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Abstract

In the dissertation we discuss multigrid methods for fourth order partial differ-
ential equations. We choose the biharmonic problem as the model problem. Multi-
grid methods using finite element discretizations such as the Morley element, the
Hsieh-Clough-Tocher (HCT) element, the reduced HCT element and the incomplete
biquadratic element, are discussed. Using the additive theory for the convergence of
V-cycle and F-cycle multigrid methods, we prove that the methods are convergent,
and the contraction numbers are uniformly decreasing as the number of smoothing
steps increases. We show that, for m sufficiently large, the the contraction numbers

are less than or equal to C'/m®/?

, where m is the number of pre-smoothing and post-
smoothing steps, « is the index of elliptic regularity, and C' is a mesh-independent
constant.

Numerical results are also presented to support the theory. Performances of dif-

ferent algorithms are compared and some suggestions to improve the performances of

the algorithms are given.
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Chapter 1

Introduction

1.1 The Biharmonic Problem

Let © C R? be a bounded polygonal domain. We consider the following biharmonic
problem with homogeneous Dirichlet boundary conditions:

Find u € HZ(Q) such that

Ay = f in Q, (1.1.1)

u=0u/On=0 on Of,

where f € Ly(2) and we use the notations of Sobolev spaces in [1].

The biharmonic problem models plate bending. We will consider it as our model
problem in this dissertation.

By multiplying a test function v € H3(Q2) on both sides of (1.1.1) and using inte-

gration by parts, we have the following variational form of the biharmonic problem:

Find u € HZ(Q) such that
a(u,v) = ¢(v) Yo € HE(Q), (1.1.2)

where
82

D2 D2 _/
a(u,v) / usDvde Z 89518% axﬁx] dz,




and
(ﬁ = dx.
(U) / fU T

The Cauchy-Schwarz inequality implies that the bilinear form af(-,-) is bounded,
ie.,

a(v,w)| < ol ol Vo,w € HAQ). (113)

The Poincaré inequality implies that the bilinear form is coercive, i.e.,
a(v,0)] = CllolBpq Vo € H(Q) (1.1.4)

for some constant C. Therefore by the Riesz Representation Theorem we know that
there exists a unique u € HZ(2) that solves (1.1.2).

Moreover ¢ can be chosen from a more general space H 2(Q) = [HZ(Q2)]'. Elliptic
regularity of the biharmonic equation (cf. [3, 33]) implies that there exists a €
(3, 1] such that the solution u of (1.1.2) belongs to H2"*(Q2) N HZ(2) whenever ¢ €

H=2T2(Q) and

[ull f2+a () < Calldllm-2+0(), (1.1.5)

where Cq depends only on the shape of €.

Finally the following duality estimate holds for the bilinear form a(-,-) (cf. [24]):
a(v,w) < Cv|gera@)|w|-a@) Yo € H*(Q) N HF(Q),w € HF(Q), (1.1.6)

for some constant C.

1.2 Finite Element Spaces and Multigrid Methods

Numerical solutions of the model problem can be obtained using finite elements meth-

ods based on the Bogner-Fox-Schmit element (cf. [8]), the Argyris element (cf. [2]),



the Hsieh-Clough-Tocher element (cf. [32]), the Morley element (cf. [42]) and the
incomplete biquadratic element (cf. [45]).
Let {7k }r>1 be a family of triangulations of 2 obtained by regular subdivision, i.e.,

Tr+1 is obtained by connecting the midpoints of edges of the triangles (or rectangles)

in 7;. We denote the mesh size of 7 by hy = max{diam 7" : T' € 7;.}. Note that
hi_1 = 2hy. (1.2.1)

Let V; be a finite element space associated the triangulation 7. If V, C HZ(Q),
we say the finite element is conforming. If V} ¢ HZ(f2), the finite element is noncon-
forming.

Let ag(-,-) be the extension of a(-,-) to the space HZ(Q) + Vj defined by

ag(v,w) = Z / D*v: D*wdz, Yv,w € H(Q) + V. (1.2.2)
TeT, T
Then an approximate solution of (1.1.2) can be obtained by the following finite ele-

ment method:

Find u; € V}, such that

ap(ug, v) = / fodx Yv € V. (1.2.3)
Q

Let (-, ) be a discrete inner product on V. Then we can define Ay : V}, — Vj
by
(Apv,w)g = ar(v,w) Yo,w € Vj, (1.2.4)

and rewrite (1.2.3) as

Aguy, = f, (1.2.5)

where fi € Vj is defined by

(frv) = /vadx Yo € V.



Using a basis of Vi, the problem (1.2.5) is represented as a system of linear equa-
tions. Ay is a sparse matrix with a very large condition number. Classical iterative
methods converge very slowly for such systems. Multigrid methods, which are fast
solvers for (1.2.5), can overcome this difficulty. In this dissertation we choose the

following finite elements to illustrate the multigrid theory.

e The Hsieh-Clough-Tocher (HCT) element and the reduced HC'T element
The HCT and the reduced HCT macro elements are conforming methods. The

approximate solutions obtained by these methods belong to HZ().

e The Morley finite element
The Morley element is nonconforming, but is the simplest among all triangular

finite elements for fourth order problems.

e Incomplete biquadratic element
This nonconforming element is the simplest among all rectangular elements

suitable for multigrid solvers.

We will solve (1.2.5) by the following multigrid methods.

The kth level multigrid iteration. The kth level multigrid iteration yields

MG(k, g, z9, m1, m2) as an approximate solution to the equation
Az =g, (1.2.6)

where 2y is an initial guess and m; and ms are the numbers of pre-smoothing and
post-smoothing steps respectively.
For k =1, MG(k, g, 29, m1,ms) = AT'g.

For k > 1, MG(k, g, z0, m1, m2) is obtained by the following three steps:



1. Pre-smoothing

For j =1,2,---m;, compute z; by

1
Zj = Zj-1 + A—(g - Aij_l).
k

2. Coarse Grid Correction
Let 1, = g — Agzm, be the residual. Apply the (k — 1)st level iteration p times

with initial guess 0 to the equation
Ap_1mp—1 = I]]:ilrk
to obtain 7,_1; € Vj;_; and make the error correction
_ [k ~
Zmi+1 = Zmy A Tr-1-

3. Post-smoothing

For j =my +2,my +3,--+ ,m; +my + 1, compute z; by

1
Zj = Zj-1 + A—(g — Aij_l).
k

Finally we set MG(k, g, z0, m1,M2) = Zm, +ma+1-
In the algorithm above, we use Richardson relaxation as the smoother for simplic-
ity. Other smoothers may also apply (cf. [6, 14, 15, 25]). If we denote the spectral

radius of Ay as p(Ag), then Ay is chosen so that

for some mesh-independent constant C'. The operators [ ,f’l Ve — Vg and [ ,’j_l :
Vi_1 — V) are called fine-to-coarse and coarse-to-fine intergrid transfer operators
respectively.

If p = 1, the algorithm is called a V-cycle. If p = 2 we call it a W-cycle algorithm.

If, in the coarse grid error correction step, we use the (k — 1)st level iteration once,



followed by a V-cycle iteration, the algorithm is called an F-cycle. The V-cycle, F-
cycle and W-cycle algorithms are denoted by MGy, MGr and MG,y respectively
in this dissertation. For a V-cycle algorithm, if the numbers of smoothing steps at
different levels are different, and the number m(k) of smoothing steps at the kth level

satisfies

Gom(k) < m(k —1) < fim(k)

with 1 < By < (31, the algorithm is called a variable V-cycle algorithm.

1.3 Historical Background and the Results in This
Dissertation

Multigrid methods were first studied in Russia in the sixties (cf. [4, 34]) and were
made popular in the west by Brandt in the seventies (cf. [15, 19, 36, 41, 47, 51]).

The first convergence result for W-cycle algorithms for multigrid methods for
conforming finite element discretizations was obtained by Bank and Dupont in 1981
(cf. [5]).

In 1983 Braess and Hackbusch proved in [9], under the assumption of full elliptic
regularity, that the contraction numbers (in the energy norm) of the symmetric V-
cycle multigrid algorithm applied to second order elliptic boundary value problems
are less than or equal to C'/(C + m), where m is the number of pre-smoothing (and
post-smoothing) steps and the constant C'is independent of the number of grid levels.

The results of Bank-Dupont and Braess-Hackbusch were the most important re-
sults in multigrid theory in the eighties.

The case of less than full elliptic regularity is much more subtle. It was not
until 1992, after a multiplicative multigrid theory had been developed, that Zhang,
Bramble and Pasciak, Xu and others (cf. [11, 13, 15, 16, 17, 18, 53]) showed that

the contraction numbers are less than or equal to a number § between 0 and 1,



independent of the number of smoothing steps and grid levels. This result stood as
the best achievement in multigrid theory throughout the nineties. However, it is not
a complete generalization of the result of Braess and Hackbusch because it does not
show that the contraction numbers will decrease if m is increased. This important

difference was pointed out by Bramble in his famous book on multigrid (cf. [15]).

In [26] Brenner developed an additive multigrid theory and showed that the con-
traction numbers are less than or equal to C/(C'+m®), where « is the index of elliptic
regularity (o = 1 in the case of full elliptic regularity), and thus established the long
sought-after complete generalization of the classical result of Braess and Hackbusch.

Nonconforming finite elements provide some of the simplest numerical methods
for complicated problems. But their analyses require more sophisticated techniques.
The first convergence analysis of W-cycle multigrid methods for nonconforming finite
elements for second and fourth order problems (under the assumption of full elliptic
regularity) can be found in Brenner’s Ph.D. dissertation [20]. These results were
generalized to the case of less than full elliptic regularity in [24], where variable V-

cycle algorithms were also shown to be optimal preconditioners.

The additive multigrid theory was generalized by Brenner to nonconforming finite
element methods in [28], where it was shown that, for V-cycle and F-cycle algorithms
for nonconforming finite element methods, the contraction numbers are less than or
equal to C'/m®, provided m is sufficiently large. They were the first general results for
such algorithms. F-cycle algorithms using nonconforming finite elements had been
employed successfully in large scale computations for fluid flow problems (cf. [49]),

but no convergence analysis had ever been carried out until [28].

For fourth order problems, the simplest finite element methods are nonconforming
or conforming but nonnested (which means the finite element spaces on the coarser

grids are not subspaces of the ones on finer girds). Multigrid methods for fourth order



problems were studied in [17, 21, 24, 37, 43, 46, 50, 52]. In these works, only W-
cycle and variable V-cycle algorithms were discussed, or conforming and nested finite
elements were involved. Until recently, there were no results on V-cycle and F-cycle
algorithms based on nonconforming or conforming but nonnested finite elements.

In this dissertation, the additive multigrid theory is extended to fourth order
problems. We will describe the theory in the next chapter. In the following chapters
we will apply the theory to the HCT and the reduced HCT macro elements (cf. [55]),

the Morley finite element (cf. [54]) and the incomplete biquadratic element.

Specifically, the following tasks will be performed for each finite element:

e Design of the algorithms
To apply the multigrid algorithms described in the previous section, we need to
define the discrete inner products on the finite element spaces and the intergrid

transfer operators.

e (Convergence analysis
The convergence of V-cycle and F-cycle algorithms for sufficiently large number
of smoothing steps will be established, and the contraction numbers of these
algorithms are to be shown to decrease at a rate determined by the index of

elliptic regularity.

o Numerical results
Numerical results will also be presented to illustrate the theoretical conclusions.
Performances of different algorithms will be compared and some suggestions to

improve the performances of the algorithms will be given.



