'[ +1),

(iii) any two distinct elements of S' differ by at least ¢, N?/(r—1=2/((r=1)(r=2)),
Proof. Let u,u + B1,...,u + B,_o denote any r — 1 consecutive elements of S so that
0< By <fBs<- -+ <PBr_a. We will establish that

Br_g > ¢ N¥/ =D =2/((r=1)(r=2))

for some ¢; as above from which the lemma will follow by choosing the elements of S’ to
be every (r — 1)st element of S.
From Lemma 1 and Lemma 2, we deduce that

=2 fut B)MITH (B0, By Bema)  FR)(g)
f[u,u—{_ﬁl,” u—l_/BT 2 :Z G(i 2) 507517 . 7ﬁr—2) B (T_Q)'
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for some ¢ € (u,u + B,_2). Therefore,

r—2

S Flut B)M D (8o, By Brz) =

7=0

G(T_Q) ([307[317 s 757“—2)f(r_2)(£)
(r —2)! '

—~
—_
~—

Since u,u + B1,...,u+ Br_9 are in S,
(2) [flu+B)]<d for0<j<r—2.
The definitions of G(*) and M ](5) easily imply
‘MJ('T_2)(/BOHBI> s 7[37“—2)‘ < G(r_2)(1607/617 s 7[37“—2) for 0 < .7 <r-— 2.

Also, by the conditions in the theorem, § < kTN~"t2 <« kf("=2)(¢). Hence, the left-hand
side of (1) differs from an integer by

r—2
<0 Z ’MJ(T—Q) (ﬂ07ﬁ1, ,ﬂr_Q)‘ < 5(7~ — 1)G(T—2) < kG(T_Q)f(T_Q)(f),
7=0

From Lemma 4 and (1), we deduce that for k sufficiently small,

G2 (8o, B, .., Brez) FTD(E)
(r—2)!

1
> —.
-2

The lemma follows upon observing that G("=2)(8g, 81, ..., Br_2) < ﬁiigl)(r_Q)/Q and that
fO(E < TN m

We observe before continuing that to prove Lemma 5, we used only the conditions
fr=2) < TN—"12 and § < kTN—"%2 of Theorem 6.
Fix positive integers a1, as,...,a.—1, and suppose that

(3) a; < A < 62/ ((=D0=2),

where co > 0 is a sufficiently small constant depending only on r and the implied constants
in the conditions f(9) < TN~7 of the theorem. Set 8y = 0 as before, and set

Bj=ai+az+--+ajforje{l,2,...,r—1}

Let T'(a1,as,...,a._1) denote the set of integers u such that the numbers u,u + 51, u +

Ba,...,u+ B._1 are consecutive elements of S’. Set
t(al,az, e ,ar_l) = |T’(Cll7 as, ... ,ar_1)|.
Let u and u 4 ¢ denote two consecutive elements of T'(aj,as,...,a,—1). Define g(x) =

f(z+¢)— f(z). Let dy, do, and d be as defined in Lemma 3 with s = r — 1.

7



Lemma 6. There are real numbers €,¢€1,€3,1m1, and 1y with absolute value < 1/4 and
integers m,my, mso, {1, and {5 such that

(4) GU ™ (Bo, By - Br—1) luyu+ Bry oy u o+ Broa] = ma + ey,

(5) G(r_l)(ﬂ(hﬂh s 757"—1)]([“ +cu+ C+ﬁ17 Ut C+ﬁr—1] =ms + €,

(6) G(T_l)(ﬁ(hﬁla v 7ﬂ7‘—1)g[u7u + ﬁh Ut 57"—1] =m+¢,

(7) G(T_2)(ﬂ0:ﬂ17 s 757’—2)9[”7“ + 51: e U + 57‘—2] = gl + m,

and

(8) G(T_Q)(/BbﬁQ) s 7/37‘—1)9[“ + ﬁl)u + ﬁQ? Ut /87"—1] — 62 + n2-
Furthermore,

m =1Mmyg —1Mq = d1£2 — dgel, €= €9 — €1 = d1772 — d2771, d|m1, d|m2, and d|m

Proof. Since u+ §; and u + ¢+ §; are in S’ for j € {0,1,...,r — 1}, we deduce for each
such 7 that

(9) 1F(ut Bl <6, |lf(ute+B5)l <o, and |lg(u+5;)[] <26

From Lemma 1, we obtain that the left-hand side of (4) differs from an integer, which we
call my, by

r—1
<83 MU (B, B, ..., Bra)| < 6BV g A DED/2
7=0

where the implied constant depends on 7 but is independent of c5. Thus, with ¢y sufficiently
small, we obtain from (3) that (4) holds with |e;| < 1/8. Also, recalling [z] denotes the
nearest integer to x, we deduce

r—1

e =3 (flu+B;) = [flutB)) M (Bo, B, ..., Brt)
7=0
and »
my =Y [flu+B)[ MY (B0, Br,. .., Br).
7=0



We obtain from Lemma 3 that d|m;. In a similar manner, we obtain (5) with |ez| < 1/8
and with ms an integer divisible by d.
From Lemma 1, we deduce

g[u:u+ﬂ17"‘:u+ﬂr—l] :f[u+c,u—|—c—|—ﬁ1,...,u+c+ﬂr_1]—f[u,u+ﬂ1,...,u+[3r_1].
Hence, (6) follows from (4) and (5) with
m=mg—my, €=¢€ —e¢, and |e]<1/4.

Since d|m; and d|ms, we deduce d|m. Observe that an argument similar to that given in
the previous paragraph implies from (9) that

r—1
> (llgtu+ 81l x 1M (8o, B, .. Bo)]) < 1/4.
7=0
We obtain here that
r—1
m = [g(u+B)[ MV (Bo, b1, Brcr)
7=0

and
e—Z (u+B;) — lg(u+ B;)D) M (Bo. B, -, Bor)-

We will use this 1nf0rmat10n momentarily.

One can establish (7) and (8) for some real numbers 7; and 72 having absolute value
< 1/4 and some integers £; and {5 by applying arguments very similar to those used to
obtain (4) and (5). We omit the details. Furthermore, analogous to our expressions for m
and € above, we obtain

2 =§[ (u+ B[ M (Bo, B, -, Bra),
ly = ;[g(u + B340 [ M (B, Bas -, Brn),
m = f (9(u+8;) — lg(u+ B;)]) My"™? (B0, By, .., Bra),
M2 = Tio (g(u+ Bis1) — lg(u + Bi1)]) MY ™2 (81, Ba, .., Brer).

Observe that
M (B0, Brs - -y Brer) = i M5V By, Bay - Brt)
and
M (Bo, Bry - Bre1) = —da M (B0, B, . . Br—2)-

From the last part of Lemma 3, we immediately deduce that m = dify — dsf; and ¢ =
dims — domy. This completes the proof. B



Lemma 7. Given the notation of Lemma 6, none of my,ms, {1, and {5 is equal to zero.

T
Also, d K G(r_l)(ﬁOa e 7[37“—1)N7n_1 .

Proof. We use that

T(r—4)/(r—2) T T(r—4)/(r=2) T
0 <k < NT—3 + Nr—l) <2k max{ NT—3 N1 } ?

and divide the argument into two cases.

Case I. § < 2kT /N1

Lemma 2 and the conditions in the theorem imply that

T
Nr—1 :

f[uvu‘l'ﬁla"')u‘l'/@r—l] =

From the proof of Lemma 6, we deduce

r—1
ler] <83 IMI Y (B0, Br - Br—1)] < 5rGUT(Bo, . Bra)
=0

T
< 2krGUY(3,, ... Brot)

< kG(r_l)(/B()a ce 757“—1)f[u>u + /817 s U + ﬁr—l]-

Next, we apply Lemma 4 using n = my and (4). Since k is sufficiently small, the above
inequality on |e; | implies that (ii) cannot hold; hence, (i) holds. Since |€;| < 1/4, we obtain
that my # 0. Observe also that

T

(10) my =< G(T_l)(ﬁo,...,ﬁr_l)ﬁ.

A similar argument can be used to deduce that my # 0. Lemma 1 and Lemma 2 (together
with the Mean Value Theorem) imply

g[uau—}—/Blw"?u—{_ﬁr—Q]
=flutcutc+fBi,...,utctBr] = flu,u+Bi,. .., u+ Brs]

T T

ch—l > Nr—l :

~—
—~

It follows as above that 1 # 0, and a similar argument gives f5 # 0. The inequality on d
follows from (10) and d|m; .

10



Case II. § < 2kT(r—9/(r=2) INT=3,

In this case we use that
G(T_l)(/BO7 s 7/67'—1)
|D§'r_1) (ﬂO: e 757‘—1)|

MY (Bo, ., Bot)| =

Since u,...,u+ 3,_1 are elements of S’, Lemma 5 implies that the distance between u+ 3;
and u 4 3; is > N2/(r=0)p=2/((r=1)(r=2)) for § # j. Therefore,

J

Thus, in this case, we obtain

r—1
] <83 IMIT (Bo, B,y Boma)| < G (Bo, ., By ) NT2TR/(2)

i=0

< 2kGUV(Bo, ., Br1) <kGUTV(Bo, . Bro1) Flusu+ Bry . ut By

NT’—].

