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SOLUTIONS TO USC’s 2004 HGH ScHooL MATH CONTEST

. (d) Observe thaBBC is the height ofA ABD with baseAD. Hence, the area gk ABD is (1/2) -3 -6 = 9.

. (e) Square both sides of the equatigft — = + /3 + » = z to obtain6 + 2v/9 — 22 = 2. Itis easy to see that

r = 2y/2 = /8 is a solution. To solve for, one can square both sides2af9 — 22 = 22 — 6 and simplify to obtain
z* — 822 = 0. Clearly,z = 0 is not a solution to the original equation. We deduce +2+/2 are the only possible
solutions. It is not difficult to check that = 21/2 and notz = —2+/2 leads to a solution using

3-2v2=(v2-1)?2 and 3+2V2=(V2+1)%

. (&) By the Pythagorean Theorem3,D = 10. Let E be a point onAB with /DEA = 90°. ThenDE = 8 and

AE =21 — 6 = 15. By the Pythagorean Theorem agaiy) = 17. Hence, the answer i) + 17 = 27.

. (b) The answer follows from the change of base formula for logarithms. We deduce

log, 5 log, 8
logy, 3 logy 5

(logy 3)(logs 5)(logs 8) = (logy 3) =log, 8 = 3.

. () Fromsinz = 2cosx andsin?z + cos>z = 1, we deduce thatos?> z = 1/5 and, consequentlyin®z =

4cos? x = 4/5. Thus,(sin® x)(cos? 2) = 4/25. It follows thatsin 2 cos 2 = +2/5. On the other handjn 2 = 2 cos =
implies thatsin  andcos « cannot have opposite signs. Hende,x cos x = 2/5. Alternatively, one can observe that
the given information impliesan 2 = 2 so thatsin z = +2/+/5 andcos = = +1/+/5 (both with the same sign). The
answer follows.

. (d) Sincef(z) = ax+b, we havef(f(z)) = a(az+b)+b = a’x+b(a+1) andf(f(f(z))) = a(a?z+b(a+1))+b =

a®z + b(a® + a + 1). Since this must equal + 21, we deduce that = 2 andb = 21/7 = 3. Hencea + b = 5.

. (b) Itis well-known thatC B2 = CD - C A. Also, asAAC B is a30°-60°-90° triangle, we have&®’ A = 2CB. Thus,

CB? =2-CD - CB which impliesCB = 2 - CD = 2v/3. Again, using that\ AC' B is a30°-60°-90° triangle, we
obtainAB = /3-CB = 6.

. (¢) The probability that the random coin is a fair coin and that it comes up he&ds-i8.5 = 0.2. The probability

that the random coin is a biased coin and that it comes up he@ds i9.8 = 0.48. Thus, the probability that the
random coin comes up head%i8 + 0.48 = 0.68.

. (@) The answer follows from

(\/§)log29 _ (\/5)210&3 _ 210g23 — 3.

(@ From2ab = (a+ b)?> — (a® + b*) =4 — 5 = —1, we obtain thatb = —1/2. Thus,
a®+ b =(a+b)(a®—ab+b?)=2-(5+0.5) = 11.

Alternatively, one can use + b = 2 andab = —1/2 to deduce that andb are(2 + /6)/2 and(2 — v/6)/2 in some
order. Thusg?® + b3 can be computed directly.

(b) Letf(x)=at+20+...+2+1. Setg(x) = (x — 1)f(z) = 2'2 — 1. If ais aroot of f(z), thena is a root
of g(z). The only reall 2" roots of1 arel and—1. Note thatl is clearly not a root off (x) and—1 is a root of f (x).
Hence,f(z) has exactly one real root.

(c) Letr denote the radius of the circle. Then the circumscribing square will have side engifhe inscribed
square will have diagonat and, hence, side lengtf2r. The ratio is thereforé2r)?/(v/2r)? = 2.

(e) Take the sum of the first and third equations and sub&#iates the second to get= 3.