Chapter 2
The Additive Theory

2.1 Assumptions of the Additive Theory

Let Ei,n, : Vi — Vi be the error propagation operator of the symmetric V-cycle

algorithm applied to the equation (1.2.6), i.e.,
Epm(z — 20) = 2 — MGy(k, g, z9, m,m), (2.1.1)

where z is the exact solution of (1.2.6). The following relations (cf. [15] and [36]) are

well-known:

i = RP[(Idy — 17 PFY 4+ IF By o PEYRY for k>2,  (2.1.2)
Ein = 0. (2.1.3)
From (2.1.2) and (2.1.3) we can also obtain an additive expression for Ey ,, (cf. [26]):
Erm = R{((Tde— L P+ By Ereym P RY
= Ry(Idy — Iy PRy
R R (T — T PEY) (2.1.4)
o Bram PR PERY

k
= Y TojmBy(Id; — I, PI™ )R o,
j=2



where Idy : Vi, — V} is the identity operator on Vj, the operator Ry : Vi, — V} is

defined by
1
Ay

P,f’l : Vi — V1 is the transpose of I | with respect to the bilinear form a(-, ),

Ry, = Id), — — Ay, (2.1.5)

ie.,

ar_1(PF v, w) = ap(v, I} _jw) Yv € Vi, w € Vi (2.1.6)

The operators T}y m : Vi — V; and T}, jm 1 V; — Vj are defined by

Tiem = PLRF, - PERY, (2.1.7)
Tejm = RpIF_ - R7 I (2.1.8)
for j < k, and
T jem = Ldy. (2.1.9)
It is easy to see that
aj(Rjv,w) = a;(v, Rjw) Yo, w eV}, (2.1.10)
a;(Tjpmv,w) = ap(v,Ty;mw) Yv € Vi, weV,, (2.1.11)

and for 1 < j < k <[ the following relations are valid:
T‘j,l,m = T‘j,k,mTk,l,m and E,j,m = 7ﬂl,l~c,mT’/’~c,j,m' (2112)

Let IEkym : Vi — Vi be the error propagation operator of the symmetric F-cycle

algorithm applied to the equation (1.2.6), i.e.,
]Ek,m(Z_ZO) :Z_MG]:(]{:797207m)7 (2113)

where z is the exact solution of (1.2.6). The following relations are also well-known

(cf. [47)):

By, = 0 (2.1.14)

Erm = RP(Ide—IF PFY 4+ IF By B PEYRY, k> 2.(2.1.15)

10



An additive theory for the convergence analysis of V-cycle and F-cycle multigrid
algorithms is developed in [28] based on the expressions (2.1.4) and (2.1.15).
An important tool for the convergence analysis is the mesh-dependent norm || - || s

defined as follows:

ollsx = \/ (A %0, 0), Vo € . (2.1.16)

According to the theory, we need to verify the following assumptions to complete
the convergence analysis.

Assumptions on Vj:

(0, 0) = [vll7.@ Yo € Vi, (2.1.17)
Wlla, S Plvlrae Vo€V (2.1.18)
where the energy norm || - ||,, in the assumption (2.1.18) is defined by

|V|la, = Var(v,v) Yv e V. (2.1.19)
Note from (1.2.2) that ag(v,v) is well defined for v € V;_; and
ag(v,v) = ax_1(v,v) Vv € Vi_1. (2.1.20)

To avoid the proliferation, we use X <Y for two expressions X and Y to denote
that X < CY for some constant C' that is mesh-independent, and X ~ Y means

X <Yaswellas Y < X.
Assumptions on If | and PF™':
IZEoll5e < @400l + Cro* B vl o (2.1.21)
Vo € V1,0 € (0,1),
IZE1vll5 o < (+ 005 g s + CoO72 R 00154 (2.1.22)
Vo € V1,0 € (0,1),
P ol ok < L+ )05k + CoO* i VIl (2.1.23)

Yo e Vi, 0 € (0,1),

11



where the constants C7, Cy and C3 are mesh-independent.

Assumptions on IF_ P~ and PFIF

N(Zdy = Iy Py 0llz—ane S Bllollovan Vo € Vi, (2.1.24)

~

(Idy—y — PEIE ollmag—1 S Rgllvllap—r Vo € Viy.  (2.1.25)

Based on the these assumptions, we will establish the convergence of V-cycle and

F-cycle algorithms.

2.1.1 Preliminary Estimates

First we consider the operator Ay : Vi, — Vj, defined by (1.2.4). It is easy to see that
Ay, is symmetric positive definite with respect to the discrete inner product (-, -); and

the following relation holds:
ap(Ajvr,ve) = ag(vy, Ajva) Yup,vg € Vi, s € R, (2.1.26)

Moreover, let A\ be an arbitrary eigenvalue of A, and v € V, be a corresponding
eigenvector. Then

ap(v,v) = (Apv, ) = AV, 0)y.
From assumptions (2.1.17) and (2.1.18) we have

_ ag(v,v)
(v, V)

Syt
Therefore the spectral radius p(Ay) of Ay satisfies
p(A) < bt (2.1.27)

Now we discuss the properties of the mesh-dependent norms. It is easy to see

from (1.2.4), (2.1.16) and (2.1.17) that

lvlllos = v/ (v, 0)k = |v]lLa@) Vv € Vi, (2.1.28)
ollz = Var(v,v) = [[vfla, Vv € Vi, (2.1.29)

AV lek = Nlvllletask Vv e Vi, s,t € R. (2.1.30)

12



Moreover the Cauchy-Schwarz inequality implies that

ag(v,w
loll24ee = sup (v, w) Vit e R,v € V. (2.1.31)
weV\{0} H|w|||2—t,k
Let 0 < A < Ay < --- < )\, be the eigenvalues of the operator Aj; and
@1, 02, - , O, be the corresponding eigenvectors satisfying the orthonormal relation

(¢i, ¢j)k = 6;5, where 0;; is the Kronecker delta, i.e.,

s 1 i=]
BT 0 0 i 4]
For any v € Vj, we can write v = Y ", ¢;¢;. Then (v,v), = >, ¢ and from (2.1.27)

=1 "

we have

ng nk
(Ajv,v)p = (Z A i, Ci¢i> = Z X}
i=1 o=l

n
S Y d =t 0)
i=1
for all s > 0. Therefore we have
s/2
loll2, = (A0, 0)

= (AP A N, Al
S A A

= AL e 0= 1ol
for s > t. Thus the following inverse estimate is established:
ollo S A lolls Fo€ Vi 0<t<s. (21.32)
Let Ry : Vi, — Vi be defined as (2.1.5). We have the following lemma.

Lemma 2.1 The following smoothing properties hold for 0 < s <t <4:

IRl < lollo Yo € Vi, (2.1.33)
IBE ol S b m T ol Vo € Vi (2.1.34)

13



Proof. Let v € Vj and v = Y% ¢;¢;. Then

=1

Therefore

=1
K 2
=y (i-2) e
i=1 ' Ay Z

Nk
2
< Y NP =i,
=1

5/2 i ok Ai
IRel|2, = (A,J? (1—A—k> cicbuZ(l—A—k) ¢>
) k

The estimate (2.1.33) then follows.
Moreover from (1.2.7) and (2.1.27) we have,

n 2m
R™ullI? _ : )\8/2 1 ﬁ 2
IREu, = SN2 (1-3)
=1

k
ng 2m (s—t)/2
o (s—t))2 Ai Ai t/2 o
=y () (5) e

ng
h]:Q(s—t) |: sup (1 . x)me(s—t)/2:| Z A:/ch

0<z<1 i—1

N

AN

—2(s—t —(s—
R [
which proves the estimate (2.1.34). O

Remark 2.2 Corresponding to (2.1.34), the smoothing property for second order

problem is slightly different (cf., [28]):
I o S om0 ol o € Vi

Specifically, the exponents for m are different. We can see that Richardson smoothing

for fourth order problems is much less effective than for second order problems.

14



From the assumptions (2.1.21), (2.1.25), (2.1.31), (2.1.32) and a duality argument
(cf. [27]) we have

e svllese < Mollze— Yo € Vi, (2.1.35)

~Y

I(Tdx-r = P L )vlloe—1 S hgllvlloran— Yo € Vit (2.1.36)
From (2.1.6), (2.1.31) and (2.1.35) we have

a1 (P o,w) = ag(v, If_w)
S Mol ll 28—y wllo

S Mollzwllwllzn
for all v € V;, and w € Vj_;. Applying a duality argument using (2.1.31) we have
15 ollopr S lvlllage Yo € Vi (2.1.37)

Lemma 2.3 Given any number w € (0,1), the following estimates holds for suffi-

ciently large m :

IR ol < L4 )llolless Yo €Viy,  (2138)
1B R ol aies < (L4 @ellear Vo€ Vi, (2.1.39)
IBEL ollarar € (0 +@)lolloraps Vo€ Vi (2140

Proof. Let v € Vj_y. From (1.2.1), (2.1.21), (2.1.33) and (2.1.34),

e Bivlles <0 L+ IR I35y + Co™? R R ol 4o

< (LAl oy + Cw™m ol 4y,

where the constant C’ is independent of the mesh and the number of smoothing steps.
The estimate (2.1.38) follows if

-3
me/? > %

2

15



The estimates (2.1.39) and (2.1.40) can be similarly obtained. O

From (2.1.7)—(2.1.9), (2.1.39) and (2.1.40) we have the following corollary.

Corollary 2.4 Let j < k. Given any w € (0,1) the following estimates hold for

sufficiently large m :

ITykamlla—ag < (14 @) olla—an Vo € Vi, (2.1.41)

1Tk gm0 2o < 1+ @) 7 ollzra; Vo€V (2.1.42)

2.2 A Strengthened Cauchy-Schwarz Inequality

In this section we will derive some new estimates for T}, ;,, and T} i . For simplicity
we will sometimes suppress the parameter m and write T}, ; and Tj ;. The constant
C' in the proof is mesh-independent and the values of C at different appearances are

not necessarily identical. We first recall two simple inequalities.

2ab < 6%a® + 07%b? Ya,b € R, 6 € (0,1), (2.2.1)

(a+b)? < (1+6)a®>+ (1+672)b Va,beR, 0e(0,1). (2.2.2)
Lemma 2.5 Let k < K. Then the estimate
1Tk e mvllex S lloflx Vo € Vi (2.2.3)

holds for m sufficiently large.

Proof. Let v € Vi be arbitrary. For any w € (0,1), we have, from (2.1.6), (2.1.9),

(2.1.8), (2.1.33), (2.1.16), (2.1.29), (2.1.36), (2.1.42) and (2.2.1) that

16



Tk vl = ax(Tkrv, Trpv)
_ m 7K m 17K
— azK(RKIK_lTK_L]{;,U, RKIK—lTK_l,k,U)
< GK([§_1TK—1,I~:U, [}I(<_1TK—1,I<:U)
= GKA(PII({_lfilg{_lTKA,kU, Tk_14v)
= CLK71(TK71,1¢U,TK71,1€U)

a1 (PEHE | — Tdg 1) T 140, Tie_1.4v)

< NTx-1wvll34-1

HI(PE TR = Tdg 1) T 100|211 Tk —1 502,501
< (L4 G Tx-10vll3 51 + CORENTr 103
= K K-1kVIlI2,K—-1 K "K K-LkVll24-o,K—1

< (L + 0w 0ll3 101 + CORZ (1 + ) F PRI 0]134 0
provided m is sufficiently large. Iterating the inequality we have

Tk svll3 < [ [T a6l (2.2.4)

k+1<¢<K

> ( 11 (1+9§)> 9;2(1+w)2(”"“)h§“] 101340

k+1<p<K \p+1<q<K

+C

where 041, -+ , 0k are arbitrary numbers in (0, 1).

From (1.2.1) we know that h, = 2*Ph;. By choosing
4 a/2 X
w=|-= —
3

(1+w)?P R = [(1 4 w)? 4P Fpie = 370 =Rpee, (2.2.5)

we have

Let
2 a(g—k)/2

17



for k +1 < ¢ < K. Combining (2.2.4)—(2.2.6) we have

T ivllzn < prllvlls s + Corphi 0l3an (2:2.7)
where
o0 2 a-j [e’e] 1 a-j
p1:H 1—1—(5) <ooandp2:Z<§> < 00.
7j=1 7j=1
The estimate (2.2.3) follows from (2.1.32) and (2.2.7). O
Combined with (2.1.11) and (2.1.31), the lemma implies the following corollary.

