MATH 532, 7361: MODERN GEOMETRY

Test 2 Solutions

Test 1 (1992):

Part I:

Part Il:

1)

(2)

If A, B, andC are not distinct, then the conclusion thét B, andC' are collinear is clear.
Suppose now that, B, andC' are distinct. Recall that not all of, y, andz are zero. Suppose
z # 0 (a similar argument can be madeyif£ 0 or z # 0). FromzA + yB + 2C = 0, we
obtainA = (—y/z)B + (—z/x)C. Lett = —z/x. Sincex +y + z = 0,

1—t=1—<—3>:1+5:x+zz—2
xr s xXr s

Hence,A = (1 —t)B +tC. By Theorem 1A is on BC. Thus, A, B, andC are collinear.

The square of the distance fraWto M, is (N — M4)? and the square of the distance from
N to Mpis (N — Mp)?. It therefore suffices to show thalv — M4)? = (N — Mp)?. Since

> < .
C'D andBA are perpendiculat,D — C)(A — B) = 0. We use that

D—C=(A+B+C+D)—(B+C)—(4+C)
= 4N —2M, — 2Mp =2((N — M) + (N — Mp)).
and A-B=(A+C)—(B+C)=2Mp—2My=2((N — M) — (N — Mp))
Since(D — C)(A — B) = 0, we deduce
0= ((N = M)+ (N~ Mg))((N = My) — (N —Mp)) = (N - Ma)* = (N — Mp)*.

Hence,(N — M4)? = (N — Mp)?.

(1) Not relevant to the current course.

(2) Let P, be the intersection of the altitude drawn frofrto % Let Py be the intersection of

the altitude drawn fronB to AC Let PC be the mtersectlon of the altitude drawn frarnto
AB Let D be the intersection oﬂPA and B Pg. ThenAD and BC are perpendicular and

BD and AC are perpendicular. HencéD — A)(C' — B) = 0 and(D — B)(C' — A) = 0.
Therefore,

0=(D—A)(C—B)—(D—-B)(C—A)=—AC — BD+ AD + BC = (D — C)(A— B).

Thus,C—f) andBA are perpendicular. We deduce that the altitude fdmlso passes through
D so that the three altitudes are concurrent.



(3) Inthis problemf = R:/» T4 R, 4. Fromthe last page of this test (and as shown on homework
from class)l'y = R: 4/2Rx 0,0)- Thus, we can viewf as a product of four rotations with the
sum of the angles in the rotations beifg/2. Since a rotation by /2 is the same as a rotation
by 37 /2, we deduce that = Rj, /2 5. UsingA = (1, 3), one writesR » 474 R 4 as a product
of 3 matrices and obtains

0 1 =5
RyjppaATaRra=|—-1 0 5
0 0 1

(Note that the matrix above can be used to jusfif R/, g as well.) If B = (z,y), then

0 1 z—y
Rgﬂ-/ZB: -1 0 Tty
0 0 1

Hence,r — y = —5 andx + y = 5. Solving, we deduce = 0 andy = 5. Thus,B = (0, 5).

Part Ill:

(1) The vectorB — A (going in the direction of) is parallel to the vectoD — C' (going in the
direction ofm). Thus,B — A = k(D — C') for some constant. SinceF is the midpoint of
AC andF is the midpoint of D, we obtain 1

E=-(A+0C) and F=_-(B+D).

Thus 2 2
’ 1 1 1 1 k+1
F—E:E(B+D)—§(A+C):§(B—A)+§(D—C):%(D—C’).

Thus,E_]% is gonstant t[ﬂe;@—ﬁ This constant is non-zero sinée=£ F'. It follows that EF
is parallel toC' D. Hence,£'F' is parallel to botlY andm.

(2) You do not need to know this for Test 2.

(3) Proof. By Theorem 1 (from the Information Page at the end of this test), there are real numbers
k1, ko, andks such that

X=(0—k)A+kA =1—k)B+kB =(1-k)C + ksC'.

Next, we show that; # k,. Assumek; = k,. Observe that; # 0 since otherwise we would
haveX = A = B, contradicting thatl and B are distinct points. Alsds; # 1 since otherwise
we would haveX = A’ = B’, contradicting thatd’ and B’ are distinct points. We get that

(1 - lﬁ)A - (1 - /CQ)B - kgB/ - ]{?114/

and that the vectorB A and A’ B’ either have the same direction or the exact opposite direction.
This contradicts that the poiX exists. Hencek;, # k. Thus,

1— /{1 kg —1 k2 _kl
A B = A
ko — kq +k2—k1 ko — kq Jrk:g—kl
By Theorem 1 witht = (ko — 1)/(ko — k1) , we see that the expression on the left above is a
>
point on lineAB. By Theorem 1 witht = —&;/(ko — k1), we see that the expression on the

right above is a point on lind’ B’. Therefore, we get that

1—K ko —1
P = A B.
ot T

B/




Hence,
Q) (ko — k)P =(1—Fk)A+ (ks — 1)B.