14. (d) Multiplying the given equation by, one obtainsz? — 2cos(12°)z + 1 = 0. The quadratic formula and
cos?(12°) — 1 = —sin?(12°) imply thatz is one ofa = cos(12°) 4 isin(12°) or b = cos(12°) — isin(12°). Since
ab = 1, we get that ifr + (1/x) = 2 cos(12°), thenz® + (1/2°) = a® + b°. Recall that'? = cos 6 + i sin § whered
is in radians an@d "% = cos @ — isin @ (the latter follows from the former). A% /30 radians is the same a8°, we
deduce that

1 27 5 —i27 5 im —im
x5+ﬁ=a5+b5=(e'2 /30) +(e i2 /30) = ¢ /3+e i /3=2COS(7T/3)=1.

Alternatively, one can show that’ + (1/2%) = 2cos(k - 12°) for every positive integek by induction onk. Then
settingk = 5, one obtains the same answer. We omit the details for this alternative argument.

15. (e) Multiplying through byz + 1, we see that the roots are the same as the roots of
@+ D)@'+ 1)@+ 1) - (@*-1)=0
(where we have used that= —1 is not a root of the equation above). Clearly iis a root, then so is-a. It follows

that the sum of the roots (&

16. (a) Let ¢ be the quotient and the remainder when is divided by7. Thenq andr are integers, witl) < r < 7,
satisfyingn = 7¢ + r. Withn = 7¢ + r, we see that there are integérand/ such that

n® =7k+r% and nd =70+
It follows that4(n® — %) + (n® — r3) is divisible by7. We deduce thatn® + n3 + 5 is divisible by7 precisely when
AnS +nd +5— (4(n6—r6)+(n3 —r3)) =4+ 3 45

is. One checks directly that for < » < 7, the numbe#r® + r3 + 5 is not divisible by7. So the answer i8. The
argument can be simplified using modulo arithmetic and, for example, noticing’teab, 1, or 6 (mod 7).

17. (e) Any 5 numbers chosen from the sgt,2,...,9} determine exactly one sequenceagfas indicated. So the
answer is the same as the number of ways of chodsmgmbers from th® numbers in{1,2,...,9}. The answer is
(2)=9-8-7-6/4! = 126.

18. (d) The second equation plus twice the first equation gives
—1=174(-9-2) =2 +2zy + y* + 22+ 2y = (z + 9)* + 2(z + y).

Adding 1 to both sides, we obtaih= (x +y + 1)? so thatr +y = —1. From the first equation, we dedueg = —8.

From

(z—a)(z—y) =2 —(@+y)z+ay=2"+2-38,

we see that andy are roots ot?+z—8. Sincez?+z—8 has the two roots = (—1++/33)/2 andv = (—1-+/33)/2,
there are two possibilities fdrz, y), namely(u,v) and (v, u). One checks directly that these are solutions, so the
answer i.

19. (¢) From the given, we have
5a* = a® + (2a)? = (sinx + siny)? + (cos  + cos y)*
= (sin? 2 4 cos? 2) + (sin? y + cos? y) + 2(sin z sin y + cos z cos y)
=141+ 2cos(z —y).

Hencecos(z — y) = (5a® — 2)/2.

20. (b) There arer! ways of arranging seven people in a row. If A and B are the two people who initially sat on the aisle,
then after intermissiorl can sit in any of the 5 non-aisle seats and then B can sit in any of the remaining 4 non-aisle
seats. There are five other seats, and the remaining five people can sit in theseHegayd Thus, the probability
is (5-4-5!)/7" = 10/21.



21.

22.

23.

24,

25.

26.

(b) Let O denote the center of the circl@, the intersection oA andF D, andH the intersection of.C andF D.
SinceOF = 1, the height of the equilateral triangle EGH is 1/2. It easily follows thatA EGH has side-length
v/3/3 and area/3/12. The star-shaped region can be divided up itRoequilateral triangles, each congruent to
AEGH. It follows that the area of the shaded region/i3.

(c) If gis the number of girls and is the number of boys, them+ b = 12. A team can be chosen by selecting

one of theg girls, one of theb boys, and one of the remaining+ b — 2 = 10 students. If we consider every such
formulation of a team, we will count each team twice (for example, if the first person selected is Cathy and the second
person selected is Bob and the third person selected is Dave, this will result in the same team as selecting first Cathy,
then Dave, and then Bob). Hence, the total number of teams possilgé. iSince this total i960, we obtain that

gb = 32. Giveng + b = 12 andgb = 32, we get thaly andb are8 and4 in some order. This leads to the answer
indicated.