As in Case I, we deduce that m; # 0 and that (10) holds. Again, ms # 0 follows in a
similar manner, and one obtains the upper bound on d. The estimate

¢ > By > NYO-Dp=2/((r=1)(r-2)

can be used in this case to establish £; # 0 and /5 #0. W
Proof of Theorem 6. Let

0= G(T_l)(/BO7517' - 7/87’—1)g[u7u —I_/Bl? ce U —I_ﬁr—l]-

Using (6), we deduce that either (i) or (ii) of Lemma 4 holds.
Suppose (i) holds. By Lemma 6, |¢| < 1/4. By Lemma 4, m # 0. Since d|m, we obtain
d < |m|. Hence,

N R

GOV (Bo, - Br)lglu o B, u o+ Bra]| 2
From Lemma 1, Lemma 2, and the Mean Value Theorem,
g[u7u —I_/Bl?"' 7u—|_/8r—1]

cT
NT°

:f[U+C,U+C+ﬂ1,.--,U+C+ﬂ7«_1]—f[u,u‘i‘ﬂl,.--,u‘i‘ﬁ,«_l]X

Therefore,

> B N
C = .
N TG-1(8y, .. Brt)

11



From Lemma 7, By < N.
Now, suppose (ii) holds. Here Lemma 4 implies m = 0 so that |0| = |¢|. Thus,

cT

|€| - G(T_l)(ﬁ(b v :ﬂr—1)|g[u7u —I_ﬁla' <y U —I_ﬁr—l” = G(T_l)(ﬁm R 7ﬁr—1)ﬁ‘

From the proof of Lemma 6,

r—1
el < 8> 1MV (Bo, B, Beca)].
j=0

Hence,
6o MY By, Bu ., Brt)INT
TGr=1(Bo, ..., Br-1) ‘
Since m = 0, Lemma 6 implies d1¢5 = daf; so that (d;/d)|¢;. By Lemma 7, ¢; # 0. Hence,

c K By =

(11) 101] > dy /d.

Now, we use (7) and Lemma 4. Since |n;| < 1/4 and ¢; # 0, we obtain from (11) that

G(T_2)(/60)/617"' 7ﬁ7“—2) |g[u7u—}—[31, ’u+5r_2]| 2 ﬁ

Since glu,u + B1,...,u+ Br_2] X ¢T/N"™! we deduce

> B N
C = .
ST ATGU=D (B, By, . . ., Br2)

Combining the cases that (i) holds or (ii) holds, we have shown that either ¢ > B
or By > ¢ > Bs. Note that By/B; <« 6A"=1(=2/2 « | so that By < Bj if the

constant ¢y in (3) is sufficiently small. Therefore, the elements of T'(ay,...,a,.—_1) are in
<« (N/B1)+1 <« N/B intervals each having length < By. The minimal distance between
two elements of T'(a1,...,a,—1) is > Bs. Hence,
t( e
Aly.nn Qp — | == .
b St By \ B3
The number of u € S’ for which u,u+ay,...,u+a; +---+a,_; are consecutive elements

of §' and max;<;<,—1{a;} > Ais < N/A. If we consider the elements of S’ other than
these O(IN/A) elements, each belongs to some T'(ay,...,a,_1) with max;<j<,—1{a;} < A.

Therefore,
N
1< Y Y Hag, o aem) + T
(LlSA (erlgA
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Using the estimates

r—2
G(T_l)(ﬁm s 767‘—1) < AT(T_I)/Za G( )(50, — 76T_2) <K A(T_Z)(r_g)/27

dq
and
MUY (By, . Bey)| € ATTDED2 g0 << o1
| J ’ J ’
we obtaln N /B 5T T
S e’ 2 —4r44 (r?=r)/2
1 A A .
B, <B3 * ) < <Nr_2 T )
Therefore,
oT 2 T 2 N
12 AT‘ —37"+3 A(T’ +T_2)/2 —_
' < 7=z T N1 T

Finally, we take
A = min {N2/(T+I)T—2/(r2+r)7 C25—2/((r—1)(r—2))7 (6TN1—r)—1/(r2—3r+4)}

and use (ii) of Lemma 5 to obtain the estimate in the statement of Theorem 6. W

Theorem 6 is a variation of Theorem 1 of Huxley’s paper [22] and of the main result
in the paper of Huxley and Sargos [24]. Both of these results are derived from the use of
divided differences. The main new ingredient in our approach is in our use of the greatest
common divisor defined in Lemma 3. On the other hand, their approaches seem to allow
one to use larger values of §. If needed, one could try to incorporate their ideas to take
advantage of the wider range of §. We chose not to simply because any such improvement
would not strengthen any of the applications given in the Introduction. For the purposes
of the applications given in the Introduction, we should mention that the result of Huxley
and Sargos in [24] can be used to improve on the first author’s work in [7] but does not
lead to a result as strong as Theorem 4. Also, to obtain Theorem 3, we make additional
use of another result by Huxley in [22] which is of a similar nature to Theorem 6.

Our main aim in establishing Theorem 6 was to allow what we view as the main term
in our estimate for |S| to also be the dominant term for our applications. We view the
main term as T2/("+7) N(r=1)/(r+1) There are other variations of Theorem 6 that can be
obtained by using some parts of the proof and not other parts. For example, under the
same conditions as Theorem 6 but with

§ < kTN—(2r2—3r—3)/(2r—3)’
one can obtain that
15| < T2/(r4) N (r=1)/(r41) 4 (5TN1—r)1/(7°2—37‘+4) | N(2r=4)/(2r=3)

This estimate would suffice for establishing Theorem 3 but would lead to a weaker result
than Theorem 4. Theorem 6 as it stands will enable us to derive both Theorem 3 and
Theorem 4. Another estimate of this type which follows from our techniques is

15| < 72/ (r?+r) p(r=1)/(r+1) T 52/(TZ_T)N,

which holds for any §. This last estimate is the main result of Huxley and Sargos in [24].
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3. A SECOND RESULT ON FRACTIONAL PARTS

The main result in the previous section involved fairly general conditions on the function
f under consideration. As we mentioned at the beginning of that section, the applications
discussed in the introduction will only make use of the results of this section and the
previous in the case that f(u) = X/u® where X is a new parameter and where s is a
positive rational number. This section will involve restricting the function f to functions
of the form f(u) = X/u® with s rational. We will make use of the following

Lemma 8. Let ¢ be a positive integer, and let s € Q—{—¢,—¢+1,...,£—1,¢}. Then there
exist homogeneous polynomials P(u,a) and Q(u,a) in Z[u,a] of degree ¢ with P(0,a) # 0
and Q(0,a) #Z 0 and real numbers wi(¢,s),wa(4,s),... with wy(¢,s) # 0 such that if
la| < u, then

(12) (u + a)SP —u’Q = z:wj(g7 S)a2€+jus—e—j.

i=1

Proof. The lemma is a consequence of known results about Padé approximations. We refer
to [1] to justify the lemma. There is no harm in relaxing the condition that P(u,a) and
Q(u,a) are in Z[u,a] to the condition that P(u,a) and Q(u,a) are in Qu, a], so we only
concern ourselves with constructing P(u,a) and Q(u, a) in Q[u, a]. For real numbers «, 3,
and v, with v ¢ {0, —1,—2,... }, we consider the hypergeometric function defined by

2Ty (0, ;752) = ) sbmsd
where (z)g =1 and (z); = z(x+1)(z+2) - (x+j—1) for j a positive integer. In Chapter
2 of [1], the authors describe how to find explicit rational functions which approximate the

hypergeometric function
o0
(a)
2F1 7 Y5 2 " Z

j=0 77

We take @ = —s and v = 1 and note that
(1 —2)° = oF1(—s,151; 2).

In Theorem 1.1.1 of [1], we take L = M = ¢ and obtain that there exist polynomials p(z)
and ¢(z) in Q[z] each of degree < ¢ such that formally

(13) p(z)(1 - z) Z daet ;2"

for some real numbers dysy ;. Note that since p(z) and ¢(z) are polynomials, the series
converges in {z : |z| < 1}. From (1.6) and (1.9) of Chapter 2 of [1], we deduce

e (=s); Z-j —s— )l -3 ‘ :
(14) p(Z) — H ( )J H]— (( ]) ( Z ) 1.3

- g e
j=1 7! pe1 1= (E—J"‘Q]”_l? =0 )i

14



We take z = —a/u. Then from (13) we deduce

—a —a - —a\ T
—a s_ ol 2%Vt =S " doos [ =4 s,
P<u>(u+a) Q(u>u ;%ﬂ(u) u

Multiplying through by u’ and setting

P(u,a) = u’p (7“) and  Q(u,a) = u'q (%) ,

we can rewrite the above in the form given in (12). Clearly, P(u,a) and Q(u,a) are in
Q[u, a]. Tt follows easily from (14) and the conditions in the lemma on s that the coefficients
of p(z) and, hence, P(u,a) are all non-zero so that P(u,a) is a polynomial of degree ¢ and
P(0,a) # 0. The leading coefficient of ¢(z) and w; (¢, s) can also be given explicitly. From
(1.9) of Chapter 1 of [1], the coefficient of 2¢ in g(z) is (—1)¢ times the determinant of the
(£+1) x (£+1) matrix where the entry in the ith row and jth column is (—s);4;—2/(1);4;—2.
From (1.3) and (1.6) of Chapter 2 of [1] (with L = ¢ and M = £+ 1), we see that this
coefficient is

£+1 Y4 IR, '
_1)¢ (—s)j_1 \ =1 (s =) (041 —4))
(—1) H (G —1)! M T+ 212

Therefore, the polynomial ¢(z) and, hence, Q(u, a) is of degree £ and Q(0,a) # 0. Similarly,
from (1.11) of Chapter 1 and (1.3) and (1.6) of Chapter 2 of [1], we can deduce an explicit
formula for w; (¢, s), noting in particular that w;(¢,s) #0. B

Observe that the series on the right-hand side of (13) converges absolutely for z with
|z| < 1. It easily follows that if |a| < w/2 and if r is any positive integer, then

r—1
(u+a)’P —u’Q = ij(f, s)a2£+jus_e_j + Oy,s (a2£+TuS_£_T) .

i=1

When referring to Lemma 8, we will make use of the above equation.