Using that
(1 —ko)B — (1 —k3)C = k3C' — ks B,

we similarly obtain that, # k3, that

1— k2 k3 —1 k3 ! _k2 /
B C = C B
[y e el S A L S
and that
(2) (k3 — k2)Q = (1 — ko) B+ (ks — 1)C.
From
(1 - ]{73)0 - (1 - l{fl)A - k’lA/ - ]{730/,
we similarly obtain that either
(3) kg - kl
or
1— -1 —
(4) k3c+ M1, i A+ Fs o

ki — ks ky— ks ki — ks i — ks

If (4) holds, then we could deduce that there is a point on bothAifleand Iinem, giving
a contradiction. Thus, (3) must hold. We get from (1) and (2) that

(ko — k1)P + (ks — k2)Q = (1 — k1) A+ (ks — 1)C
so that
(k2 = k1)(P = Q) = (1 — k1 )(A = C).

Observe thaP # () since otherwise we would have thatﬂe poiAtHsB, andC' are collinear,
which isn't the case. Sindg # k,, we obtain that the lineB() and AC' are parallel, complet-
ing the proof.l



Test 1 (1993):

Part I:

(1) If A= B, thentaker = 1,y = —1, andz = 0. Suppose now thal # B. By Theorem 1,
there is a real numbérsuch thaC = (1 —t)A+tB. Letz =1 —t,y =t,andz = —1. Then
x,y,andz arenotalld,x +y + z =0, andzA + yB + zC = 0.

(2) See Problem (2) of the 1992 test.

(3) One answerisAAA’Z andABB'X are perspective from point.

Part Il

(1) It suffices to show tha® = 3(C' + F). The given information implies

D:B+C, E:M, F:A+B, and G:D+E.
2 2 2 2
Hence
' 1 1/B+C A+C 1 A+ B 1
G 2( + E) 2( 5 T ) 2(C+ i ) 2(C+ ),
as desired.

(2) From the given information = R, /2 (1,1)Rx,1,0)f2x/2,0,0)- Since the sum of the angles/2,
7, andx/2) is 27 (an integer time2r), we deduce thaf is a translation. In other words,
f = Tg. To determing3, one can comput¢ by multiplying matrices. However, it is probably
easier to take a point and see wifiatoes to it (where it is mapped undgx. Considerz,y) =
(0,0). Rotating this point aboub), 0) by 7 /2 does not change it. Now, rotating the point about
(1,0) by  moves it to(2, 0). Finally, rotating this point about, 1) by 7/2 moves it to(2, 2).
Thus, f takes(0,0) to (2, 2). It follows thatB = (2, 2).

(3) You do not need to know this for Test 2.

(4) Recallin class that we discussed how one could obtain the QowttereRR5.c = Rz pRa,a.
The pointsA, B, andC form a triangle with/BAC = «/2 and ZABC = (/2. Since
a + = = in this problem, the sum of the measures @B AC and ZABC'is w/2. Thus,
AABC is a right triangle withZACB = =/2. Recall that we showed in class that in this
situation,C is on the circle having diametet5. Since the center of this circle is the midpoint
of AB, C'is on the circle centered é(A + B) passing throught and B.



Test 1 (1994):

(1) See Problem 1 on the 1992 test. Note that the theorems are numbered differently.

(2) Observe that
A+B+C+D_B+C_A+D

2 2 2

IN — My —Qu = = 0.

Thus,
0= (2N —Ms—Qa)(Ma—Qa) =2NMs— M3 —2NQa + Q%
= —N?+2NMy = Mj+ N? = 2NQa + Q4 = —(N = Ma)* + (N = Qa)".

Thus,(N — M4)? = (N — Q4)?, and we deduce that the distance fréito A/, is the same as the
distance fromV to @ 4.

(b) 4
(c) (4,4) (you should be able to do this with and without matrices)

(d) (1,4) (you should be able to do this with and without matrices)

(4) One answer isAAZ A" and ABX B’ are perspective from poinf. There are other answers. An-
other one that was suggesteddsA’Y A andAC’ X C are perspective from poiri.
(5) Observe that? = (B — A)?,b* = (C — B)?, andc® = (C — A)2. Sincea® + b? = ¢, we obtain
(B—A)?*+ (C - B)*=(C - A)
so that
B* —2AB + A + C? —2BC + B? = C? — 2AC + A%

Rearranging, we obtaihB? — 2AB — 2BC +_2>AC = 0. Dividing by 2, we obtain) = B? - AB —
BC + AC = (A — B)(C — B). Therefore, BA and BC' are perpendicular and, henceédBC'is a
right angle.

(6) You do not need to know this for Test 2.

(7) Sincef is three successive rotations with the angles of these rotations summég'ip f =
Rgr/3,(2y) = Rap Wherea = 27/3 andD = (x,y) for some numbers andy. We need to
determiner andy. Sincef(1,1) = (5,7), we deduce that

1 —1/2 —V3/2 3z 4+ V3y)/2 1
<7> = Ror/3,(a.) (1) = (\/3/2 —1/2 (\/§w+3y)/2) (1)
1 0 0 1 1

(S

—_

Thus, 10 = —1—+3+3z++3y and 14=+3—-1—-3z+3y.
Rewriting these, we obtai
g 3x+\§3y:11—|—\/§ and 3z —3y=—-15+3.