(b) Observe that by the Pythagorean Theorem;+ v? = x2. Also, vw = zy as each of these expressions is equal
to twice the area oA ABC'. Hence,

35% = (v+w)? = u? + 20w + w? = 2% + 22y = (v +y)* —y? =37% — ¢,
Thus,y? = 37% — 352 = (37 — 35)(37 + 35) = 2 - 72 = 144. It follows thaty = 12.

(c) Note thatd # 0° andd # 90°. From the given information} sin 6 cos 6 cos(260) = sinf. Using the identity
sin(2x) = 2sinz cos x twice (withz = § and withz = 26), we deducein(46) = sin . Since0° < § < 90°, we see
thatsin § and, hencesin(46) are positive. We deduce thai® < 46 < 180° and, furthermore, that = 180° — 46.
This impliesf = 180°/5 = 36°. (One can verify thal = 36° is a solution by reversing the steps of the argument.)

(d) One checks that the first number the two progressions have in comrfion@ne can write the elements of the
first progression asx + 57 wherex is an integer satisfying-8 < z < 278. The elements of the second progression
can be written in the formh1y + 57 wherey is an integer satisfying:5 < y < 177. Anumbern is in both progressions
precisely whem = 7z + 57 andn = 11y + 57 with 2 andy as indicated. But thefixz + 57 = 11y + 57 so that

7x = 11y. This occurs precisely when = 11k andy = 7k for some integek. The conditions-8 < 11k < 278

and -5 < 7k < 177 both hold precisely whefi < k£ < 25. Thus, there are 26 elements in both progressions
corresponding to these 26 different values: of

(& There are(§)55 different outcomes that are possible from the 8 rolls of the die given that 3 occurs exactly three
times (obtained from first picking which 3 of the 8 rolls end up with 3 face-up and then choosing one of the 5 remaining
numbers for each of the remaining rolls). Next, we count how many of these outcomes do not have two 3’s next to
each other. This can be done as follows. Imagine 6 apples in a row. Decide on 3 at random for eating purposes,
but don’t consume them yet. Instead add two more apples to the row, one to the right of each of the two left-most
apples you have chosen at random to eat. Now, look at what you have in front of you: 8 apples with 3 in your mind
for consumption and no two of these three are next to each other. Thus, each selection of 3 apples from a row of 6
corresponds to a selection of 3 apples from a row of 8 with no two of the 3 chosen apples next to each other. This
works backwards too. If you start with 8 apples in a row and pick 3 at random but with the added condition that no
two of the 3 chosen are next to each other, then you can remove the apple immediately to the right of the two left-most
apples chosen and you will have 3 apples chosen from a row of 6 apples. In mathematical terms, we have a one-to-one
correspondence between choosing 3 apples from a row of 6 apples and choosing 3 apples from a row of 8 apples with
the added condition in this latter case of not choosing two apples that are next to each other. Now, this problem is not
talking about apples or even oranges, but this discussion implies that the(@ avays of picking 3 out of 8 rolls

to end face-up wit a 3 given theadded condition that no two consecutive 3's are rolled. In addition, therg®are
possibilities for the remaining rolls. Recall that we started v@t}ﬁf’ different outcomes. We deduce that the number

of these that do not involv& appearing face-up on two consecutive roII@}S? Hence, the probability is

(3)5° _(5) _6-5-4 _5
(5 ¢ 876 1

Note that the die doesn’t need to be standard, doesn’t need to be fair, and doesn'’t need to be 6-sided. The die doesn't
really need to be a die. Now, go eat your apples.




