/2 n 9
Problem: Show that / cos® ™z dx = H ( , j_ ) for every integer n > 1.
0

Solution. We prove

/2 n 9
/ cos®™ pdx = H . J (*)

j=1

for every integer n > 1 by induction on n. To see that (x) holds for n = 1, we make use of
cos? x = 1 — sin? z followed by the substitution u = sin x to see that

w/2 /2 /2
/ cos’ xdr = / cos® xcos dr = / (1 — sin® z) cos = dx
0 0 0

1 )
0 3 3 . 27 +1

Jj=1

1 3
—/(1—u2)du—u—u—
0 3

)

Next, we suppose that (x) holds for some positive integer n = k£ > 1. Thus,

2%h+1
cos rdx = II . K%
/0 : (2j+1> o)

Next, we show that (x) holds for n = k + 1. To clarify, we want to show that

/2 /2 k+1 2
/ cos?* 3 ¢ da = / cos2FHD+L 4 gy — H < . )
0 0 27+ 1

=1
k : k :
:H( 2j >>< 2(k+1) :2k+2H( 2j )
P 2j+1 20k +1)+1 2k+3j:1 2j+1
To show this, we begin by applying integration by parts with © = cos***2 2 and v = sinz to
deduce
/2 /2 z=m/2 r=7/2 z=m/2
/ cos® 3y dr = / (cos®*2 ) (cosx) dor = / udv=uv — / vdu
0 0 x=0 =0 =0
/2 /2
= (cos® 2 ) (sinz)| — / (sinz) (2k 4 2) (cos®* ™ ) (= sinz) da
0 0

w/2 /2
= / (sin® z) (2k + 2) (cos™ ! x) do = (2k + 2) / (1 — cos® z) (cos®* ™ z) dw
0 0

w/2 w/2
= (2k +2) / (cos™ 1t x) dx — (2k + 2) / (cos®*3 1) da.
0 0



w/2
Adding (2k + 2) / (cos®*3 1) dz to the first and last parts of these equations gives
0

/2

/2 T
(2k + 3) / (cos® 3 ) dx = (2k + 2) / (cos® 1 z) du.
0 0

Combining this with (xx) gives

/2 2%k +2 [/ 2k+2 i
2k+3 _ 2k+1
/0 (cos™ ™ ) dx = 2/<:+3/0 (cos™™ ™ z)dx |:| (2]+1)'

This is what we said we wanted to show, so we deduce now that (x) holds for n = k£ + 1. Thus, by
induction, (x) holds for every integer n > 1. B