Lemma 8 is similar to work done by Huxley and Nair in [23]. It is perhaps interesting
to note that a different approach to establishing the lemma can be given in the case that
s is an integer (which it will be in our applications based on the results in this section);
see the first author’s [8]. We have chosen the present approach because it is reasonable to
expect future applications when s is not an integer.

Theorem 7. Let k be an integer > 2, and let s € Q—{—(k—1),—(k—2),...,k—2,k—1}.

Let 6 and N be positive real numbers. Let f(u) = X/u®, where X is an arbitrary real

number independent of u and § but possibly depending on k, N, and s. Suppose that
N <X and 6< CgN_(k_l)
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where c3 = cs(k, s) > 0 is sufficiently small. Set
S={ueZn(N,2N]:||f(u)]] <d}.

Then
S| gy X1/ HHD) N (k=s)/(2h41) G XL/ (6k+3) pNr(6k7+2k—s—1)/(6k+3)

Throughout the remainder of this section, constants may depend on k and s but are
independent of X, N, and §. To establish the result above, we make use of a lemma which
is similar to Lemma 5.

Lemma 9. For some positive constant cy, independent of cg, there exists a set S’ satisfying

(i) 8" C S,
(ii) [S| < 2k (]S + 1),
and

(iii) any two distinct elements of S' differ by more than cq X ~1/(2k=1) N{(k+s)/(2k=1)

Proof. Suppose that u, u + a, and u + a + b are all in S with a and b positive integers
< ¢ X1/ @2k=1) N(k+s)/(2k=1)  We will choose ¢4 to be sufficiently small. We view u and
a as fixed and b as a variable. We will show that there are < 2k — 2 choices for b. The
lemma will follow by choosing the elements of S’ to be every (2k)th element of S.

Observe that £ > 2 and N° < X imply that a and b are small compared to u. There
are integers my, mg, and mg such that f(u) = mq + O(0), f(u + a) = ma + O(4), and
f(uta+b) = m3+0(d). In fact, each of the m; are positive since f(t) > 2= Isl X N— > 2~ sl
fort € (N,2N] and § < esN—(k=1) < ¢o. For £ a positive integer < k—1, we get by Lemma
8 that there are homogeneous polynomials Py(u,a) and Q¢(u,a) in Z[u,a] of degree ¢ with
Py(0,a) £ 0 and Q4(0,a) # 0 such that

Po(u,a)(u+a)® — Qe(u,a)u®
us(u+ a)*

(15)  Pulwa)f(u) - Qe(w,a)f(u+a) = X

where wy (¢, s) # 0. We consider the case that £ = k — 1. Since ¢4 is sufficiently small, the
bound on a above implies that the right-hand side of (15) is < 1/2. On the other hand,
since P,_; and Q_; are of degree k — 1, we deduce that

Pr_1(u,a)f(u) — Qp—1(u,a)f(u+ a) = Pr—1(u,a)m; — Qr—1(u,a)msq + 0(5]\7’“_1).

Observe that the implied constant here depends only on P;_; and Q_1; in particular, the
implied constant does not depend on ¢3. Now & < csN~(*~1) allows us to consider the
error term above to have absolute value < 1/2. Since Pr_1(u,a)m; — Qg—1(u,a)msy is an
integer, we now deduce that

(16) Pr_1(u,a)m; — Qr—1(u,a)ms = 0.
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An analogous argument gives
Pe_1(u+a,b)my — Qp_1(u+a,b)mz =0

and

Pr_1(u,a+b)my; — Qr_1(u,a 4+ b)ms = 0.

We multiply the first of these last two equations by Qr_1(u,a + b) and the second by
—Qr—1(u+ a,b) and add to obtain

(17) Pp_1(u+a,b)Qr—_1(u,a+ b)ms — Pe_1(u,a + b)Qr—1(u+ a,b)m; = 0.

Recall that we are viewing u and a as being fixed so that m; and ms are fixed. Also,
Pr_1(0,b) # 0 and Qx—_1(0,b) # 0. On the other hand, the left-hand side of (17) is a
polynomial of degree < 2k—2 in b and the term involving 52*=2is Pj,_1(0,5)Qr_1(0,b)(ms—
my). Now, we claim that my —m; # 0. Assume my —m; = 0. Then (16) implies that
Pr_1(u,a) = Qg—1(u,a) so that

Pr_1(u,a)f(u)—Qr—1(u,a)f(u+ a)
= Qr—1(uw,a)f(u) = Qr—1(u,a) (f(u) +af'(u)(1+o(1)))

> Qr—1(u, a)aXN_(s‘"l) > a’w“X]\/*—(s—l—l)7

where the implied constants are independent of ¢4. The bound on a now implies that (15)
with £ = k£ — 1 cannot hold, giving a contradiction. Thus, we get that my —m; # 0 and
(17) represents a polynomial in b of degree 2k — 2. This gives that there are < 2k — 2
positive integers b as above, completing the proof of the lemma. B

We set
R = ¢y X 1/ (2k=1) ny(kts)/(2k=1)

It follows from X > N?® and Lemma 9 that
N 1/(2k—1) ar(k—s—1)/(2k—1) 1/(2k+1) ar(k—s)/(2k+1) - < N(2s+1)/2
|S] < +1g<X N < X N f X <N .
R <

Therefore, to establish Theorem 7, we need only consider X > N(2st1)/2 and we do so.
For each positive integer a, we define

T(a) = {u : u and u + a are consecutive elements in S’}

and

t(a) = |T(a)].
Then -
1| <14 t(a).
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Condition (iii) of Lemma 9 implies

> ta) = ta)
a=1 a>R

Observe that for any A, we also have that

o0

N> atla)> A ta)

a=1

so that

Y t(a) < N/A.

a>A

We will obtain an estimate for »_,_,.,t(a), and then choose A appropriately. To help
achieve such an estimate we establish the following result.

Lemma 10. Let a € (R, A] with
(18) A < N%/3,

Let I C (N,2N] with
|I| S C5X_1Nk+s+la_(2k_1),

where c; is a sufficiently small positive constant. Of every 3 consecutive elements in
T(a) N I, there are 2 consecutive elements that differ by

> X—1/3N(k+s+1)/3a—(2k—3)/3
Proof. Suppose that u and two additional elements u + b and u + b + d are in T(a) awi
with b and d positive. Since a € (R, A], we obtain from (18) that a < N?/3. Also, a > R
so that the bound on |I| in the lemma is smaller than any given constant multiple of N.

We deduce that
max{b,d} < ¢gN,

where cg > 0 is sufficiently small. Let m; and msy be as defined in the proof of Lemma 9,
and let my, ms, mg, and my be integers with f(u+b) = myq+0(9), f(u+a+b) = msz+0(9),
flu+b+d)=mg+ O(d),and f(u+a+b+d)=m;+ O(§). We define

F(u,0) = Pe_a(u,0) () — Qu_(u,0) f(u +a),
W =W(u,a,b,d) = dF(u,a) — (b+d)F(u+b,a) + bF(u+b+d,a),

and

V = d(Pk_2(u, a)m1 — Qk_g (u, a)mg)
— (b+d) (Pr—a2(u+b,a)mq — Qr—a2(u + b,a)ms)

+b(Pro(u+b+d,a)msg — Qr_o(u+b+d,a)mr).

18



From (15) with £ = k — 2, we can deduce that

0'F . ; .
W(u,a) < @?* B XN-(Hh=14)  for j € {0,1,2,3}.
u

We may view W/(bd(b+ d)) as a second order divided difference of the function F'(u,a).
The Mean Value Theorem and Lemma 2 now imply

2
W = bd(b+ d)gT};(u,a).

Note that since u and u+a are consecutive elements of S’ and u+bis in S’, then b > a > R.
Similarly, d > a > R. We deduce that

(W < a®*3bd(b+ d)X N~ RZE1(p 4 )X N=(+s+D) 5 (h 4 d)N 7L,

where we note that this last implied constant depends on ¢4. Since Pj_s(u,a) and
Qr—2(u,a) are homogeneous polynomials of degree k — 2, we get that

Pr_o(u,a)m; — Qr—a(u,a)ms = F(u,a) + 0(5]\7’“_2),
Pi_o(u+b,a)mg — Qp_a(u+b,a)ms = F(u+b,a) + O(§N¥2),
and
Pr_o(u+b+d,a)mg — Qe_a(u+b+d,a)m; = Flu+b+d,a) + O(EN*2).

It follows that
V=W+0((b+d)§N*?).