Corollary 2.6 Let k < K. Then the estimate
Tk mvlllzn S vl Vo € Vi (2.2.8)
holds for m sufficiently large.
Lemma 2.7 Let k < K. Then the estimate
I 7wk mvllo-ax S vll2-ar Vo€ Vi (2.2.9)
holds for m sufficiently large.

Proof. Let v € V, be arbitrary. From (2.1.8), (2.1.9), (2.1.22), (2.1.33) and (2.2.3) we

have
Tk koll3 o = WREIE \Tk-1x0ll3_ax
< MR A Tr—1xvll3_ 0 x
< (14 05)ITk-1xvll3 + CORE N T w1 0I5
= K K-1kVl2—a,K—1 K N I K-1,kV|ll2, k-1

< (LGN Tr-140l3 0 1+ COLREE VIS

for m sufficiently large and 0k € (0, 1). Iterating this inequality we have

HITK,kaISC,,Ks[ T a+e)] i3 .. (2.2.10)
k4+1<g<K
+C 1D ( 11 <1+9§>) epzhza] o3
k+1<p<K \p+1<g<K

18



where 01, -+ , 0 are arbitrary numbers in (0, 1).

As in the proof in Lemma 2.5, if we choose
1\ ela—h)/2
6, = <§> fork+1<¢<K, (2.2.11)
then from (1.2.1) and (2.2.10) we have
Tk o2 S M0l3a + AR 0N k- (2.2.12)
The lemma follows from (2.1.32) and (2.2.12). O
Lemma 2.8 Let k < K. Then the estimate
IT5 v ll3-a S N0ll2—a i + Bi%Vl2 Vo € Vie (2.2.13)
holds for m sufficiently large.

Proof. Let v € Vi be arbitrary. From (2.1.7), (2.1.25), (2.1.33) and (2.2.3) we have

1T 013k = N PE B T 015
< (L + 0 )N T w015 o + COL PN T 03 442

< (1 + O D T kv ll3-a s + COZ RTINS

for m sufficiently large, where 0, € (0,1) is arbitrary. Iterating the inequality we

have
IHTk,Kleg_a,kél IT @+ vl « (2.2.14)
k4+1<q<K
+C 1 Y ( 1T <1+9§>> 9;%2“] lo135-
k+1<p<K \k+1<q<p—1

Choosing 6, by (2.2.11), we can deduce (2.2.13) from (1.2.1) and (2.2.14) as in

the proof of Lemma 2.5. O
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Lemma 2.9 Let k < K. Then the estimate
1T m T kamv ll2-ak S llvll2-a Vv € Vi (2.2.15)
holds for m sufficiently large.

Proof. From (2.1.32) and Lemmas 2.5, 2.7 and 2.8 we have

T,k m T e l3 ke S N Tk kim0 13— i + 2 N Tk om0 13
S Mol -k + B Mollz s S Moll5—a

provided m is sufficiently large. O

We are ready to establish the main result of this section.

Lemma 2.10 (Strengthened Cauchy-Schwarz Inequality with Smoothing)
Let 1 < j <k < K. Given any w € (0,1), the estimate
[037¢ (TK,j,mR?Uja TK,k,mRzUk) (2216)

—« 1+w k=j o .
Sq /2( 5 ) (7 Ml lla=a) (h vk lll2—a,)

holds for all v; € V; and vy € Vi, provided m is sufficiently large.

Proof. Let v; € V; and v, € Vi be arbitrary. Given any w € (0,1), from (1.2.1),

(2.1.12), (2.1.11), (2.1.31), (2.1.33), (2.1.34), (2.1.41) and Lemma 2.9 we have

[057¢ (TKJ'R?UJ‘, TK,kRZUk) = aj (R?vj, T‘j,k:Tk;,KTK,kRz'Uk)

< R vjlll2a i 175k Tk i Tre ke ROkl 25

—2a
S sl + ) luelfe-a
(1+w)r

e\ e
- e (E) (hj lvilllz—a,;) (g * 1o lll2—a.k)

k—j
-« 14w —a —a
_ g (—) (B 103 o) (B W o),

provided m is sufficiently large. 0

20



Corollary 2.11 Let v, € Vi, for 1 < k < K. Then the estimate

K

K K
aK (Z TicmRfve, Y TK,k,mszk> Sa Y ol (2.2.17)
k=1

k=1 = k=1

holds for m sufficiently large.

Proof. Given any w € (0,1). It follows from Lemma 2.10 that

K K K
a K (Z TKJgRZ'Uk;, ZTKJ{;R%U]Q> = Z CLK(TKJRZ’U]-,TKJCRZ’U]J (2.2.18)

k=1 k=1 G k=1

Sty (F50) O o lea) O el

jk=1
for m sufficiently large. We choose w so that (1 4+ w)2™* < 1. The estimate (2.2.17)

follows from (2.2.18) and the following discrete Young'’s inequality (cf. [38]):

5 (£) <(£9)(£4)

j:—oo k=—00 k=—oc0 ]:*OO

where a; and b; are nonnegative for —oo < j < oo. O

2.3 Convergence of V-cycle and F-cycle Algorithms

In this section we will establish the asymptotic behavior of the contraction numbers
of V-cycle and F-cycle algorithms with respect to the number m of smoothing steps.

We begin with introducing an auxiliary operator &x ,,, : Vg — Vi defined by

K
Exm = Z Ty o [ RE (Idy, — Ii?—lplf_l)hl;mA;a/Z (2.3.1)
k=2
X (Idy = Iy PE ") R T g

Lemma 2.12 The estimate
6k mollox S m 2 |vllo Vv € Vi (2.3.2)

holds for m sufficiently large.
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Proof. Let v € Vi be arbitrary and let
op = (Idy, — I} | PFYR72 AP (Idy — IF  PP"YRY Ty i v (2.3.3)
From (2.2.17), (2.3.1) and (2.3.3) we have

K K
CLK<@(‘0K7mU, @(()K,mv) = aK (Z TK7k7mRL”vk, Z TK,k,mR?Uk> (234)
k=2 k=2

K
Sm= Y ol
k=2

for m sufficiently large. From (2.1.24), (2.1.30) and (2.3.3) we have

lloella e S 1AL (Tdy = IE_ PE ) RY Tt 2 ok (2.3.5)

= || A, (Idy — IF_ P R T e 0|25

Let wy, = (Idy — IF_ PF"Y)YRMT} kv, From (2.1.6), (2.1.10), (2.1.11), (2.1.16),

(2.1.26) and (2.3.1) we have

K

—2a —a/4 — m
S AL (Tdy — IE PEYRE T k3
k=2

K
= h P an(A oy, AL (Idy, — IE L PE YR Do) (2.3.6)
k=2

K

> ax (T RE (Idy — IF PE) AL g, v)
k=2

= ag (Exmv,v).

Combining (2.1.29), (2.3.4)—(2.3.6) and the Cauchy-Schwarz inequality we have

—a/2

€k m0ll35 = ar(Exmv, Exmv) S M ag(Exmv,v) < M= Exmvlllawllv]l2,x

and the lemma follows. [l

We are ready to prove the convergence of the symmetric V-cycle algorithm.
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Theorem 2.13 (Convergence of the Symmetric V-cycle Algorithm) Let By, be the
error propagation operator for the V-cycle algorithm defined by (2.1.1). Then there

exist positive mesh-independent constants C' and m, such that

C
NExmollen < —Zmllvllzr Vo€ Vie,m 2 m.. (2.3.7)

Proof. Suppose K > 2. Let v € Vi be arbitrary and
vp = (Idy — I PEY R Ty e . (2.3.8)

Then from (2.1.4), (2.2.17) and (2.3.8) we have

K
CLK(EK,mU, EK’mv) = aK (Z TK7k7mRZLUk, TK’k’mRZn’l}k> (239)
k=2

K
Sm= Y P ol

k=2
for m sufficiently large.
From (2.1.30) and (2.3.8) we have
lloella—ak = 1AL (T — IE_, PE) R T e m 2.5 (2.3.10)

Combining (2.1.29), (2.3.6), (2.3.9) and (2.3.10) and the Cauchy-Schwarz inequality
we have
IExmvll3x = ax (Exmv, Exmv)
Sm=Pag(Exmv,v) < m | Exmvlloxllvllox S mloll3 k.
and the theorem follows. 0

Theorem 2.14 Let Ek,m be the error propagation operator for the F-cycle algorithm
defined by (2.1.13). Then there exist positive mesh-independent constants C' and m,,
such that

-~ C
|”]Ek,mv|”2,k < WM’U‘HQ,k Yo € Vk,m > M. (2311)
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Proof. Let v € Vi be arbitrary. Suppose the contraction number of the jth level

F-cycle iteration is 7;, i.e.,

Ej vl

inf A2m g (2.3.12)

T ol

for 1 < j < k. From (2.1.15), (2.1.24), (2.1.33), (2.1.34), (2.1.35), (2.1.37), (2.3.12)

and Theorem 2.13 we have

Bk mvllane < INRP Tk = IE PE ) ROl + I Bt B P Rk
S m g (i — I PEY Rl + m 2| By PE R0
< m PR RV 2 + | PE R0
< m (1 + ms) ol

for m > mg, where mg is is a mesh-independent positive integer. In other words, we

obtain a recursive relation about 7 :
e < Com™ (1 + ni_1)

for m > myg, where Cj is a mesh-independent positive constant. Since n; = 0, it

follows by mathematical induction that

o< 20
ma/Q—C()

for m > max(my, C’g/ “). The theorem then follows. O
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Chapter 3

Multigrid Methods for the
Hsieh-Clough-Tocher
Discretization

3.1 The Hsieh-Clough-Tocher Element

The Hsieh-Clough-Tocher macro element is defined on a triangle. The shape func-
tions are those C'! functions on the triangle whose restrictions to each smaller triangle
formed by connecting the centroid and two vertices of the triangle are cubic polynomi-
als. The nodal variables include the evaluations of the shape functions at the vertices
of the triangle, the evaluations of the gradients at the vertices and of the normal

derivatives at the midpoints of the edges of the triangle (cf. Figure 3.1).

l

Figure 3.1: The Hsieh-Clough-Tocher macro element

Let {7} }x>1 be a family of triangulations of €2 obtained by regular subdivision, i.e.,

Tr11 is obtained by connecting the midpoints of edges of the triangles in 7;. Let Vj
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be the Hsieh-Clough-Tocher macro element space associated with 7. Then a function
v € Vj, is a function in C*(Q), whose restriction to each T' € 7} is a piecewise cubic
polynomial, and whose nodal values along 9 are zero. Note that V, C H3(Q) and
Vi1 ¢ Vi. In other words, the Hsieh-Clough-Tocher macro element is conforming
but nonnested. The HCT method for the model problem is as follows:
Find u; € V}, such that
a(ug,v) = ¢(v) Yv € V4. (3.1.1)
Let u and uy be the solutions of (1.1.2) and (3.1.1) respectively. Then it is easy
to see that
lu = wrlla = min [ju —vlla < flu — Tyul, (3.1.2)
where the operator IIj, : C1(Q) N HZ(Q) — V}, is the nodal interpolation operator

from C*(Q) to Vj. Using approximation theory (cf. [31, 27]) we have

1€ = Tl ooy + RIS = TClmzio) S R ¢ a2+a o) (3.1.3)

for all v € HZ(Q) N H*T*(Q).

The energy norm || - ||, on HZ(Q) is defined by
loli2 = av,v) (= loffa@) Vo € Vi (3.1.4)

Since the HCT spaces are conforming, the bilinear form ag(,-) is simply a(-,-). The
induced energy norms || - ||,, and || - ||, are the same.