27. (d) Foreachr € {101,102,...,299}, there is at most one integgsatisfying(x/3) +0.1 < y < (2/3) +0.6 (since
the difference between the upper and lower boundsis Furthermore, ifc is of the form3% for some integek;, then
there are no such integeyssince the double inequality becomes- 0.1 < y < k + 0.6. Similarly, if z = 3k + 1 for
some integek, then there are no sughas the double inequality becomies (1/3)+0.1 < y < k+(1/3)+0.6. Onthe
other hand, ifr = 3k+2 for some integek, then the double inequality becomies (2/3)+0.1 < y < k+(2/3)+0.6
and there is exactly one such integeiThus, the answer is the number06f the form3k +2in {101,102, ...,299}.
Thesez correspond td: € {33, 34,35,...,99}. Hence, there ar&7 such integral(z, y).

28. (d) We useA(AUVW) to denote the area of a triangle with verticed/atl andW. Letr = A(ADAO), and
lets = A(ABOC). Then a well-known identity gives that = 4 - 9 = 36. This can be shown as follows. Lk}
denote the length of the altitude dfD AO drawn from D, and lethp denote the length of the altitude &fBOC
drawn fromB. Then

hp-AO hp-0OC _ hp-OC hg-AO

A(ADAO) - A(ABOC) = =2 . : .

= A(ADOC) - A(ABAO).

The resultrs = 4 - 9 = 36 follows. We deduce that the sum of the areag\dP AO andABOC' is r + 36/r. The
arithmetic-geometric mean inequality asserts that b)/2 > v/ab for any positive numbers andb. Takinga =
andb = 36/r, we see that + 36/r > 21/36 = 12. Thus, the sum of the areas 6D AO and ACOB is at leastl 2.
It follows that the area of quadrilaterdlBC'D is at leastt + 9 + 12 = 25.

To see that it is possible for quadrilatetdBC D to have are&5, consider the situation wher@ COD is an
isosceles right triangle with hypotenug®C' and legs each of lengthy/2 and whereA AOB is an isosceles right
triangle with hypotenusé B and legs each of lengy/2. Then the area ohCOD is 4 and the area oh AOB is 9.
Also, the areas af D AO andA BOC are eaclé. Thus, in this case, the area of quadrilatet&C D is indee®5.

29. (b) Observe that
102003 -1 102003 -1
e and b=6- ———.

—3
“ 9 9

It follows that
2(102003 _ 1)2 B 2. 102003 . (102003 _ 1) 2. (102003 _ 1)

9 9 9

The decimal expansion of the first fraction on the righ2@93 consecutive2’s followed by 2003 consecutive)’s.
The decimal expansion of the second fraction on the right is si2f}$ consecutive’s. It follows that the decimal
expansion ofib is 2002 consecutive’s (on the left), followed by d, followed by 2002 consecutiver’s, and finally
followed by ang. The2004" digit from the right is al.

ab =

30. (c) Letn+1,n+2,...,n+ k bek consecutive integers that sum2e04. Since the sum of these numbers is also
kn + k(k + 1)/2, we deduce

1
kn+k(k+ )

= 2004 (+)

is a necessary and sufficient condition for the sum of the numbers$, n + 2, ..., n + &k to be2004. We make some
observations based or)( Sincek(k + 1)/2 > 2004 for k > 63, we see thak < 63. If k¥ = 2¢ with ¢ odd, thenkn
and2004 are even ané(k + 1)/2 is odd which implies£) cannot hold. Ifk = 4¢ with ¢ odd, thenkn and2004 are
both divisible by4 andk(k + 1)/2 is not which implies £) cannot hold. Thus, eithéris odd or8 dividesk. Now, if
k is odd, therk divides the left-hand side o) and, hence2004. If k is even, then we get similarly thay2 divides
2004. As 2004 = 22 - 3 - 167 is the prime decomposition @h04, we see that eithek is an odd divisor ofi2 or k is
a multiple of8 that divides24. By the conditions in the problenk, > 1. We deduce that must be one 08, 8, and
24. We are given an example with= 3. Examples withk = 8 andk = 24 also exist and can be found directly from
(¥). Fork = 8, we get from ¢) thatn = 246 (so that the sum of the numbers fra7 to 254, inclusive, is2004).
For k = 24, we get from §) thatn = 71 (so that the sum of the numbers fraiito 95, inclusive, is2004). Thus, the
answer is3.