Note that this last implied constant is independent of § and, hence, c3. By the lower
bound for |W| above and the fact that § < csN~(*=1) we get that (with c3 sufficiently
small compared to c¢s) the error term in this last expression is smaller in absolute value
than |[W|/2. In particular, this means that V' # 0. On the other hand, by definition, V is
an integer. Thus, (3/2)|W] > 1 so that

a?*3bd(b+ d) > XTI NFFeL

It follows that one of b or d is > X ~1/3N(kts+1)/34—(2k=3)/3 completing the proof. W
Proof of Theorem 7. We choose

A = X1/ @k+1) nplets+1)/(2k+1)

Observe that (18) holds since X > N®. Let I C (N,2N] as in Lemma 10. We will obtain
an upper bound for |T'(a) N I|. We denote 2 elements of T(a) N I by u and v + b. In
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particular, the length of I is an upper bound for b. With m;, ms, m4, and ms as before,
we define

G(u,a) = Pp_1(u,a)f(u) = Qr—1(u, a) f(u + a),
W' = G(u,a) — G(u+b,a),
and
V, = (Pk_l(u, a)m1 - Qk_l(u, a)mg) - (Pk_l(u + b, a)m4 — Qk—l (u + b, a)m5) .

One gets from (15) that
WI _ a2k—1bX
T Nkts+1

where the implied constant is independent of c5. Also,
V=W +0(§N*).
Since c5 is sufficiently small and
b< |I] < s X 1 NFHs+1 = (2k=1)

we get that both of the terms in the expression for V' above have absolute value < 1/2 so
that V! = 0. Thus, W' <« §N*~1 so that b « § X 1 N?k+sq=(2k=1) Tn other words, there
is a sub-interval J of I with

|J| < 5X_1N2k+sa_(2k_1)

such that v and u+0b are in J. Recall that u and u+b are any 2 elements of T'(a)NI. From
Lemma 10, of every 3 consecutive elements in T'(a) N I, there are 2 consecutive elements

that differ by
> X—1/3N(k+s+1)/3a—(2k—3)/3

We deduce

/1

X —1/3 N(k+s+1)/3,—(2k—3)/3 +1 < GX NGB 4,

T(a)NI| <«

From the beginning of the proof of Lemma 10, the upper bound on |I| given in Lemma 10
is < N. Accounting for the number of such intervals I needed to obtain all of (N,2N], we
get that

T(a)] <

—2/3 pr(5k+25—1)/3  —4k/3
XL Nktstlg—(2k—1) <5X /N a4 1)

< 6X1/3N(Qk—s—l)/3a(2k—3)/3 + XN_(k+s)a,2k_1.
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Thus,

Z t(a) < §X/3NEk—s=1)/3 Z a2k=3)/3 4 x N—(k+s) Z g2k-1
R<a<A 1<a<A 1<a<A

< 5X1/3N(2k—s—l)/3A2k/3 +XN—(k+s)A2k

Our choice of A now gives
1S| <1+ Zt(a) < §XL/(6k+3) N(6k%+2k—s—1)/(6k+3) | x1/(2k+1) pr(k—s)/(2k+1)
a=1
This is the desired result. B

4. GAPS BETWEEN k—FREE NUMBERS

In this section, we show how to establish Theorem 1 from Theorem 7. Fix an integer
k > 2. To establish both parts of Theorem 1, it suffices to consider h = z'/(2*+1) (log ) g(x)
where either g(z) = ¢ with ¢ a sufficiently large constant or g(z) is an increasing function
which tends to infinity with z and g(z) < logz for all z. All constants (implied or
otherwise) other than ¢ are independent of ¢. We also consider = to be a sufficiently large
real number. The letter p shall be used for primes. We set z = loglog . Then a simple
sieve of Eratosthenes argument gives that the number of integers in (z, x + k| not divisible
by p* for some p < z is

r]] (1 — %) +O(logz) = h ][ <1 — %) + O(h/z) + O(logz) = % + o(h).

p<z

It therefore suffices to show that the number of integers in (z,z + h] divisible by p* for
some p > z is less than eh for any prescribed ¢ = (k) in the case g(x) = ¢ and is o(h) in
the case g(x) increases to infinity.

The number of integers in (x, z + h] divisible by p* for some p > z is bounded above by

E M,,
Z<p§221/k

where for any integer u, M, denotes the number of integers in (x,z + h] divisible by u*.
We use that lim, o 7(x)/(2/+/logz) = 0 where 7(z) is the number of primes < z (an
easy consequence of a Chebyshev estimate for m(z)). We break up the sum above into 2

sums y_, and ) ,, where

2. 2 M

z<p<h+/logz
h h
< ({_]‘l’l)S — + O (7 (hy/logz)) = o(h)
Z<P§zh:\/logz pk pz>:zp2 ( ( ))
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and

Y. Y M Y om

h+/Tog z<p<2z1/k h/Tog z<u<2zl/k

with v running over the integers rather than the primes in the last sum. We now need
only show that this last sum is less than ¢h/2 in the case g(x) = ¢ and is o(h) in the case
g(x) increases to infinity.

Note that with u > (hv/logz)/2, we get that M, = 0 or 1 and that M, = 1 precisely
when there is an integer m such that mu® € (z,z + h]. Let

S(tl,tg) = {U S (tl,tg] M, = 1}
Observe that
(19) > M, < |82 alk 2792
hy/log z<u<2zl/k 3=0

where r is chosen so that
1/k
T
o>~ > oL

h+/log x

We consider u in S(N,2N) where hy/logz < 2N < 22'/%. Let m denote the integer for
which mu® € (z,z + h]. Then

x x h
" <m < s + o
We set f(u) = z/u* and § = 2hN~*. Then
1 ()] <.
We take X = x and s = k and apply Theorem 7 to deduce that
IS(N,2N)| < 2/ @k+1) | pg1/(6k+3) N=1/3

By considering N = 277z'/* and summing in (19), we deduce that

h
Z M, < z'/k+D) log x + Toog
hy/log z<u<2z1/* 08T

For ¢ sufficiently large and g(z) = ¢, we obtain ), < ¢h/2, and for g(z) increasing to
infinity, we obtain ), = o(h). Thus, Theorem 1 follows.
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5. THE GAP PROBLEM FOR FINITE ABELIAN GROUPS

In this section, we establish Theorem 2 using Theorem 1 (with k£ = 2) and, hence, using
indirectly Theorem 7. Thus, we are interested in the problem of determining an h = h(z)
as small as possible such that for every sufficiently large z, the interval (z,z + h] contains
Pih + o(h) elements from Ay for some constant Pg. In the case that k = 1, the set A
is the set of squarefree numbers so one cannot in general expect to obtain a result better
than h = 2!/5(log z)g(z), for every function g(z) increasing to infinity, without improving
on Theorem 1. The main purpose of this section is to show that, in fact, the general
problem here is equivalent to the gap problem for squarefree numbers. Observe, however,
that Theorem 8 below is sufficient for establishing Theorem 2.

In Theorems 8 and 9 below, we make use of intervals of the form (x,z + h] with a
condition that h > cz? for some constant ¢; we note here that this is done for convenience
and the role of cz’ may be replaced by x° log z or 2%g(z) for any function g(z) increasing
to infinity.

Theorem 8. Let § € (0,1). Suppose that there is a constant c; > 0 such that if h is
a function of & with h > c;2%, then the number of squarefree numbers in the interval
(x,z + h] is

6
as x approaches infinity. Let w(n) be a multiplicative function for which w(p) = 1 for

every prime p, and let g(x) be an arbitrary function which tends to infinity with x. Let k

be a positive integer. If h = x%g(x), then the number of integers n in the interval (z,x + h]
for which w(n) =k is

where Py depends only on k and w.

To prove the theorem, we will consider a number € > 0. Unless stated otherwise, all
implied constants below may depend on k£ and w but will be independent of e. When
referring to h, we shall suppose h = x%g(z) with g(z) as in the theorem.

Lemma 11. Let € > 0, and let N = N(¢) be a sufficiently large positive integer. Let
Sy = {n € (z,z + h] : there is ap < N such that p"™ |n}.

Then |Ss| < ¢h.
Proof. Since

152 < ) ([vah] - [%D <> (iNH) =1 > iN h+O(N) < ];—J?—FO(N),

p<N p p p<N p pSNp

the lemma easily follows. l
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Lemma 12. Suppose the conditions in Theorem 8 hold. Let ¢ > 0. Let N = N(¢) be a
sufficiently large positive integer. Set

P=P(N)= [PV ad Q=Qw)= ][,

p<N p<N

Let
S; ={n € (z,z + h] : p?|n for some p > N, and gcd(n, P)|Q}.

Then |51| < ¢h.

Proof. Observe that every integer n € 57 can be written in the form ab where a and b are
relatively prime integers such that (i) if p < N and p|a, then p? { a, and (ii) b|Q and b is
squarefull. It follows that if n € Sy, then n = ab € (x,z + h] for some relatively prime
integers a and b as in (i) and (ii), with some prime p > N satisfying p*|a. For such a
and b, we have that a is in the interval I = ((«/b), (x/b) + (h/b)]. From the conditions in
Theorem 8, we deduce that the number of squarefree numbers in I is 6h/(br?) 4 o(h/b).
On the other hand, a simple sieve argument gives that the number of integers in I which
are not divisible by p? for every prime p < N is

R Y (L WP
pgv<1_p2)b+0(2 )_W26+O<6N>+0(2 ).

Therefore, the number of integers a in I which satisfy (i) and which are divisible by the
square of a prime > N is

0 (%) +0 (2V) + o(h/b).