Combining (3.1.2) and (3.1.3) we have
| — uglla S A ||ul g2ia(q). (3.1.5)
We define the discrete inner product (-, -); on Vj, by

(v1,v2) == B3 > n(p)vr(p)va(p) (3.1.6)

PEVE
ov ov
hi e ! 2
+ Zg‘;kvvl VUQ )+ kg{;ca (m)an( )
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where V), is the set of internal vertices of 7y, & is the set of internal edges of 7, m, is
the midpoint of the edge e and n(p) = %x the number of triangles sharing the nodes

p as a vertex. We have the following lemma about the discrete inner product:

Lemma 3.1 It holds that

(0, 0)k = 02,0 Vo € Vi (3.1.7)

Proof.  Let T be a triangle with diamT ~ 1 (cf. Figure 3.2), and V(T) be the
function space of piecewise cubic polynomials that are C! on T.Let v € C! (T) be
arbitrary. Then

v |2 (ol + 190)R) + 3 (G tm) ]

J=1 J=1
defines a norm on the finite dimensional space. Therefore

D3

b1 ® D2

Figure 3.2: A reference triangle 1" for 7,

> (o + 1ol)?) + 3 (Gam) ~ ol wevd).  GL8)

7j=1

By the definition (3.1.6) of the discrete inner product and using a scaling argument
(cf. [27, 31]) on (3.1.8) we prove the lemma. O

We can represent the bilinear form a(-,-) by the operator Ay, : V;, — V} defined
by

(Apvr, v9) = a(vy,v2)  Yoi, vy € V.
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The equation (3.1.1) can then be rewritten as

where fi € Vi is defined by (fx,v)r = ¢(v) for all v € V.
We define the coarse-to-fine intergrid transfer operator I ,’j_l : Vi1 — V3, to be
Ik|v,_,. The fine-to-coarse operator I,]j_l : Vi — Vj_1 is the transpose of I,’Ll with

respect to the discrete inner product, i.e.,
(IF v, w)e g = (v, [ w)y Yo € Vi,w € Vi,
Now we can apply the multigrid methods in Chapter 1 to solve the equation (3.1.9).
3.2 Interpolation Operators and Intergrid Trans-
fer Operators

In this section we discuss the properties of the interpolation operators and intergrid
transfer operators. We begin with an estimate which follows from (3.1.3) and an
interpolation of the operator Id — Iy between the Sobolev spaces (cf. [7, 48]), where

Id is the identity operator on Ly(€2).

€= Tl ooy S B Cliroey VO € HE@NEP(Q).  (321)
Lemma 3.2 Let ¢ € HZ(Q) N H?>T™(Q) and ¢ € Vj, be related by
a(C,v) = a(C,v) Vv € V. (3.2.2)

Then we have

1€ = Gell o) S M IC|2req)- (3.2.3)
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Proof. Let ¢ € H~*(Q) be arbitrary. Then there exists £ € HZ(Q) N H*™(Q)
such that

a(é,v) = ¢(v) Yo € H3(Q). (3.2.4)

From the elliptic regularity estimate (1.1.5) we have

||§”H2+G(Q) N H¢||H*2+‘X(Q)~ (3.2.5)

Therefore since 11§ € Vi, and from (3.1.5), (3.2.1), (3.2.2), (3.2.4), (3.2.5) and the

Cauchy-Schwarz inequality, we have

(¢ =) = al&, = G)
= a(§ = T0¢, ¢ = G)
< 1€ = Meél@)lC = Gl
< 1€l 2o @ |Clrraco)

S Wl -2ve o) ¢ H2taa).
Then by a duality formula we have

1€ — CkHH?—a(Q) = sup M

rg hia’<’H2+a(Q)~
ser-2+a@)\{0} |0l m-2+0(0)

U

Let the mesh-dependent norm ||| - |||sx be defined by (2.1.16). Lemma 3.1 proved
the assumption (2.1.17). The assumption (2.1.18) follows from a standard inverse
estimate. Therefore properties (2.1.27)—(2.1.34) in Chapter 2 are established for the

HCT spaces.

The following lemma relates the mesh-dependent norms and the Sobolev norms.
Lemma 3.3 For s € [0,2] but s # L, 2 it holds that

272

vlls e = (V][5 Yo € Vi (3.2.6)
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Proof. Consider the identity operator Idj, on Vj. From (2.1.17) and (2.1.18) we know
that it is a bounded operator from (Vi, || - [lox) into Lo(€2) and from (Vi, || - ||l2,x) into

H?(Q). By interpolations of Sobolev spaces and Hilbert scales (cf. [15, 39]), we have

[l S Mvlllsn Yo € Vi

On the other hand, let Q. : Ly(Q2) — Vj, be the L projection operator on Vj,

i.e., for each ¢ € Ly(2), the function QxC € V} satisfies

(QrC, V) o) = (G V) 1y Vv € Va

It is known that (cf. [12])

1@xCllLo@) S ICllLai@) VC € La(S), (3.2.7)

QiClrz) S [Cl2@) V¢ € HF(Q). (3.2.8)
In other words, the operator () is bounded from Lo(€2) into (Vj, || - lox) and from
HZ(Q) into (Vi, ||| - [l2.x). By interpolations of Sobolev spaces and Hilbert scales, we
have

lQkCllls < ISl s @) ¥C € Hg($2), (3.2.9)

for s # %, % But Qrv = v for all v € V.. Therefore

lellos S ol Vo € Vi (3210
0

Lemma 3.4 For (, €V}, let ¢ € HZ(QY) be defined by
a(C,¢) = a(C, Qrp) Vo € HZ (). (3.2.11)

30



Then

a(C,v) = a(Cg,v) Yo € Vi, (3.2.12)
[Clr2@) S MCklll2.k, (3.2.13)
¢l 2+e (@) S MCklll2+ak; (3.2.14)
1HkClla < k2,5 (3.2.15)

Proof. The equality (3.2.12) follows from (3.2.11) and the fact that Qv = v for all
v E V.

From (3.1.4), (3.2.8), (3.2.11) and the Cauchy-Schwarz inequality we have

|C|%{2(Q) = a<C7C) = a(Ck?QkC) < HCkHaHQk’CHa S |||Ck|||2,k‘C|H2(Q)>

which implies (3.2.13). From (3.2.1), (3.2.3) and an inverse estimate, we have

i lle < k€ = Cilla + [[Cklla
S by kG — Gl m2-a) + | Cklla
< hy k€ = Clrz-aqa) + b *|C = Gl rz-a@) + [ICklla

S HCk:Hm

which proves (3.2.15).

From (2.1.31) and (3.2.9) we have

a (G, Q6) < MCkllz+aell@uCllz—ar S NCelloranlClaz-a@ VE € Hi(Q).

Therefore the right-hand side of (3.2.11) defines a linear functional ¢ on HZ(2) which

actually belongs to H~27%(2) and

@l m-2+a(0) < M€k ll2+ak- (3.2.16)

The estimate (3.2.14) follows from (1.1.5) and (3.2.16). O
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Lemma 3.5 Let s € [0,2]. It holds that

||Hk_12} — U||L2(Q) + h2|Hk_1’U|Hs(Q) S h2|v Hs(Q) Yu € V;g_l + V;q;, (3.2.17)

||Hk’U — U||L2(Q) + hZ.|Hk'U|HS(Q) 5 hZ|U|HS(Q) Yu € %_1 + Vk (3.2.18)

Proof. Let T € 7,1 be divided into 4 triangles 17, T, T3, and T in 7 and
T =T/hx_y. Then |T| ~ 1. (cf. Figure 3.3).

Figure 3.3: A reference triangle T" for 7;_;

For each v € Vi, define 0(Z) = v(hg_12) for & € T. If w = ;_;v, then we define
f[k_lf; to be w.

Let V(T) be the HCT finite element space associated with 7,75, Ts and T},

without boundary restrictions. Note that V(7T) is a finite dimensional linear space
and |0| 27 defines a norm on the quotient space V(T)/P,(T), where Py(T) is the

space of polynomials of degree less then or equal to 1 on 7. On the other hand,
v — [[Te1® = 0|, 7
defines a semi-norm on V(T')/P,(T). Therefore
TT51% = 0l iy S 18] a2y (3.2.19)
A scaling argument on (3.2.19) yields

||H1€_1U — UHLQ(T) SJ hz|U|H2(T) Yo € Vk, T e 779_1.
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Therefore

HHk_lv — 'UHLQ(Q) 5 hi’U|H2(Q) S hZ‘U’Hs(Q) Yv € Vk. (3.2.20)

From (3.2.20) and an inverse estimate, we have

—10| g ) < Hp—1v — v|ms) + |v]as@)
S h}ZS“kalv - UHLQ(Q) + |7J Hs(Q)
,S "U Hs(Q)-

Therefore the estimate (3.2.17) holds for v € V}. The argument above also applies
for the functions in a larger space V;_1 + Vj. This finishes the proof of (3.2.17). We

can similarly prove (3.2.18). O
Lemma 3.6 [t holds that

s = ooy S B olloas Vo € Vi, (3:2.21)

10— ollzaey < B2 Nellzrasas Vo € Vicr. (3:2.22)

Proof. Let (}, € V} be arbitrary. We define ¢ € HZ(Q) and ;1 € Vj_; by (3.2.11)

and
a(Cr—1,v) = a(C,v) Yv € V. (3.2.23)
Then from (3.1.5), Lemma 3.2, Lemma 3.4 and (3.2.17) we have
k—1Ce = Gl 2o = [Thk—1(Gr — Ce—1) — (G — Co—1)l 22(0)

< hplCe — Cooal o)

S h(1Gk — ¢l + 1€ — Geatlmz@)

S h K e @) S h 0 Gk 2o
which proves (3.2.21). The proof of (3.2.22) is similar. O

By an inverse estimate, we have the following corollary.
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Corollary 3.7 [t holds that

|Hk_1v - U|H2—a(Q) S hia|”?]|||2+a,k Yo € Vk, (3.2.24)

|Hk"U — U|H2fa(Q) S hio‘|||v|||2+a,k_1 Yo € Vi_q. (3225)

3.3 Convergence Analysis

To establish the convergence of the V-cycle and F-cycle multigrid methods, we need
to verify the assumptions (2.1.17)—(2.1.24). The first two assumptions (2.1.17) and
(2.1.18) have been proved in the previous section. The rest of the assumptions will

be verified in this section.
Lemma 3.8 The estimate (2.1.21) holds. That is

vl < (1 + ) [vll ks + CLOT2 R 0I5 (3.3.1)
for allv € Vi_y and 6 € (0,1).

Proof. Let v € Vj_; be arbitrary. Then from (2.2.2), (3.2.22) and an inverse estimate

we have

125 10ll2, = Mkv[f2q)
< ([vlg2() + kv — v|g2(q))?
< (14 6°)|vlfiq) + CO 2w — 0|2
< (L+ )3 x- + CO R v — 17,0

<1+ 92)”‘“”‘%—1 + CQ_Qh?H‘UH‘nga,k—l-
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Lemma 3.9 It holds that

7 ol2, < (14 020l + CO2h2 o2y (3.3.2)
for allv € Vi_y and 6 € (0,1).
Proof. Let v € V4_; be arbitrary and w = I} ;v = I;v. Then,

w(p) = v(p) Vp € Ty,

Vuw(p) = Vu(p) Vp € T4,

ow ov
%(me) = 8—n(me) Ve € (‘:k,

where m, is the midpoint of e € &. Therefore from (2.1.17) and (3.1.6) we have

o6y =iy Y n(p)o(p)® (3.3.3)
PEVE—1
v 2
Hi Y P i 3 | Ghm)
PEVE—1 e€&k—1

and

lwllZ =22 3 n@)? + bt S [Vo@)? + kY {g—g<me>} L (334)

pEV) PEV) ecly

If p € Vi \ Vi1, then p is the midpoint of some edge e € &1, which is the common

A

P2

Figure 3.4: A vertex p € T, \ Tx_1
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edge of two triangles T, T" € 7;_,. Therefore p is the common vertex of 6 triangles in

Ti, and n(p) = 1. (cf. Figure 3.4). The first part of (3.3.4) can be expressed as

> nlpw®)?’ = Y npwe)’+ D> D) (3.3.5)

PEVY PEVE—1 PEVE\Vk—1
Suppose p; and po are the endpoints of the edge e (cf. Figure 3.4). Then from
(2.2.2) we have

v(p) = [v(p1) + (v(p) — v(p1)]
< (L4 6*)v(p1)? + CO*[o(p) — v(p)]*.