Multiplying the first of these by/3 and adding the result to the second, we deducgr = 121/3—
12 so thatr = 3 — /3. Substituting, we obtain (after a little work)= 4 + (21/3/3).



(8) Proof: SinceAA’, BB, andC'C" are parallel, there are real numbérsandk, such that
A'— A=k (B — B) =k(C'-0C).

We get that
A-kB=A -kDB.

We first explain whyk; # 1. Assumek; = 1. ThenA — B = A" — B’ so thatAB and A'B’ are
parallel. This contradicts thdt exists. Therefore;; # 1. Hence,

1 —Fky o 1 ’ —ky /
<1—k1>A+(1—k1)B—(1—k1)A+<1—k1>B'

By Theorem 1 (from the last page of this exam) with —k; /(1 — k;), we see that the expression
—>

on the left above is a point on linéB and that the expression on the right above is a point on line

—

A’'B’. Therefore, we get that

(1) (1—k)P=A-kB.
Similarly, fromk B — k,C' = ki B’ — k,C’, we deduce that
(2) (k1 — k2)Q = k1 B — ksC.
Also, fromk,C — A = k,C' — A’, we deduce that
3) (ks — )R = kyC — A.
Therefore, from (1), (2), and (3),

(1= k)P + (ky —k)Q+ (ks —1)R= 0.

The result follows from Theorem 3 (on the last page of this test).



Test 1 (1995):

(1) See Problem 1 on the 1993 test. Note that the theorems are numbered differently.

(2) The square of the distance framto M, is (N — M4)? and the square of the distance fravnto

< >

Mc is (N — M¢)?. It therefore suffices to show tha¥V — M4)? = (N — M¢)?. SinceBD andC A
are perpendicula(,D — B)(A — C') = 0. We use that

D-B=(A+B+C+D)—(B+C)—(A+ B)
— AN — 2My — 2M¢ = 2((N = My) + (N — Mg)).

and 4 _C=(A+B)— (B+C)=2My—2M, =2((N — My) — (N — Mc))
Since(D — B)(A — C) = 0, we deduce
0= ((N = M)+ (N = Mg))((N = Ma) = (N = Mc)) = (N = Ma)® = (N = Mc)*.
Hence,(N — M4)? = (N — Mc¢)?.
3) (@ (-2,0)
(b) 1
(¢) (12,6)
(4) Observe that? = (B — A)?,b* = (C — B)?, andc® = (C — A)2. Sincea® + b* = ¢, we obtain
(B—A)?*+(C—-DB)?*=(C - A)?

so that
B2 —2AB+ A2+ (0% —-2BC + B?>=(C? —2AC + A

Rearranging, we obtainB? — 2AB — 2BC + 2AC = 0. Dividing by 2, we obtain) = B? — AB —
—_— —

BC + AC = (A — B)(C — B). Therefore,BA and BC' are perpendicular and, hencedBC'is a

right angle.

(5) One answer isAT' B’B andAS A’ A are perspective from poiri.

(6) Let D be the midpoint ofBC. ThenD = (B + C)/2. Since the distance from to B is equal to
the distance fromi to C, we obtain(A — B)? = (A — C)?. Thus,

0=(A—B)?—(A-C)2= (24— B—0)(C - A)

:2(A—B;C>(C—A):2(A—D)(C—A)

(where the se(ﬂld equili}y follows by considering the factorization of the difference of two squares).
It follows that DA and AC' are prepenﬁular. In other words, the line passing throdigind the
midpoint of BC is perpendicular to lin&C'.



(7) Proof: SinceAA’, BB', andC'C" are parallel, there are real numbérsandk, such that
A'— A=k (B — B) =k(C'-0C).

We get that
A-kB=A -kDB.

We first explain whyk; # 1. Assumek; = 1. ThenA — B = A" — B’ so thatAB and A'B’ are
parallel. This contradicts thdt exists. Therefore;; # 1. Hence,

1 —Fky o 1 ’ —ky /
<1—k1>A+(1—k1)B—(1—k1)A+<1—k1>B'

By Theorem 1 (from the last page of this exam) with —k; /(1 — k;), we see that the expression
—>

on the left above is a point on linéB and that the expression on the right above is a point on line

—

A’'B’. Therefore, we get that

(1) (1—Fk)P=A—-kB.
Similarly, fromk B — k,C' = ki B’ — k,C’, we deduce that
(2) (k1 — k2)Q = k1 B — ko C.

Using that
A=k C=A — k'

and thatAC' andjzl’—(j7 are parallel (sa? is a point at “infinity”), we obtain
(3) ke = 1.
From (1) and (2), we obtain
4) (1 —k))P+ (k1 — k2)Q = A — koC.
Using (3), we can rewrite (4) in the form
(1—Fk)x(P-Q)=A-C.

Recall thatt; # 1. Therefore, the linelC is parallel to the Iine<D—>Q.