Since

> = <1 THE S S
- — —2 —3 .. N1
b squarefull, b|Q b p<N p p p

)Spgv<1+]ﬁ> <1

where the implied constant is absolute, we deduce

|S1| < O (%) + 0 (2YQ) + o(h) < eh.

The lemma now follows. W

Proof of Theorem 8. Let B be the set of integers n for which w(n) = k. Let ¢ > 0, and
define N as in Lemma 11 and Lemma 12. Consider the set 7" of integers n in the interval
(z, 2 + h] that satisfy

(20) n=md (mod P) for some d € B and m € Z such that d|Q and gcd(m, Q) = 1.

Thus, n € (x,z + h] is in T if and only if for some d € B dividing @ we have d|n and the
prime divisors of n/d are > N. Let a@ = a(N) denote the number of md € [1, P] as in (20).
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Then the number of such n € T is ah/P + O(P). Since w(p) = 1 for all primes p and w
is multiplicative, we have that if n € T' and n ¢ B, then n € 57. On the other hand, if
n & T and n € B, then n € S; U S,. In other words,

{n € (z,z+h]:n € B} = %h + O(P(N)) + O(|51]) + O(]S2]).

Since N is fixed, it is clear that P(N) < eh. Thus, Lemma 11 and Lemma 12 imply

{n € (z,z+h]:ne B} = %h—i— O(eh).

It follows that
{n € (z,x+h]:ne B}  «afN)

hixl)sotip - PN + O(e)
wnd {ne(z,a+h:neBY _ a(N)

.. nel(x,r+nl:nc o

lim inf h =P TO©

The above holds for any ¢ > 0 and any sufficiently large fixed integer N. Therefore,

lim sup |{n € (z,z + h] : n € B}| _ liminf {n € (z,z + h] : n € B}| _

0

so that lim, o (|{n € (z,x + h] : n € B}|/h) exists, and the theorem follows. B

Theorem 9. Let w be a multiplicative function satisfying
(i) the range of w is contained in the positive integers,
(ii) w(p) = 1 if p is a prime,
(iii) w(p*Tt) > w(p®) for every prime p and every positive integer e,

(iv) w(p®) where p is a prime and e is a positive integer depends only on e and not on
p, and

(v) the set of primes dividing some value of w(n) as n varies over the positive integers
is infinite.

Let 0 € (0,1). Suppose there exists a kg and constants cg = cg(k) > 0 and Py such that if
k is a positive integer > ko and h is a function of x for which h > cgz® for all x sufficiently
large, then the number of integers n € (x,x + h| for which w(n) = k is Pyh + o(h). Then
for every h > 2cgz?, the number of squarefree numbers in (x,z + h] is (6/72)h + o(h).

Lemma 13. Suppose w is a multiplicative function satisfying (i) through (v). Then there
exist integers [ and k with min{f, k} arbitrarily large such that if n is a positive integer
for which w(n) = k, then n has a unique representation in the form ab where a = p’ with
p prime and where b is a squarefree number relatively prime to p.

Proof. Conditions (iv) and (v) imply that for any fixed prime p, the set of primes dividing
w(p®) as e varies over the positive integers is infinite. In particular, by considering a
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sufficiently large prime dividing some w(p®) and fixing f to be the minimal positive integer
for which the prime divides w(p’), we get that there is an arbitrarily large f such that
w(p’) is divisible by some prime which does not divide Hj<fw(pj). Let k = w(p’).
Observe that if py,...,p, are distinct primes and eq,...,e, are integers > 2 for which
w(pit - per) = k, then w(pi!) - w(pér) = k so that the minimality condition on f and
(i) through (iii) imply r = 1 and e; = f. In other words, if a is squarefull and w(a) = &,
then a = p/ for some prime p. The result of the lemma easily follows. W

Lemma 14. Let w be as in Theorem 9. Let € > 0. Let f and k be as in Lemma 13 with
(3/2) > 1/e and k > ko. Then

4
f _

Proof. For h > cgx?, the number of integers n € (x, z+ h] for which w(n) = k is Pyh+o(h).
In particular, this is true for A = z. A simple sieve argument gives that the number of
integers in (z, 2] of the form 2/m where m is an odd squarefree number is (4/72)(z/27) +
o(x). For each prime p, the number of integers in (z,2x] divisible by p’ is < z/p’. Since
f and k are as in Lemma 13, we deduce that the number of integers n € (z,2z] for which
w(n) =k is

4 T 4 x
7 v+ o@ + 0 35 | = g+ ol) +0(57).
p>3

Pz +o(z) =

The result now follows from the inequality (3/2)7 > 1/c. B

Lemma 15. Under the conditions in Lemma 14 and with f > 1/0, if h > cgz’, then the
number of integers n € (27x,27(x + h)] for which w(n) = k and 2/ { n is < €h.

Proof. The condition f > 1/6 implies that if a multiple of p/ occurs in (2/z,2/(x + h)],
then p < 3z'// < 329 The number of integers in (2z,2f(x + h)] divisible by p’ is
< 27h/pf + 1. Hence, the number of integers n € (27x, 27 (x + h)] for which w(n) = k and
27 tnis

27 h 27 h
< > <— + 1) < == + n(32°).

Since (32%) = o(h), the result follows from the inequality (3/2)f > 1/e. B

Lemma 16. Under the conditions in Lemma 15, if h > cgz?, then the number of integers
= (2f:1:,2f(.r + h)] for which w(n) = k and 2f|n is 4h/7r2 + O(eh).

Proof. By the conditions in Theorem 9 and by Lemma 14, the number of integers n €
(272,27 (x + h)] for which w(n) = k is 2/ Pyh + o(h) = 4h/7w? + O(ch). The result now
follows from Lemma 15. W
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Lemma 17. Let h > 0. The number of squarefree integers in (z,x + h] is equal to the
number of odd squarefree integers in (z/2,(x + h)/2] plus the number of odd squarefree
integers in (x,x + hl.

The proof of Lemma 17 is immediate since each even squarefree number in (z,z + h]
is of the form 2n where n € (x/2,(z + h)/2], n is odd, and n is squarefree. We are now
ready to establish Theorem 9.

Proof of Theorem 9. Let € be an arbitrary number > 0, and choose f and k as above.
The number of odd squarefree integers in (x,z + h] is equal to the number of integers
n € (27z,27(x 4+ h)] for which w(n) = k and 27|n. By Lemma 16, this is 4h/7% + O(eh).
Observe that h > 2cgz? implies h/2 > cg(z/2)?. We deduce from a second application of
Lemma 16 that the number of odd squarefree integers in (z/2, (x + h)/2] is 2h/7% 4+ O(eh).
The theorem follows from Lemma 17. W

Corollary. Let A be as defined in Theorem 2. Let 0 € (0,1), and let kg > 1. Then the
following are equivalent:

(i) For every function u(xz) which increases to infinity with x, the interval (x,z + h]
contains (6/7%)h + o(h) squarefree numbers, where h = h(z) = z%u(z).

(ii) For every integer k > ko and every function u(x) which increases to infinity with z,
the interval (z,x + h] contains Piph + o(h) elements of Ay, where h = h(z) = xeu(x) and
Py is some constant depending only on k.

From a theorem of Schinzel (cf. [4], [43]), the unrestricted partition function p(m) is
such that the set

{p : p is a prime dividing p(m) for some positive integer m}

is infinite. The corollary follows from Theorem 8 and Theorem 9 upon noting that if n =
pit - pS where p1,...,p, are distinct primes and where eq,..., e, are positive integers,
then a(n) = p(e1)p(ez) - - - p(e,) (cf. [20, p. 115]). As we noted at the beginning of this
section, the role of % may be replaced by z°log z (as is the case when deriving Theorem
2 from Theorem 1) or by z%g(z) for any function g(z) increasing to infinity with z.

6. GAPS BETWEEN SQUAREFULL NUMBERS

In this section, we show how to obtain Theorem 3 by combining Theorem 6 with a result
of Huxley [22]. An important contribution to this problem was made by Heath-Brown [19]
and later observed independently by Liu [33]. We summarize this basic contribution with
the following lemma.

Lemma 18. Let z be sufficiently large, and let 0 € (0,1/2). Let w be an arbitrary positive
real number. Let h = (/29 Then for some sufficiently small § = §(8) > 0,

Q(z+h) — Q(z) =

z? (1+0 (z7%)) + O(S1) + O(S2)
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where

Slzsl(w): Z ([3 x;h

217978 <n§w

and
z+h

n3

Sy = Sy(w) = > (

265 <n<221/3w—2/3

x
_ =\
where in the definition of Sy and Ss, [%]| represents the greatest integer function.
Proof. Observe that every squarefull number can be represented uniquely in the form a2b
with b squarefree. Furthermore, if a?b3 < x+h < 2z, then either a < w or b < 201 /3w=2/3,

The number of squarefull numbers of the form a2b% € (z,z + h] with a < 2979 is

IR DU DR

z<a’b®<ae+h a<z?=% z/a?2<b3<(z+h)/a?

agzce_d , b squarefree
r+h T
< ¥ — | &=
< > ([{=]-[{])

a<lgpbf—>95

(m + h)1/3 _ m1/3 os
< Z ( a2/3 + 0 (2°7°)
aSw@—é
ha =2/ o—5
< > ( —7 > +
a<zd—9
& ha~2/? (x9_5)1/3 + 299
& 339_5

It follows that the number of squarefull numbers of the form a?b® € (z,z + h] with a < w
is O(S1) + O (z%7%). Note that this also serves as an upper bound on the number of
squarefull numbers of the form a?b® € (z,x + h] for which both a < w and b < 2z/3w=2/3
hold.