By the Mean-Value Theorem and a standard inverse estimate we have

[w(p) —v(p)]* < Ip = p1PIVOlZ ) < Cloln oy

Then

v(p)® < (14 6*)v(p1)’ + CO*ol3 1y,

and similarly

v(p)® < (L4 6*)v(p2)* + CO>ol31 -
Therefore

v(p)? < 5 (14 6%)[v(p1)* + v(p2)’] + 0672HU|?{1(T) + |U|?{1(T/)]-

N | —

Taking summation of the inequality above over all p € Vi, \ Vi_1 gives

S vl < G108 S ISP+ 8 S ol

PEVE\Vi—1 PEVE_1 TeTh_1
=3(1+6%) Y n@op)+CO7vlin g,
PEVE—1

where |S,| is the number of triangles sharing p as a vertex. From (3.3.5) we then have

Y ap)p)? <41 +6%) Y nlp)o(p)* + COofinq). (3.3.6)

PEVE PEVE_1
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Let T € 7, and e be an edge of T. By a standard inverse estimate we have

ov 2 )
{%(me)} N HVUH%W(T) < hk2|v|§{1(T).

Therefore
ov 2
hey {%(me)} < Chilvlfnq). (3.3.7)
ec
Similarly
e > IVo(p)|* < Ch vl ). (3.3.8)
PEV

From (1.2.1), (2.1.32), (3.2.6), (3.3.4), (3.3.6), (3.3.7) and (3.3.8) we have

lwlle < hE [4(1+6%) D n(p)u(p)® +C*foff )

PEVE—1
<+ Y )’ + CohEolIf ey
PEVr_1
< L+ ) 0lIE ey + CORE NV 41

0
Lemma 3.10 The estimate (2.1.22) holds, i.e.,
K030 < L+ O 0l3—ar—s + Co02Ri 0I5 41 (3.3.9)
for allv € V1,0 € (0,1).
Proof. We use the approach in the proof of Lemma 6.4 in [28].
Let C, be a constant dominating the C’s in (3.3.1) and (3.3.2). We define
(v1, Ug)k_w = (1+6%) (v, v0)p_1 + C'*Q_2hza(Az£21v1, V9)g—1 (3.3.10)

for all vy, vy € Vi1 and 6 € (0,1). Note that Aj_; is symmetric positive definite with

respect to the inner product (-,-), ;.
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It follows from (3.3.1), (3.3.2) and (3.3.10) that

I2E ol < (A2 w0, ,, Vo€ Vio,

H‘Illj—lvmg,k < <A11:—1’U7U>k,179 Vo € Vk*la
By interpolation between Hilbert scales,

1—a/2 —_ 1o}
N0l < (AL %0,0) = (1 0By + CoO 2R ol

Lemma 3.11 [t holds that
D102 < (14 0)[vll3x + CORE 0l 0k (3.3.11)
for allv € Vi, and 6 € (0,1).

Proof.  Let v € Vj be arbitrary. From(2.2.2), (2.1.18), an inverse estimate and

(3.2.21) we have

T 1013 -1 = Me-10[772(0y
< (Jolm2) + Mem1v — v|p2())?
< ([lvllz s + Ch 210 — 0] £y(0))
< ([lv/lzx + Chglvlllosar)®

<(1+ 02)|”U|H§k + CQ_thaHW”‘gm,k-

Lemma 3.12 [t holds that
IMT-10flG 1 < (L +0*)lvlllo,, + CO* R vl (3.3.12)
for allv € Vi, and 6 € (0,1).
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Proof. Let v € V) be arbitrary. From (3.1.6) we have

lollys = G2 30 32 ol + 0 S IVoP + 03 [ Som)| L (3313

TeT, pEVr PEVY ecly

where V; is the set of the vertices of the triangle T'.

Let w = II;_yv. Then the nodal values of w and v on 7;,_; are the same. Therefore

1
leollgsr =ghia D > v+ (3.3.14)

T€T,—1 pEVT
h; Vou(p)|? + hj_ 9v 2
LY e e r Y | |
PEVE-1 665k-1

Let T' € 7;._1 be divided into four triangles 17, T5, T3 and T} in 7, whose vertices

are labeled as in Figure 3.5. Then we have

P

q1 q3
2 ' Ps
q2

Figure 3.5: A Triangle T' € 7;._; divided into four triangles in 7j

43 u)? =" v(p)? +3Z v(g:) + (v(ps) — v(@:)))?

pEVT =1

< Z v(p;)? + 3 Z[(l + 0% v(g)* + (1 +072) (v(p) — v(g))?] (3.3.15)

i=1
1+92ZZ )? +C6~ Zwym
= IPEVT

From (1.2.1) and (3.3.15) we have

4
RS o)’ <1+ S v + 00y ol (33.16)

pEVT i=1 peVr. i=1
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Summing up over all T' € T,,_; gives

Wi Y, > vlp)’ (3.3.17)

T€T,_1 pEVT

< hi(1+6%) Z Z v(p)® + CO°h Z ]Uﬁ{lm.

TeT, peEVr TeTy

Similar to (3.3.7) and (3.3.8), we have

ov 2
hy Z IVo(p)|? + Rl Z [%(me)] §C’hz|vﬁ{1(m. (3.3.18)

PEVE 1 e€lp_1

It follows from (2.1.32), Lemma 3.3, (3.3.14), (3.3.17) and (3.3.18) that

h? -
IThrolg s < G A+67) D D 0(0)*+CO7h; 3 lolinry
TET;, peVr TeT
< (L+ )5 s + CO2hillvlli
< (14 6)||v]|2), + CO 22 |w]|2-
O
Again, from Lemma 3.11 and Lemma 3.12, and interpolation between Hilbert

scales, we have the following Lemma.

Lemma 3.13 [t holds that
01013 < (L4 O 05 + CO2RE VI3 (3.3.19)
for allv € Vi, and 6 € (0,1).

Lemma 3.14 Let (, € Vi. Define ¢ € HZ(Q) and (1 € Vi1 by (3.2.11) and
(3.2.23). Then

lICk—1 = P Cellz-as-1 S AR MGk ll2vae- (3.3.20)
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Proof. Let w € Vi_; be arbitrary. Then from Lemma 3.4 we have

a(Ceo1 — PG w) = a(Gor, w) — a(PET G w)
= a(¢,w) — a(Cy, rw)
= a(¢,w) — a((, w)

= a(C,w — Iw).
From (1.1.6), (3.2.25) and Lemma 3.4 we have

a(C,w — Hpw) S |C]m2ta@)w — ka|Hzfa(Q)

< R MGkz+a el o a1

Therefore
a(G1 — PE G w) S hi NICklllzaellwllzram—1-

Since w € Vj_ is arbitrary, it follows from (2.1.31) that

Ck-1 — P Celll—ae—1 S BRIk 2an-

Lemma 3.15 The estimate (2.1.23) holds. That is
P 0l oy < (14 O)Ill3_o s + CO2 R0 (3.3.21)
for allv € Vi, and 6 € (0,1).

Proof. Let (i € Vj, be arbitrary, and define ¢ € H2(Q2) and (41 € V4 by (3.2.11)

and (3.2.23). From (2.2.2) and Lemma 3.14 we have

IPE Gl et < (ICk=1lll2=ae—1 + WIPEF Gk — Corlll—ap—1)"
< 1+ P G-rll3—apes + CONPE" G = GomtllF—aps

< (L + )Gk 13- anr + CO I NGNS i
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But

G-t 15—t < (M1 Celllz—am—1 + 1C-1 — M1 Gellla—am—1)?

< (14 ) I Grllo—a s + CO2 M1 = M1 Gell3 1

Let w = (-1 — (x € Vi1 + V. Then from (3.2.17) and Lemmas 3.2, 3.3 and 3.4

we have

NCe—1 — Me—1Cill2—ak—1 = [Hr—1w||2—a,k-1
~ My 1w|g2-a(q)
S |wlae-a)
= |Ck:—1 - CleQ*a(Q)
< |C-1 = Cla2-a@) + ¢ — CGlr2-2()

S B[ ey S RG24k

Putting these estimates together, and by Lemma 3.11 and an inverse estimate, we

have

1P Gl aer < (14 0 ITea G5 + CO I NGl
< L+ PGk l5 o + CORE NG . + CO R NGl

< (L4 ) NCllz—a ke + CO* R I Chll2k-
The lemma follows since 6 € (0, 1) is arbitrary. O
Lemma 3.16 The estimate (2.1.24) holds. That is
I(Eds — I PEYolla ke S B2 0llasas (33.22)

for all v € V.
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Proof. Let (;, € Vi be arbitrary. Define ¢ € HZ(Q2) and (x_1 € Vj_; by (3.2.11) and
(3.2.23). Then from Lemma 3.3 and (3.2.18) we have

Gk — Ty PE Culllz—ak = G — T PE ™ Gl 2o (e
= [k (¢ — B Gl

S Gk = B Gkl e-ae)-

From Lemmas 3.2, 3.4, and 3.14 we have

e — PE Gilie-o o)
< ¢k = Clmz-a) + 1€ = Ch-1lmz-a() + |Com1 — P:_ICIJH?*Q(Q)

< B Celll2ak-

The lemma then follows. U
Before verifying the last assumption, we note from (2.1.32), Lemma 3.3 and
Lemma 3.15 that

|PF 0| gema) S [0]m2-a@) Vo € Vi (3.3.23)
Lemma 3.17 The estimate (2.1.25) holds. That is
Idis — BETE olloass S B5llless o € Vi, (3:3.24)
Proof. Let (31 € Vj_1 and define ¢ € HZ(Q) and ¢, € V} by

a(C,¢) = a(Ge—1, Qr10) Vo € Hy (),
a(Cr,v) = a(¢,v) Yo € V.

Then from Lemma 3.3 we have

lICe—1 — P G llo—ak—1 & [Comt — PET I Gomt 200y (3.3.25)

=[Gt — P Gt | 2o ()

43



Moreover from Lemma 3.2, Lemma 3.4, Corollary 3.7, Lemma 3.14, (3.3.23) and
(3.3.25) we have

Gt — PELE G llomak—1 = |Go1 — PF ' LGt | 2o
< |<k—1 - P:_1Ck|H2*a(Q) + |sz_1(§k - Hk(k—1)|H2*a(Q)
S B¢ ere) + |G — iGmt | 200
S B NG lloak—1 4 G = Cemtl2-a(e) + [Cem1 — Wit | 2o ()
S Rt k-1 ll2ak—1-
O
We have verified all of the assumptions of the additive theory in Chapter 2. The-

orems 2.13 and 2.14 are then established for V-cycle and F-cycle multigrid methods

using the HCT element.

3.4 Multigrid Methods for the Reduced
Hsieh-Clough-Tocher Discretization

The reduced Hsieh-Clough-Tocher element is also defined on a triangle (cf. Fig-
ure 3.1).

Figure 3.6: The reduced Hsieh-Clough-Tocher macro element

The shape functions of the element are those shape functions for HCT elements

whose normal derivatives along the edges of triangle are linear functions. The nodal
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variables include the evaluations and the gradients of the shape functions at the
vertices of the triangle.

Let 7, be a triangulation of the domain 2. Associated with 7, we can define the
reduced HCT space Vj, : The functions in Vj, are those functions in C(€2) whose re-
strictions to each T € 7}, are the reduced HCT shape functions and whose nodal values
along 0f) are zero. Again, the reduced HCT spaces are conforming but nonnested.

The reduced HCT method for the model problem is as follows:

Find v € Vk so that

a(ug,v) = ¢(v) Vo € V. (3.4.1)

Let II; : C! Q) — V. be the nodal interpolation operator. It preserves quadratic
polynomials. Therefore the approximation estimate (3.1.3) still holds if we replace I1;
by II;. The error estimate (3.1.5) is also valid for the reduced HCT method. Moreover,

if we define the discrete inner product (-, -); on Vi, by

(v1,v2)r = hi Z (n(p)vl(p)vg(p) + hiVui(p) - va(p)) Yor, vg € Vi,

PEVk
then we have

(0, V) = [[0]| o) Y € Vi

The intergrid transfer operator [ ,’;1 : Vk_l — V, is ﬂk. restricted on f/k_l.
We can now apply the multigrid algorithms to solve (3.4.1). The convergence

analysis can be carry out as we did for the HCT method.