Now, we combine S5 with an estimate for the number of squarefull numbers of the form
a?b® € (z,z + h] with b < 279, Observe

> -y oy

z<a’b®*<e+h b<z?%  z/b®<a?<(z+h)/b°
bgmg*'S , b squarefree b squarefree
_ Z ( + )2 —all? 10 (930_5)
o b3/2
b<2®—"

b squarefree

a’ ) 0—§
b<§5 <2bg/2 ( )
b squarefree
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It is easy to see that

=TT () -

b squarefree P o P

One easily deduces that the number of squarefull numbers of the form a?b® € (x,z + h]
with b < 2979 is ((3/2)2?/(2¢(3)) 4+ O (2°~°%). Hence, the number of squarefull numbers
of the form a?b® € (z,z + h] with b < 2z2'/3w=2/3 is

¢(3/2)
2¢(3)

2% +0(8) + 0 (z°77)

and the lemma follows. W

We now estimate S; and Sy with an appropriate choice for w. We take w = z3/13. By
subdividing the interval (z,z + z/ 2)‘"9] into smaller subintervals if necessary, it suffices
to consider 0 = (5/39) + ¢ where € is a sufficiently small positive constant. To obtain our
result, we consider § < € and show that

Si(w) < P logz  and  Sy(w) < %% log .
To estimate S (w) and Sa(w), we define

ey B = Y ([:h

N<n<2N

T

—[3—]> forxe_‘sgNgw/Z

n2

and

x+h x 0—5 1/3,,,—2/3
(22) T>2(N) = Z ([ — ]_[”F}> for %70 < N < 23w ™2/,
N<n<2N

Observe that Ty (N) is the number of positive integral pairs (a, b) for which a?b® € (z, z+h]
and N < a < 2N, and observe that T5(/N) is the number of such pairs (a,b) for which
ab® ¢ (x,z + h] and N < b < 2N. Straight forward calculations (cf. [12]) show that
in fact for each a € (IV,2N] with NV as in (21), there is at most one b such that a?b% €
(z,z + hl; also, for each b € (N,2N] with N as in (22), there is at most one a such that
a’b® € (z,z + h]. In other words, T} (V) is simply the number of a € (N,2N] for which
a’b?® € (x,x + h] holds for some integer b, and T>(N) is simply the number of b € (N, 2]
for which a?b% € (z,x + h] holds for some integer a. If a2b® € (z,x + h], then

@ sfe+h 0—(1/6) nr—2/3
’/a_2<b§’/ - :,/a—2+0(x (1/6) y /).
3.'L’
a?

< x&—(1/6)N—2/3‘
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Therefore, T7(N) is bounded by the number of a € (N, 2N] satisfying (23). Similarly,
T5(N) is bounded by the number of b € (N, 2N] satisfying

(24) < 9N 3/2

The results of this paper are used only in estimating T5(N); for T1(IN) we appeal to
Theorem 3 of Huxley’s [22]. We use Theorem 6 with r = 3 and f(u) = /z/u®/? to estimate
Ty(N). In Theorem 6, we can take T = /zN—3/2, With w = z3/'3, the value of N in
(22) is bounded above by z7/3%. Also, our lower bound on @ above and our choice of §
imply that N > 25/39. From (24), we see that we can take the value of § in Theorem 6
(which is different from our use of § above) to be O(z? N=3/2). The conditions of Theorem
6 are now met. From Theorem 6, we get To(N) < x5/3°. Observe that by subdividing the
sum in the definition of Sy into sums of the form given by T5(N), we easily deduce that
Sy(w) < 2%/%% log x.

We do not elaborate on Huxley’s Theorem 3 from [22], but note it is a result similar in
nature to our Theorem 6. Using the notation there, we set F(z) = (z+1)72/3, L = M = N,
§ < 29~ (1/O N=2/3 (50 that (23) holds), T' = 2!/ N—2/3 and A = z'/3N—8/3, One deduces
that Ty (N) < /39 and S (w) < 2°/% log , completing the proof of Theorem 3.

7. THE DISTRIBUTION OF GAPS BETWEEN SQUAREFREE NUMBERS

In this section and the next, we will deal with gaps between k—free numbers. This
section will specifically treat the case k& = 2, but it is convenient first to describe some
of the background for general k. Let sq,ss,... denote the k—free numbers in ascending
order. We will be interested in the problem of determining v for which

(25) S (sns1—s2)7 ~ B(y,K)e

Sn+41 SH)

where B(7, k) is a constant depending only on v and k. It is slightly more convenient to
deal with establishing

B(v, k
(26) S (swr - s~ 22E,

z/2<sp41<2

which is a necessary and sufficient condition for (25) to hold. Furthermore, for each k, we
will restrict our attention to v > 3 since v € [0, 3] can be dealt with as in Hooley [21].
One can show without the use of differences how to handle “small” gaps between k—free
numbers. More specifically, the following holds.

Lemma 19. Let vy € [3,3k — 2), and let

ok —1) i <5
oco<mn{ i ) ) e
Ck+1)(y—1) (k+L)y—(k+3)f k—1 ify > 5.

(k+ 1)y — (k+3)
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Then

Z ($nt1 = sn)7 ~ B'(v,k)x

z/2<s,, 1<z
Snt1—86n<a®

for some constant B'(v, k).

We omit the proof of this lemma. This lemma for £ = 2 is based on Lemma 1 of
[7] together with an application of a result of Mirsky [34]; the result by Mirsky aids in
establishing the lemma in the same manner as it has been applied to help establish (25)
since Erdés [3]. For general k, the proof is essentially the same but requires replacing
certain estimates for the squarefree case with the corresponding estimates for the k—free
case. The estimates for the k—free case were obtained by Graham and given in Lemma 3
and Lemma 4 of his paper [15].

The idea now is to deal with larger gaps between k—free numbers. Observe that by
Theorem 1, every gap between k—free numbers in (z/2,z] has length < cz!/(?*+1) Jog 2
for some constant ¢ = ¢(k). We will take 6 as in Lemma 19 and attempt to show that

Z (Snt1 — $n)Y = o(x).

z/2<8, 1<z
z? <Sm41 —sngcml/(Zk‘Ll) log

Thus, (26) will follow from Lemma 19 with B'(v,k) = B(v,k)/2.

Fix 6 as in Lemma 19, and let T be such that 2 < T < cxt/(2k+1) logz. We will
estimate the size of ZT<t<2T N where N is the number of n for which /2 < 5,41 < z
and s,4+1 — s, = t. We are really interested in sums of the form ET<t<2T Nit7, so we note
that there is an obvious relation between these sums, namely

0 ) N< ) NaY<(2T)T > N

T<t<2T T<t<2T T<t<2T

To estimate ) ;. _, o7 Vi, We establish a connection between this sum and S(z, X, T') which
we define as the number of 4—tuples (p1,p2,¢1,f2) with p; and ps primes and ¢; and /5
positive integers satisfying fops > £1pF, X < p; < 2X for each i € {1,2}, and for some
I C[x/2,x] with |I| < 2T, £;p% € I for each i € {1,2}.

Observe that in a given gap of length ¢ € (T, 2T] between k—free numbers, the number
of integers divisible by some p* with p < (1/10)T log T is

< > (%H) <t (i %) +7((1/10)Tlog T) < %t.

p<(1/10)T log T p n=2

Thus, each gap of size t € (T,2T] between consecutive k—free numbers contains at least
t/4 > T/4 integers which are divisible by some p* with p > (T//10)logT. To deal with
the primes > (7/10)log T', we let r be the greatest integer < logz and consider X; =
27=Y(T/10)1log T for j € {1,2,...,r}. Thus, we are interested in primes p belonging to
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some interval (X;,2X;]. Suppose I = (sy, Sp+1) for some n with /2 < s,41 < x and with
|I| € (T,2T). For j € {1,2,...,r}, define

Y, =Y;(I) = ’{m € I: there exists a prime p € (X;,2X}] such that pk|m}‘ :
Observe that
Yi+Yy 4+ 4+Y, >T/4
Let € > 0 be fixed (depending on k and 6) but sufficiently small, and note that

(147 =2

€

NE

1

.,
[

Then there is a j = j(I) = j(I,€) € {1,...,r} such that

(27) Y, > —(14+¢€)77T.

S iYe

We view z as being sufficiently large so that in particular T > z% implies Y; > 2.
We now consider a fixed j € {1,...,r} and estimate the number of intervals I =

(SnySny1) With /2 < s,41 < z, |I| € (T,2T], and j(I) = j. By (27), each such I

contributes at least (};’) > (1 4 €)~2T? different 4—tuples (p1,p2,l1,f2) counted by

S(z,X;,T). Thus,

r

(28) > Nz<6§:§91£ﬁz%1+efﬁ

T2
T<t<2T j=1

Hence, we can bound the left-hand side of (28) by bounding S(x, X,T'). This leads to our
next lemma.

Lemma 20. For X > (1/10)T'log T,

xT TX?

Sz, X,T) < +
( ) X2k=2106® X = log? X

and
T

S(a, X, T) « — 2
(@, X7) € i Tiog X

For the case k = 2, the first of these estimates is contained in [7] and the second is
contained in [21]. For general k, these estimates can be found in [15]. We note that these
estimates are necessary in the approach we discussed for establishing Lemma 19.

In this section and the next, we will make use of two different ideas depending on
whether £ = 2 or k£ > 3. We are ready now to restrict ourselves in this section to the
case k = 2. We will follow the strategy given in [7] which makes use of differences to show
that for intervals I with |[I| > 2% as above, j(I) must be large. There are difficulties that
arise in trying a direct generalization of this idea for general k to make an improvement
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on the work of Graham in [15]. On the other hand, it is worth noting here that in the next
section, the new idea we will present alleviates these difficulties. Nevertheless, we will not
pursue generalizing here the ideas in this section to k—free numbers as the authors feel
that any resulting improvement would be minor.

Let k = 2. To prove Theorem 4, we fix v < 43/13. Then in Lemma 19, we can take
0 > 13/75. Fixing 0 as such, we consider an interval I = (s,, s,+1) with |I| =t € (T,2T]
where T' > z%. Let X > (T/10)log T. Define

Y(I)= ‘{m € I : there exists a prime p € (X,2X] such that p2|m}’ .

Since X > (7'/10)log T, we have that for each p € (X,2X], there is at most one m € I
such that p?|m. It is clear then that Y (I) < |S(I)| where

S(I) ={u e (X,2X]NZ: there exists an integer m € I such that u?lm}.
Let n > 0 be sufficiently small and independent of . Our immediate goal is to show that
(29) 1IS(I)| <« T for 2% < T < 2% and (T/10)log T < X < T*5/13

so that the corresponding bound on Y (I) holds. Fix y € I C (x/4, z|, and observe that if
u e S(I), then
1%|| < I orx2,
u u

We are ready to apply Theorem 6; however, we note that 7" has another meaning in the
statement of Theorem 6, so for convenience here we will refer to 7" in Theorem 6 as 7" (and
fix the use of T as in the discussion above). We take f(u) = y/u® and § = 2I'X 2. Here,
N = X and T’ = yX 2. We consider two cases in (29) depending on whether T' > z°-18¢
or T' < z%18¢ In the first case, one easily checks that the bound in (29) follows from
Theorem 6 with r = 4; in the second case, the bound in (29) follows from Theorem 6 with
r = 5. Hence, (29) holds.

From (29), we have that Y (I) < T*~7if 2% < T < 2%?% and (T/10)log T < X < T*5/13,
Fix T satisfying #¥ < T' < 2922, Then with j = j(I), we must have X; > T15/13: otherwise,
Y;(I) < T'=" would hold, which contradicts (27). Thus,

X; > T/ whenever |I| € (T,21] where 2% < T < 202,

The argument which gave (28) can now be adjusted to give that (28) holds with the sum
restricted to those j for which X; > T'%/13. We are now ready to use (28) so modified and
Lemma 20. We consider three possibilities in (28) for the size of X;. For X; < z'/* we
observe that Lemma 20 with k = 2 implies

Sz, X;,T) < x < x
2 TX? log? X; — T*/131logT"
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Recall that with k& = 2 we are only interested in T < cz'/®log « where ¢ is as in Theorem
1. For z/* < X; < x*/15 we obtain from Lemma 20 that

S X)X o
12 Tlog?X; — TlogT —~ T*/3logT’

For X; > a:4/15, we have
Xj > (.2131/5)4/3 > T1.33

so that from Lemma 20

S(z, X;,T) » x < x < T
12 T?Xjlog X; — T333logT — T*/131ogT’

Therefore, with 2% < T < cz'/®log z,

Z Nt <. T Z w“ + 6)23' <. xT‘y—(43/13)(1 + 6)210ga:'
T<t<2T 1<5<r
Xj>T15/13

By breaking up the interval (z?, cz'/% log z] into subintervals of the form (7', 27 and sum-
ming, we obtain

Z (Snt1— Sn)7 = Z Nt

z/2<5p41<x zf <t<cal/5loga
z? <Sn41 —s.n§0$1/5 log =

<. m1+9(7—(43/13))(1 +6)2 log z

Since v < 43/13 and e is sufficiently small, we deduce that

Z ($n+1 — 82)7 = o(2),

z/2<s,, 1<z

1/5

:136<S,,,,+1—SHSC£ 10533

which implies Theorem 4.

8. THE DISTRIBUTION OF GAPS BETWEEN k—FREE NUMBERS

Let s1, s2,... denote the k—free numbers in ascending order with k > 2. In the previous
section, we began our efforts to establish (26) and, hence, (25) for 3 <y < 2k —1. Lemma
19 enables us to deal with small gaps between k—free numbers. It is worth noting the
strength of Lemma 19. By Theorem 1, we know that s,,4+1 — s, < cxt/(2k+1) log « for all
n with £/2 < sp41 < 2. By considering 6 > 1/(2k 4+ 1), Lemma 19 allows us to deal
with all such gaps whenever £ > 3 and v < 2k — 2 4 (4/(k + 1)). In other words, the
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result of Graham [15] follows from Lemma 19. The use of differences for Graham’s result
only occurs indirectly in the use of Theorem 1. Here, we shall likewise only make use of
differences by using Theorem 1.

As in the previous section, we set r = [log z]. For i € {1,2,...,r}, we define

Ne(i) = {I = (spny Sna1) 1 /2 < $py1 <z, |I| =t, (1) = i}

and
N = N(T,i) = {I = (sny5n41) /2 < sny1 <, 1] € (T,2T1,5(1) = i}

so that

N= Y Ngi).

T<t<2T

Recall the notation N; in our previous section. Thus, Ny = >._; Ni(¢). In (28), we found
a bound for } ;. _, op Ni in terms of the expressions S(z, X;,T). It follows easily from
our reasoning there that

S(:L’, Xi7 T)

T2 (]‘ +€)2i7

(30) N <

where here and throughout this section implied constants may depend on € (and, hence,
0) as well as k. We will want to make use of this bound here, but we will also want a new
bound in terms of S’(z, X;,T') which we define as the number of quadruples (p;,ps, ¢1,{2)
for which p; and p, are primes, X; < p; < ps < 2X;, p¥¢; and p5ls are both in some
interval I = (sp, Spq1) With /2 < sp41 < @, |I]| € (T, 2T, j(I) = ¢, and if a prime p > p;
is such that a multiple of p* is in I, then p > py. This latter condition is simply asserting
that if (p1,pe,l1,¢2) € S'(x, X;,T), then p; and py are consecutive primes in the set of
primes p for which p* divides some element of I. Recall that Lemma 19 enables us to
restrict our attention to T > z? for some 6 > 0 so that, in particular, Yjir) > 2 with T as
in the definition of S’(x, X;,T'). Also, for I = (s, Sny1) with |I| < 2T and for p € (X, 2X]
with X > (T/10)log T, we can have at most one multiple of p* in I.

Lemma 21. Let T > 2% where 0 is as in Lemma 19. Fori € {1,2,...,r},

S'(m,Xi,T)

T (14 ¢€)°.

N(T,i) <

Proof. Let I = (S,,8n4+1) be an interval with /2 < s,41 < @, |I| =t € (T,2T], and
§(I) = i. Then by the definition of j(I), Y;(I) > €(1 + ¢)~'T/4. By the definition of Y;,
there are Y; elements of I of the form p*¢ where ¢ is a positive integer and p is a prime
€ (X;,2X;]. By the definition of S'(x, X;,T), each such interval I contributes > (1+¢€)~'T
of the quadruples (p1,p2, £1,¢2) counted by S’'(x, X;, T). The result easily follows. W

For each of the intervals I counted by N(T,i), there is an ordering of the quadruples
(p1,p2,£1,42) counted by S’(z, X;,T) with p¥¢; € I corresponding to the size of p;. We
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fix I = ($n,8n+1) as in the definition of N(T,7). With the ordering just described, we
suppose now that we have consecutive elements

(p,p +ai, b, 01),(p+ai,ptar +az,l1,02),. ..,
(p+ai+---+ask_1,p+ a1 + -+ as, lor_1, lar)

where

(p—l—al—l—‘--—l—aj)kfjel for j € {0,1,...,2k}.

Let
d(j,7') = ged(¢;,¢;) for 0 < j < j' <2k,

Let A be a real number > 1. We claim that either
(i) a1 + -+ agx > A or
(i) ming<jcjr<or{d(j, j)} < 20AZF—1 X2,

To establish the claim, we assume (i) and (ii) do not hold and make use of some aspects of
the proof of Theorem 7. In particular, we note that these specific aspects of the proof of
Theorem 7 are based on ideas from Halberstam and Roth [18] and Nair [36]. Halberstam
and Roth established the existence of homogeneous polynomials P(u,a) and Q(u,a) of
degree k — 1 in the variables u and a such that P(0,a) # 0, Q(0,a) # 0, and

P(u,a)(u+ a)* — Q(u,a)u® = a1

We will use this identity, but the fact that the right-hand side is a non-zero multiple of
a?*=1 will be sufficient for our purposes and the existence of such polynomials follows from
Lemma 8 with £ = k — 1 and s = k (the left-hand side of (12) is a polynomial in « and
a which forces all but one of the terms on the right-hand side of (12) to be 0). Note that
P(u,a) #Z Q(u,a) easily follows from the identity above.