3.5 Numerical Results

In this section we present some numerical results to illustrate the theorems in the

previous sections.
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(a) Square domain (b) L-shaped domain

Figure 3.7: The triangulation 7}, for k = 2.

Our first experiment is performed on the unit square domain (cf. Figure 3.7 (a)).
A family of triangulations {7y },>; for the domain is obtained by regular subdivision.
In Figure 3.7, the second level triangulation 75 is shown. We compute the contraction
numbers for V-cycle, F-cycle and W-cycle algorithms on different levels. The results

are shown in Tables 3.1, 3.2 and 3.3.

Ymke | M=1 | m=4 | m=7 | m=10 | m=13 | m=16 | m=19 | m=22
k=3 1096 |0.88 |0.82 |0.78 0.74 0.71 0.67 0.66
k=4 1095 | 0.88 | 0.82 |0.78 0.74 0.71 0.68 0.66
k=5 1095 | 0.88 |0.82 |0.77 0.74 0.71 0.68 0.65
k=6 |0.95 | 0.88 |0.82 |0.77 0.74 0.71 0.68 0.66
k=7 1095 [ 0.8 |0.82 |0.77 0.74 0.71 0.68 0.66
k=8 1095 [0.88 |0.82 |0.77 0.74 0.71 0.68 0.66

Table 3.1: HCT: Contraction numbers for V-cycle algorithms on the unit square

Ymk,r | m=1 | m=4 | m=7 | m=10 | m=13 | m=16 | m=19 | m=22
k=3 |0.96 | 0.88 | 0.82 | 0.76 0.73 0.70 0.68 0.65
k=4 |10.96 | 0.88 | 0.82 | 0.77 0.74 0.71 0.68 0.65
k=5 10.96 | 0.88 | 0.81 | 0.77 0.74 0.71 0.68 0.65
k=6 |0.96 | 0.88 | 0.81 |0.77 0.74 0.70 0.68 0.65
k=7 10.96 | 0.88 | 0.81 |0.77 0.74 0.70 0.68 0.65
k=8 |0.96 | 0.88 | 0.81 | 0.77 0.74 0.71 0.68 0.65

Table 3.2: HCT: Contraction numbers for F-cycle algorithms on the unit square
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Ymkw | M=1 | m=4 | m=7 | m=10 | m=13 | m=16 | m=19 | m=22
k=3 095 | 0.88 | 0.82 | 0.76 0.71 0.69 0.66 0.65
k=4 095 | 0.88 | 0.81 | 0.76 0.72 0.70 0.67 0.64
k=5 095 | 0.87 | 0.81 | 0.76 0.73 0.70 0.67 0.65
k=6 0.95 | 0.87 | 0.80 | 0.76 0.73 0.70 0.67 0.65
k=7 0.95 | 0.87 | 0.80 | 0.76 0.73 0.70 0.67 0.65
k=8 0.95 | 0.87 | 0.80 | 0.76 0.73 0.70 0.67 0.65

Table 3.3: HCT: Contraction numbers for W-cycle algorithms on the unit square

The results show that the algorithms converge for m as small as 1. We can also
see from the tables that the convergence rates of the three algorithms are almost the
same.

Since the domain is convex, we have full elliptic regularity, i.e., the elliptic regu-
larity index o = 1. According to Theorems 2.13 and 2.14, there exists a constant C,

independent of k and m, such that
m1/2/7k:,m,v < C.

We can see these properties from Table 3.4. It turns out that the constant C' could

be just 4.

3

Ve | m=10 | m=20 | m=30 | m=40 | m=50 | m=60 | m=70 | m=80
2.42 2.97 3.24 3.28 3.40 3.35 3.49 3.44
2.45 3.02 3.29 3.27 3.29 3.27 3.39 3.29
2.45 3.01 3.26 3.26 3.31 3.30 3.21 3.13
2.44 3.00 3.25 3.25 3.31 3.26 3.15 3.09
2.45 3.00 3.25 3.25 3.31 3.24 3.14 3.06
2.44 3.01 3.24 3.24 3.31 3.23 3.13 3.05

W‘W‘IW"W'W'W
Q0| ~J| O U ~| W

Table 3.4: HCT: V-cycle results on the unit square

Next, we use an L-shaped domain (cf. Figure 3.7 (b)) which is a nonconvex
domain. The index a, of elliptic regularity is the smallest positive solution of the

following equation (cf. [35]):



Therefore o, = 0.5444837368. The numerical results are shown in Tables 3.5 and 3.6.

They are also consistent with the theoretical results.

m /2y, ke | m=10 | m=20 [ m=30 | m=40 | m=50 | m=60 | m=70 | m=80
k=3 1.45 1.49 1.46 1.41 1.36 1.30 1.25 1.19
k=4 1.45 1.52 1.47 1.45 1.39 1.31 1.24 1.21
k=5 1.45 1.51 1.49 1.43 1.36 1.28 1.24 1.23
k=6 1.44 1.52 1.49 1.43 1.36 1.28 1.20 1.21
k=7 1.44 1.52 1.49 1.44 1.36 1.27 1.20 1.14
k=8 1.45 1.52 1.49 1.43 1.35 1.27 1.19 1.13
Table 3.5: HCT: V-cycle results on an L-shaped domain
m* vy e p | m=10 | m=20 | m=30 | m=40 | m=50 | m=60 | m=70 | m=80
k=3 1.43 1.50 1.47 1.44 1.36 1.32 1.23 1.18
k=4 1.44 1.50 1.49 1.45 1.37 1.30 1.21 1.13
k=5 1.45 1.51 1.48 1.44 1.36 1.29 1.21 1.15
k=6 1.44 1.51 1.49 1.45 1.36 1.28 1.20 1.13
k=7 1.44 1.51 1.49 1.44 1.36 1.28 1.20 1.12
k=8 1.44 1.51 1.49 1.44 1.36 1.28 1.19 1.11

Finally, we give the results for the reduced HCT method on the unit square. We

only present the contraction numbers for V-cycle algorithm. The numbers for the

Table 3.6: HCT: F-cycle results on an L-shaped domain

other two cycles are almost the same.

Table 3.7: RHCT: Contraction numbers for V-cycle algorithms on the unit square

Ymko | M=1 | m=2 | m=3 | m=4 | m=>5 | m=6 | m=7
k=3 1094 |0.92 [ 0.8 |0.8 |0.84 |0.82 |0.79
k=4 |1.26 |0.92 | 090 |0.87 |0.85 |0.82 | 0.80
k=5 |1.79 |1 0.93 | 0.90 | 0.87 |0.85 | 0.83 | 0.80
k=6 |233 |0.93 [ 090 |0.88 |0.85 |0.83 | 0.80
k=7 1289 |0.93 [ 090 |0.88 |0.85 |0.83 | 0.80
k=8 |3.47 |0.93 [0.90 |0.88 |0.85 |0.83 | 0.80
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Chapter 4

A Framework for Multigrid
Methods for Nonconforming Finite
Elements

4.1 A Framework for Multigrid Methods for Non-
conforming Finite Elements

To carry out the convergence analysis for the V-cycle and F-cycle multigrid algo-
rithms using nonconforming finite element methods, we need to verify the assumptions
(2.1.17)—(2.1.25). However, the verifications of the assumptions (2.1.24) and (2.1.25)
involve the relation between mesh-dependent norms and the Sobolev norms. If the
finite element spaces are nonconforming, they may not be subspaces of the Sobolev
spaces. Therefore the approach in Chapter 3 cannot be applied to nonconforming
finite elements.

In this chapter we present a framework for the convergence of multigrid methods
using nonconforming finite elements which was introduced in [28] for second order
problems. The assumptions (2.1.17)—(2.1.25) will be verified in the following sections,
based on this framework.

One of the key ingredients of the framework is the relation between the noncon-
forming finite element and a conforming relative.

Let (K,P,N) and (K,P,N) be two finite elements (cf. [27, 31] for the notation),
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where K is the element domain, P and P are the spaces of shape functions, and A/
and A are the sets of nodal variables. We say (K,P,N) < (K,P,N) if P C P and
N C N and refer to (K,P,N) as a “relative” of (K, P, N).

Let Vj; and Vi be the corresponding finite element spaces of the two elements
associated with the triangulation 7. In applications, V} is nonconforming but Vj, is
conforming. So Vj, is called a conforming relative of V. We can then obtain multi-
grid convergence results for V, by exploiting its connection with Vj, (cf. [24, 28]).
The technique of using conforming relatives in the treatment of nonconforming finite
elements was also used in [22, 23].

We need two operators Ej : V), — f/k and F}, : f/k — V} satisfying the following

properties:

Assumption 1

15 — Fud|| i) S h2|0| w2y VO € Vi, (4.1.2)
) @)
v = ExvllLy@) S V]l Vo € V. (4.1.3)

It is very difficult to find the operators Ej and Fj, satisfying equation (4.1.1) if
these two elements are not relatives.
By triangle inequalities and inverse estimates, it is easy to obtain the following

lemma.

Lemma 4.1 Under Assumption 1, it holds that

1Fx0 a0) S 10llai) V0 € Vi, (4.1.4)

| Fu0l|ap S |0lm2 VO € Vi, (4.1.5)
1B 2(0) S 10]lEa@) Vv € Vi, (4.1.6)
1Ewolm2) S 0] Yo € V. (4.1.7)
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Let (+,-)x be a discrete inner product on Vj, satisfying the following assumption.

Assumption 2 [t holds for all v € Vj, that

(0, 0) & [Vl Z,0); (4.1.8)

[Wlla S P10l 200 (4.1.9)

Assumption 2 implies the assumptions (2.1.17) and (2.1.18) and hence the prop-
erties (2.1.27)-(2.1.34).

Lemma 4.2 For s € (0,2] but s # 3,3, it holds that
ollsx = | Exvls@) Vv € Vi (4.1.10)

Proof.  From (2.1.28), (2.1.29), Assumption 1, (4.1.6) and (4.1.7) we know that
the operator £} is a bounded operator from (Vi, || - || z.)) to (L2(€2), || - ||zo(0)), and
from (Vi, || - |la,) to (H3(2), || #2@))- By interpolations of Sobolev spaces and Hilbert
scales, we have

|Ewvlms) S |1vllse Yo € Vi

Conversely, let Qy : L2(2) — Vi be the Ly projection operator on V. We define

Then from (4.1.4), (4.1.5), (3.2.8) and (3.2.7) we have

I Tvlllor ~ [[Fr@rvll o) S 1Qk0lla@) S 0llza@) Vo € La(9), (4.1.12)

I xvll2n = 1 FeQivlla, S NQrvllmz@) S [vlm2e) Yo € Hi(). (4.1.13)
An interpolation using (4.1.12) and (4.1.13) gives

Il Tkvllse S Jv
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for all v € Hy(2) and s € [0,2] but s # 3, 2.
From (4.1.1), (4.1.11) and (4.1.14) we have

olllse = MlJkExvlllsp S TExv]mg0)-

Lemma 4.3 It holds that

> [l = Il Vo € Vi
TET;

Proof. From (4.1.3), (4.1.10) and an inverse estimate we have

Z |U|%-11(T) < Z (|EkU - U|H1(T) + |EkU|H1(T))2

TeTy TeT,
2 2
S E |EkU_U|H1(T)+§ | Eyolin o
TeT TeT

S b B = ll7,0) + |1 Brvlin g

S hillvllz, + vl

L S Il

Conversely from (4.1.3), (4.1.10) and an inverse estimate we have

I”UHE,I@ S |Ekv|%{1(9) = Z |Ekv|§{1(T)

TeT,
S Z (|U — Ek:U|H1(T) + |U|H1(T))2
TeT,
<D o= Bulipgy + Y Wlina
TeT TeTy
S hiPllv = Byl ) + Z ol ()
TeT,
Shlloll2, + > ol
TeT,
S Z |U‘12LI1(T)‘
TeT,
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Let TI;, : H3()) — Vj, be an interpolation operator that satisfies the following

approximation properties:

Assumption 3 It holds that

1€ = €|l o) + PEIMIRC 0y, S Picl¢la2 () (4.1.16)
V¢ € Hy(Q),
1€ = M€l 2oy + PRIIC — TiCllay S P IC H2tea(q) (4.1.17)

V¢ € HT(Q) N HE(Q).
We assume the operator EIl, satisfy the following property.
Assumption 4 [t holds that
1€ = BilliCll ooy + REIC — ExlTiClaz) S BEFIC m2veo) (4.1.18)
V¢ € H*M(Q) N HE ().
We have the following lemma.
Lemma 4.4 It holds that
| ExILC = Clae-ao) S M[Clmeva) V¢ € HP(Q) N H (), (4.1.19)
| ExILyv — v||y0) + Ml Elliv] m2) S Bilvlmeg) Yo € HF(Q). (4.1.20)

Proof. ~ The estimate (4.1.19) follows from (4.1.18) and an interpolation of the
operator E,ll, — Id between Sobolev spaces.
Let v € H3(Q) be arbitrary. From (4.1.3), (4.1.6), (4.1.7), (4.1.16) and a triangle
inequality we have
x50 — vl o) + il Exllv] (o)
S BTk = vl Ly + [Tkv = vl @) + Bl Tl
S Ml Mevlla, + hilvl a2

N hZ|U|H2(Q)a
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which proves the estimate (4.1.20). O
Assumption 5 Let ¢ € HZ(Q) N H*T*(Q) and (. € V}, be related by

a(C, Bxv) = ar(Ck,v) Yv € V. (4.1.21)
Then

|ak((’ — Ck,v)| 5 hg|C|H2+"‘(Q)HUHak Yo € Vk, (4.1.22)

|ar (¢ — G, ILE)| S At || v €] m2va)  VE € HG(Q) N H?T(). (4.1.23)

Moreover, the operator IT;, : HZ(£2) — V}, can be extended to a larger space HZ(Q)+

Vi—1 + Vi, and the following properties are satisfied.

Assumption 6 [t holds that

im0~ vl < B lloll, Vo € Vi

Assumption 7 [t holds that

MTe-10lla, S lvlla, Vo € H5(Q) + Vi

Assumption 8 [t holds that
M-8 1 < X+ 0I5, + CO R v ll5 (4.1.24)
for allv eV and 0 € (0,1).

Finally we assume the intergrid transfer operators satisfy the following properties.

Assumption 9 [t holds that

||I,]§_1v — Vo) S hi|v|a,€_1 Vo € Vi_y. (4.1.25)
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Lemma 4.5

e vllsn S Molllse-r Vo € Vier,0< s <2,

15 ol S Molle Yo € Vi, 2 <t <4,

(4.1.26)

(4.1.27)

Proof.  The estimate (4.1.25) implies that the operator If ; is bounded from the

space (Vi1 [ - llzp-1) to (Vi [l - llox) and from (Vioa, [ flz5-1) to (Vi I - fll2)-

Therefore it is also bounded from (Vi_1, || - s.x) to (Vi, ||| - [ls,x) for 0 <s <2, by an

interpolation between Hilbert scales.

The estimate (4.1.27) follows from (2.1.6), (2.1.31) and (4.1.26).

Assumption 10 [t holds that

115 T 1C = il rag0) S AT |C pera)  VC € H () N H?T(Q).

An inverse estimate implies the following lemma.

Lemma 4.6 The following estimates holds:

M- 1€ = TClllz—ak S R IClmesaqy VG € Hi(Q) N H ().

Assumption 11 [t holds that
IHEvllge < (1 + 0ol oy + COT2RE NN 1o

for allv € Vi1 and 6 € (0,1).

4.2 Approximation Property

(4.1.28)

(4.1.29)

(4.1.30)

In this and next sections we will establish the convergence of the W-cycle, V-cycle

and F-cycle algorithms, based on the framework in Section 4.1.
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Lemma 4.7 Let ¢ € HZ(Q) N H*™(Q) and € V}, be related by (4.1.21). Then the

following estimates hold:

1€ = Cellax < PgIClar2+aq), (4.2.1)

Tk = Crlllz—ak S PatIC]m2ra(0)- (4.2.2)

Proof. Let w € Vi be arbitrary. Then from (1.1.3), (1.1.4) and a triangle inequality

we have

1€ = Ckllar < M1C = wllay + [[w = Cklla,

|ax (w — G, )|

S IC = wlla, + sup

veVi\{0} 0] a
ag(w — ¢, v) + ap(¢ — Gy v
Y S )+ ax ) o
veVi\{0} V] as
aplw — (,v a _ v
ver\{O} ||U||ak ver\{O} ||U||(lk

S ¢ —wla, + sup
veVi\{0} HUHCLk

From (4.1.17), (4.1.22) and (4.2.3) we have

. |ak(<_<—kav)’
1€ = Gillag S jnf [ = wlla, + sup —=—m——"
F T wev Covevingg [l

SIS = WiCllay, + hglClazvao)
< RelCl2re ()

which proves (4.2.1).

By (4.1.10) and duality we have

I1%C = Cellla—ak = [ Bk (k€ — Ce) | m2-a(0)
_ 6 (E(T1x¢ — ) |
= sup .

per-2ra@\(0)  ||@lla-2re(q)

(4.2.4)
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Let ¢ € H2t%(Q) be arbitrary. We define £ € H*™(Q) and & € V; by the

following equations:

a(€,v) = ov) Yo e HA(Q), (4.2.5)

ak(fk,v) = Qﬁ(E]ﬂJ) Yv € Vk (426)
Then we have

¢ (Ep(ITe¢ — C)) = a(&, Eplk¢ — ¢) + ar(&k, ¢ — C) + ar(§ — &, €). (4.2.7)

The terms on the right-hand side of (4.2.7) can be estimated as follows.

First from the elliptic regularity estimate (1.1.5) we have
€llrssay S 9ll—seeen. (1.2.8)
The duality estimate (1.1.6) and (4.1.19) imply that
|a(&, Belli¢ — Q)| < hil€]mva()[¢] m2re o). (4.2.9)

It follows from (4.1.17), (4.1.23) and (4.2.1) that

ar (&, ¢ = Go)| S lan(§e — i€, ¢ = Go)| + an(Ieée, ¢ — Gi)|

< 0 1E] e ¢ e () (4.2.10)

Similarly we have
|ak(€ - gkv C) 5 h%a|£|H2+°‘(Q)|C|H2+a(Q). (4211)
The estimate (4.2.1) follows by combining (4.2.4) and (4.2.7)—(4.2.11). O

Lemma 4.8 Let ¢ € HX(Q2) N H**(Q) be arbitrary. Let ¢y € Vi and (1 € Vi1 be
defined by (4.1.21) and

ag—1(Ce—1,v) = a(C, Ex—q1v) Yv € Vi_;. (4.2.12)
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Then the following estimate holds:

ICk—1 — P ' Crlla—ap—1 S hillC|m2va () (4.2.13)

Proof. By (4.1.10) and duality we have

|”Ck—1 - P]f_ICk|||2—a,k—1 ~ |Ek—1(Ck_1 - P,f_lck”H%a(Q)
|6 (Er—1 (Gt — PE'G)) |

peH-2+o(@)\{0} [l zr-2+2(0)

Let £ € HZ(Q) N H**(Q), & € Vi, and &,y € Vi—1 be defined by (4.2.5), (4.2.6)

(4.2.14)

and

ak_l(gk_l, U) = qb(Ek_lU) Yo € V1. (4215)

Then (4.2.8) holds.
From (1.1.6), (2.1.6), (4.1.21), (4.2.12) and (4.2.15) we have

|6 (Bi1(Gor = BTIG)) | = Jana (G = BTG )|
= [an1(Go1, €r1) = ar(Go TE_1&x1)| (4.2.16)
= |a(¢, Bx16-1 — Brlf_1Gn))|
S [Clmzra@|Br1&ir — BeIf_ &k |m-a)

From (1.2.1), (4.1.10), (4.1.19), (4.1.26), (4.1.29), (4.2.5)(4.2.15) and Lemma 4.7

we have
|Ex—1&1 — Eelf & |H2_Q(Q)
< |Be-1(&e—1 — 1) | 2oy + [Ee-1k—1§ = €| 2oy
1€ = Bk ooy + [ Be(h€ = I 1 16| - oy (42.17)
+ | Beli_y (& — 5k71)|H2_a(Q) < Bl 2o ().
The lemma follows from (4.2.8), (4.2.14), (4.2.16) and (4.2.17). O

We are ready to prove the following approximation property.
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Lemma 4.9 It holds that

I(Zdy — Iy P ollo-a S B llvllavan Yo € Vi (4.2.18)

Proof.  From (4.1.10) and duality we have

Ey(Idy, — IF_ PF?
H‘(Idk - I]l:flplfil)UHb,a’k ~ sup 925( k( k k=17 k )U)l

(4.2.19)
peH-2+a(9)\{0} 6| zr-2+0(0)

Let ¢ € H?T*(Q) be arbitrary. We define £ € HZ(Q) N H***(Q),& € Vi and
Ek—1 € Vik—1 by (4.2.5), (4.2.6) and (4.2.15). Then (4.2.8) holds.
Using (2.1.6) and (4.2.6) we have

¢ (Bx(Idy — I, P M)
= ay, (&, (Idy — If_ P "))
= ay(&,v) — ap—1 (P&, P 1) (4.2.20)
= ap (& — I} 161, v) + ape1 (S — PTG, P M),

The two terms on the last line of (4.2.20) can be estimated by using (1.2.1),

(2.1.31), (4.1.26)—(4.1.29), and Lemmas 4.7 and 4.8 as follows:

ar (& — Iy 161, 0) S W& = 18k alla—akllvlllzra
S (|||§k — i l2—ak + 8- )y & — &l 2—ak (4.2.21)
+ e (k1€ = Em1) llo—auk) M0lll24ak—1
S 0 1€l raq@ Mol oy,
|ay—1(&p—1 — PF &, P M0))
S €1 = P ehlllo—ap—1 1P 0ot ak—1 (4.2.22)

S W€l vo @ 10 ll24a-

The lemma follows from (4.2.8), and (4.2.19)- (4.2.22). O
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The approximation property is the key estimate for the “two-grid” method. The
convergence of W-cycle algorithm can then be established by a perturbation argument

(cf. [5, 24, 27)).

4.3 Convergence Analysis

To complete the convergence analysis, we need to establish the assumptions (2.1.17)—
(2.1.25). The assumptions (2.1.17) and (2.1.18) follow from Assumption 1. The
approximation property (2.1.24) have been obtained in Lemma 4.9. We will prove

the rest of the assumptions in this section. We begin with a lemma.

Lemma 4.10 Let Jy : Ly(Q2) — Vi be defined by (4.1.11). Given ¢, € Vi, let ¢ €
HZ(Q) be defined by

a(C,v) = ap(Cr, Jv) Yo € HE(Q). (4.3.1)
Then we have
a(C, Byv) = ap(Gg) Vv € Vi, (4.3.2)
ICla2 @) S Nkl (4.3.3)
[¢1 e @) S MCll2+aks (4.3.4)
1Lkl < M Cklll2,- (4.3.5)

Proof. Tt is easy to see that
JkEkU =v Yové€ Vk (436)

The equality (4.3.2) follows from (4.1.11) and (4.3.6).

From (2.1.29), (4.1.13), (4.3.1) and the Cauchy-Schwarz inequality we have
a(C, ¢) = ak(Ce: JkC) < 1Callar 1 k€l S MGk M 2k- (4.3.7)
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The estimate (4.3.3) follows from (2.1.31) and (4.3.7). The estimate (4.3.5) follows
from (2.1.31), Assumption 7 and (4.3.3).
From (2.1.31), (4.1.14) and (4.3.1) we have

ax (G Ji) < Gkl ol kv llo-an < NCkll2sarlvlmz-am Vv € Hi(Q).