Let y = s,, and consider integers 7 and j' such that 0 < j < 7' < 2k. Then

; Ci . Y y+ 2T
pt+a+---+a)f —2— and (p+a1+ - +a;)*—L— arein ( z ]
et a 36,7 Pt a V6,7 d(j,5')" d(5,4')
Thus,
and

EJ' _ Yy —|—O<L>
d(]7.7l) d(]7],)(p+a1++a’.7,)k d(]?],)Xf .
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Hence,

?.

P((p+ar+--+a;),(ajr1+ - +aj; J_

(( 1 J) ( Jj+1 7 ))d(],]’)

Q((p+a1+- +ay), (agps +-+az))
— P a [P ai),(a; ce a.;: R
1 J i+l J d(jajl)

_ (a541 + - +a;)* 1y +0< 7 )
d(j,j")p+ai+- +a;)*p+a+--- +aj)k d(7,7') X

Observe that y < = and each of p+a; +--- +a; and p+a; +--- +a; is > X;. Also,
since we are assuming (i) and (ii) do not hold, we deduce that aj;1 +--- 4+ a;» < A and
d(7,7") > 2:vA2k_1Xi_2k. These imply that the first term on the right-hand side above is
< 1/2. Clearly, it is also positive. Since X; > (T/10)log T and T > 2% with = sufficiently
large and 6 > 0, we also deduce that the error term on the right-hand side above has
absolute value < 1/2. Since the left-hand side is an integer, we obtain that

P(lp+ar+-- +aj)(ajp1+ - +ay))l;

—Q(p+ar+---+aj), (a1 4+ +aj))lj =0.

This equation holds for every choice of 7 and j' with 0 < j < j' < 2k. With j = 0 and
j' =1, the equation is analogous to the situation we had in (16). A precisely analogous
argument to what followed in the remainder of that paragraph leads us to deduce that we

cannot have the 2k 4+ 1 numbers p,p+ ay1,...,p+a; + -+ + asg above; in other words, we
obtain a contradiction to the assumption that (i) and (ii) do not hold. Thus, either (i) or
(ii) holds.

For each of the N intervals I = (s, sp+1) defined by N(T', ), we consider the consec-
utive elements counted by S’(z, X;,T). By disregarding < 2k — 1 of the largest of these
consecutive elements (in terms of the size of the first component) we can express the re-
maining consecutive elements as a union of disjoint subsets with each subset consisting of
exactly 2k consecutive elements. These 2k consecutive elements counted by S'(z, X;,T)
correspond to 2k + 1 numbers (p+a; +--- + aj)kfj for 0 < 7 < 2k as above. Since either
(i) or (ii) holds, we can find p¥¢; and p5¢s from among these such that either py —p; > A
or ged(ly, ) < 2:)3A2k_1Xi_2k. As I varies, we consider the subsets as described above of
size 2k and create new quadruples (p1,p2,¢1,¥2), one quadruple for each subset. The set
of all new quadruples, we call W;. The set W; has the property that

(31) S'(z, X, T) < 2k(|W;| + N)

and for each element (p1, pa, €1, £2) of W;, either po—p; > A or ged (4, 4s) < 2xA2k_1Xi_2k.
Since T > z? and ¢ is sufficiently small, we can deduce from Lemma 21 that N <
coS'(z, X;,T) where cg > 0 is as small as we wish (¢g = 1/(6k) will do). From (31),
we deduce that

(32) S'(z, X;, T) < 3k|W;.
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Lemma 22. If X2* > 4Tz and T > 2° where 0 is as in Lemma 19, then S'(z, X;,T) <
rX;(1 + €)2k )Tk,

Proof. Let A = (X;/T)(1+¢)*(log z)'/(?*), For each of the N gaps between k—free numbers
counted by N(T,i), it follows from the definition of W; that there are at most 2X,;/A
numbers pY¢; and p5ls with (py,ps,f1,€2) in W; and py — p; > A. Thus, we have the
upper bound 2X;N/A on the number of elements (p1,pa, l1,£2) in W; with ps —p; > A.

Let (p1,pa,¥1,¢2) and (p1,p2,£1,45) be elements of W;. We show that ¢y /¢y = €] /5.
Assume otherwise. Observe that each of ¢, ¢, ¢2, and ¢} is < x/XF. Thus,

1 AR ) 6 pk 0 ph 2T 2T
bty ~ | Ly T [l pf & pf| T lapf o ypy
implies o7
x

Xf < plf < ZT(KIQ +£2) < Xk
This contradicts the first condition in the lemma. Hence, ¢/l = ¢} /5.

Let d be a positive integer, and suppose that (pi,p2,¥1,¢2) and (py,ps, €1, t5) are ele-
ments of W; with ged(¢y,¢2) = ged(¢],¢5) = d. Then we can deduce from the above that
0 /ty =t /0, from which we easily obtain ¢; = ¢} and ¢y = /5.

For each positive integer d, we consider the quadruples (p1,p2,#1,¥¢2) in W, such that
ged(£,¢2) = d and such that if (p1, pa, €1, £5) is in W;, then ged(#], ¢5) > d. Call this set
T(d). For a given pair of primes (p1,p2), we have just shown that there is at most one
quadruple (p1,pa,f1,¢2) in T(d). The definition of T'(d) therefore implies that for each
pair of primes (p1,p2), there is either zero or exactly one choice of positive integers d, (1,
and ¢y for which (p1,p2,£1,¥2) is in T'(d).

Define T'(d,a) as the set of (p1,ps,¥1,¢2) in T'(d) for which po — p; = a. Suppose
(p1,p2,1,¢€2) is in T'(d,a). Suppose further that (pi,p2, €], £5) is in W; and ged (€], 05) =
d' > d. We show that d’ < 3d. Write ¢, = dmy, {5 = dmo, ¢} = d'm!, and ¢, = d'm},. As
we have already seen, ¢1/fy = ¢; /4 so that m; = m} and my = m}. Since both p¥dm;
and pid'm; are in (z/3, ], we get that d’ < 3d as desired. This implies that the number of
elements (py, p2, {1, ¢2) in W; with po—p; < Ais bounded above by >, > 7", 2d|T(d, a)|.
From the definition of A, we deduce that -

Wil <> Y (dT(d,a)]) + E

a<A d=1

where

< 2X;N < TN
- A (1+ €)i(log )1/ (2k) "

Using (32) and the bound on N given by Lemma 21, we obtain E < |W;|/3. Therefore,

Wil < Y~ > dT(d,a)l.

a<A d=1
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Note that |T'(d,a)| counts the number of primes p such that (p,p + a,¢1,¢3) is in T(d)
for some integers ¢; and ¢5. Since the pair (p,p + a) corresponds to either zero or exactly
one choice of positive integers d, {1, and ¢5 such that (p,p+a, ¢1,£2) is in T(d), we deduce
from the Prime Number Theorem that for each positive integer a,

T(d .

Recall that for each element (pi,ps,£1,¢2) of W;, either po — p; > A or ged({y,02) <
2:13A2k_1Xz-_2k. Thus, if (p,p + a,¢1,¢2) is in T(d) and a < A, then d = ged(ly,43) <
QmAQk_lXZ-_Qk. Therefore,

YN dT(da) =) > d|T(d,a)|

a<Ad=1 a<A J<opA2k—1X 2k

< 2w AT Y > IT(d,a)|

a<A g<opA2k-1X72F

<20 A*TIXTR N TN T (d,a)] < 2 AT X7 log X
a<Ad=1

Using that X; > 2!/(®*%) from the conditions in the lemma and using our choice of A, the
lemma follows. H

Theorem 5 follows from Theorem 4 in the case k = 2. Let £ > 3, and let 6 be as in
Lemma 19. We consider several estimates for N(T,7) depending on the relative size of X;
with respect to  and T'. Recall that X; > (T'/10)logT. If X; < 21/(2%)  we obtain from
Lemma 20 and (30) that

xT

X2 Tog® X;

T

T2k—1

N(T,7) < (146 <« (14 €)%,

If /(%) < X; < (4Tx)*/(?*) | we obtain from Lemma 20 and (30) that

X2

N(T,i) € —%—
(T,9) Tlog? X;

(14 €)%,
Using that k > 3 and T < cz'/(®**1) Jog z, one easily checks that this last asymptotic
inequality implies

x

N(T,i) < e (1+ €)%

For (4T2)Y/(?*) < X; < T*=D/* e use Lemma 21 and Lemma 22 to obtain

X; . . '
N(T,i) < %(1 + 6)(212—1—1)2 < 2T (2k —k—l—l)/k(l i E)(2k+1)2.
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Finally, for X; > T(?*=U/k Lemma 20 and (30) imply that

X
XF1T210g X

N(T,Z) < (1+€)2z’ < {ET_(2k2_k+1)/k(1+€)2i.

We use that

Yo oNe= > ZNt(z’):ZN(T,z’).

T<t<2T T<t<2T i=1

Since r < log , we can combine the above estimates to obtain

xXr
D, N gy (L4 gD RE log g
T<t<2T

so that
Z Net? < oIV~ (k=1 (1 4 ¢)@ktD) 1082 50 o
T<t<2T

For e sufficiently small and v < 2k — 1, we get

Z (8nt1 — 80)7 = o(x),

z/2<sp11<T
z? <Sm41 —sngcwl/@k“) log

from which (26) and, hence, Theorem 5 follows.
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