Therefore the right-hand side of (4.3.1) defines a linear functional ¢ on HZ(2) which

actually belongs to H27%(2) and
6ll-2e@) S NGullzra (43.8)
The estimate (4.3.4) follows from (1.1.5) and (4.3.8). O
Lemma 4.11 The estimate (2.1.21) holds, i.e.,
ey vllz, < (1 + 0wl f-r + CLOT2 R 0I5 ar (4.3.9)
for allv € Vi_y and 6 € (0,1).
Proof. Let (31 € Vi1 be arbitrary and ¢ € HZ(Q) be defined by
a(C,v) = ap_1(Ce1, Jo_1v) Yo € HZ(Q). (4.3.10)

Then from (2.2.1), (2.1.20), (2.1.29), (2.1.32), (4.2.1), (4.1.26), (4.1.17), (4.1.28),
(4.3.10) and Lemma 4.10 we have

2
1781 Gemll3 s < (NSk=tllar + 1Ck=1 = I 1Cha1llar)
< (L4 0)[1G-all2,_, +CO7 (1¢e—1 — ClI2, + 1I¢ — TIiC]I2,
H[|TIR¢ — I i G2, + 1 (TG — Go)1I2,)

< (L +0)ICkalla,_, + OO RNl 40 51

ap—1

O
The following lemma can be established by interpolation between Hilbert scales

using Assumption 11 and Lemma 4.11 (cf. Lemma 3.10).
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Lemma 4.12 The estimate (2.1.22) holds, i.e.,
IR0l ke < 1+ O)0l3_a k1 + Co02RE N0l 4y (4.3.11)
for allv € Vi—y and 6 € (0,1).
Lemma 4.13 [t holds that
D10l < (140 [vllz 5 + CORE N0IZ ok (4.3.12)

for allv € Vi, and 6 € (0,1).

Proof. Let ¢, € Vi be arbitrary and define ¢ € H2(2) by (4.3.1).
From (1.2.1), (2.1.29), (2.2.2), (4.2.1), (4.1.17), Assumption 7 and Lemma 4.10

we have

=1 Cell3 -1 < (I Gkllay + 11Ge — Ti—1Ckllay)
< (L4035 +CO72 (16 — ¢, +11¢ — i),
=1 (¢ = G)I2,)

< (14 0)Gell3 4 + CO 2R NGNS i

O
The next lemma follows from Assumption 8, Lemma 4.13 and interpolation be-

tween Hilbert scales (cf. Lemma 3.10).
Lemma 4.14 [t holds that
0101z ko1 < (14 O 0ll2-0 x + COZRE VIS (4.3.13)
for allv € Vi, and 6 € (0,1).
Lemma 4.15 [t holds that

I—1¢ — 1 Il o) S MelCl ) V¢ € Hi (). (4.3.14)
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Proof. From (3.1.4), (1.2.1), (4.1.16) and Assumptions 6 and 7 we have

||Hk—1C — Hk—lﬂkCHLz(Q)
< i€ = Cllzage + 116 = TGl agey + 1€ = e TG a0

< hilClmze) + i, S hilCTm2(0)-

Lemma 4.16 The estimate (2.1.23) holds, i.e.,
1P 05— gemr < (L4 O)Vll5-a s + Ca0 2R 0l (4.3.15)
for allv €V and 0 € (0,1).
Proof. Let ¢ € Vi be arbitrary. Define ¢ € H3(Q2) and (1 € Vi1 by (4.3.1) and
ag—1(C—1,v) = a(C, Ex_1v) Yo € V1. (4.3.16)
From (2.2.2) we have

_ _ 2
IPE G5 okt < (NMem1 il lla—ap—1 + M1l — B~ Celll—am—1)”  (4.3.17)

< (1 + )T flo-auk—1 + CO -1 TG — Py Gell3 s

From (2.1.29), (2.1.32), (2.2.2), (4.2.2), (4.3.13) and Lemma 4.10 we have

-1 TG 3o ey < (14 O IG5 + CO* R ITTRC 2.
< (14 6%) (IS ll-ak + IR = Cello-an)® + CORE 1GR3
< (L4 PGBk + CO2 MGkl mr2ea0) + COPRE NG, (43.18)
< (L4 ) NGklE— o + CO* R I Gellosak + CO* RGN

< L+ )Gkl + CO RGN 1-
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From (1.2.1), (2.1.28), (2.1.32), (4.2.2), (4.3.16) and Lemmas 4.8 and 4.10 we have

I A TG = PE Gl
< (IMLe—1 (k¢ — O ll2—ak—1 + Mk=1¢ = Cellla—ak—1
Gk = BE Clla-ae1)’ (4.3.19)
< O (BN (1€ = QI+ HE G

< Ch® Gk 12 1-
Combining (4.3.17)—(4.3.19) we have
P Gl ko1 < (1 O HCkIE o + CORECIIE

which implies (2.1.23) since 6 € (0,1) is arbitrary. O

From (2.1.23) and (2.1.32) we have
1P 0ll2-a -1 S olllz-ap Vo € Vi (4.3.20)
Lemma 4.17 The estimate (2.1.25) holds, i.e.,
N(Zdi—1 — BE I )vllo-ai—1 S B llvllze-r Yo € Vi (4.3.21)

Proof. Let (,_1 € Vi1 be arbitrary and define ¢ € HZ(Q) and (;, € V; by (4.3.10)
and (4.3.1) respectively.
From (2.1.31) we have

-1 ((Idg—y — PEIE )G, w0)
= aj_1(C1 — PGy w) — agmy (PN I Goor — Gr)s w)
< k=1 — P Crlla—ap—rlllwlll2+am—1

+ 1P T a Gt — GO lle—ak—t Moo -1

for all w € Vj,_;.
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Then from (1.2.1), (2.1.16), (2.1.32), (4.1.26), (4.1.28), (4.2.2), (4.2.13), (4.3.20)

and Lemma 4.10 we have

ap—1 ((Idp—y — P ) Chor, w)
S [EIC ey + IME-1 (Geor = Thoa ) ook
Tk 1¢ = TG fll2—ak + TR = Grll2—ak—1] Mwll2sa k-1
S B (C e ve @l wllzgah—
S B NG v ok llwlloran—

S P lllCh—1llok—1 w2t ar—1

for all w € Vj_;, which implies (2.1.25) because of (2.1.31). O
All of the assumptions in Chapter 2 have been verified. The convergence analysis

is then complete.
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Chapter 5

Multigrid Methods Based on the
Morley Element

5.1 Morley Finite Element Method

The Morley finite element is defined on a triangle. Its shape functions are quadratic
polynomials on the triangle. Its nodal variables include the evaluations of the shape
functions at the vertices of the triangles and the evaluations of the normal derivatives

at the midpoints of the edges of the triangles (cf. Figure 5.1).

Figure 5.1: The Morley element

Let Vi be the Morley finite element space associated with 7. Then v € V}, if and
only if it has the following three properties:

1. vy = v|; is a quadratic polynomial for all T € 7y,

2. v is continuous at the vertices of 7, and vanishes at the vertices along 0f2,

3. The normal derivative dv/0n is continuous at the midpoints of interelement

boundaries and vanishes at the midpoints along 0f).
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Note that the Morley finite element spaces are nonconforming (i.e., Vi, ¢ HZ())
and nonnested (i.e. Vi_; ¢ Vj).

The Morley method for (1.1.2) is as follows: Find uy € Vj such that

ar(ug, v) :/fvdx Yo € V. (5.1.1)
Q

In the case where ¢ € H%(Q), the modified Morley finite element method for
(1.1.2) is:

Find v, € Vj such that
ap(uy,,v) = ¢(FEpv) Vv € Vi, (5.1.2)

where Ej, : V;, — HZ(Q) will be defined in the next section.

To apply multigrid method, we need to define discrete inner product on Vj and
intergrid transfer operators.

First we define a discrete inner product (-, ) on Vj by

(o vahe = 1 | S niutpeat) + X ([ Gras) ( %—nd)] (5,19

PEVY ec&y

where Vy is the set of internal vertices of 7y, & is the set of internal edges of 7, and
n(p) = %x (the number of triangles sharing the node p as a vertex). We can represent
the bilinear form ag(-,-) by the operator Ay, : Vi, — V} defined by
(Apvr, v9)r = ag(vy,v9) Youp,v9 € V. (5.1.4)
Then equations (5.1.1) and (5.1.2) can both be rewritten as
A, = fi, (5.1.5)

where fj, € Vj, is defined by (fi,v)r = [, fv da for all v € V;, for the standard Morley
method, and (f,v)r = ¢(Exv) for all v € Vj, for the modified Morley method.

Next we define the intergrid transfer operators. We first define 1 ,’j_l Vi1 — Vi,
the coarse-to-fine intergrid transfer operator.

Let v € Vj_;. We define IF ;v € V} by an averaging technique as follows:
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1. If p is an internal vertex of 7y, then

1
(o)) = = D> vulp), (5.1.6)
where S, 1 :={T € Tj_1 : p € T'}.

2. If e is an internal edge of 7, which means that e C 977 N 975 for some T, T €

oIt w) 1 [0, o,
ZTdS_§( ] 8n d3+l an dS) (517)

The fine-to-coarse operator [ ,f_l : Vi, — Vi1 is defined as follows:

7}, then

(Illjflvaw)k = (U, [lljilw)kfl Yo € kal,w € Vi.

We can now apply the algorithms given in Chapter 1 to the equation (5.1.5).

To carry out the convergence analysis of the V-cycle and F-cycle algorithms, we
need to verify Assumptions 1-12 in Chapter 4. Assumption 2 is simple: The proof
of (4.1.8) is similar to the one of Lemma 3.1. The estimate (4.1.9) follows from a
standard inverse estimate.

Assumption 2 establishes (2.1.17) and (2.1.18). Therefore properties (2.1.27)-
(2.1.34) in Chapter 2 are established for the Morley spaces.

We finish this section with the definition of the Morley interpolation operator.
The rest of the assumptions of the framework in Chapter 4 will be established in the
following sections.

Let II, : H3(Q) — V. be the Morley nodal interpolation operator defined as

follows: For each ¢ € HZ(), the function II;¢ € V}, satisfies

(mmmqw)wd/ﬂxmw_/%@, (5.1.8)

where p and e range over the internal vertices and edges of 7;. By applying approxi-

mation theory (cf. [27, 31]) we have
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1€ = Tl zac) + ARl S Bl (o) (5.1.9)
V¢ € Hy (),
1€ = TCll o) + PRlIC = Wil lla S BT [C 2o (5.1.10)
V¢ € H* (Q) N H ().
The estimates (5.1.9) and (5.1.10) establish Assumption 3 in Chapter 4 for the

Morley spaces.

5.2 The Morley Element and its Conforming Rel-
ative

It is easy to see that the HCT element is a conforming relative of the Morley element
(cf. Figure 5.2). In this chapter we denote the HCT space associated with 7y, as V;

instead of V}, (which is for the Morley space).

! l

(a) Morley (b) HCT

Figure 5.2: The Morley element and the HCT element

We define an operator Ej : V, — Vi.. For each v € V4, the function Ejv € V is

defined as follows. For any internal vertex p and internal midpoint m,

(Exv)(p) = v(p),

(0P(Eyv))(p) = average of (0°v;)(p),
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O(Exv) _Ov
20 () = 9 o),

where 3 = (0,1) or (1,0), and v; = v|, for T; with p as a vertex.
We can also define an operator Fj, : f/k — V}, as follows: For each v € f/k, F0is

the function in Vj satisfying

(F)p) =) and DT gy P

for every internal vertex p and midpoint m of 7.

The operators E) and F} satisfy the following two properties:
Lemma 5.1

Proof. The equality (5.2.1) is obvious.

Let T € T, and T = T/hy,. For each v € T}, define #() = v(hy) for & € T. If
w = Fjv, then we define F,.d to be 1.

Let V(T) = {0z : v € V;}. Note that V(T) is a finite dimensional linear space
and |0| 27 defines a norm on the quotient space V(T)/Py(T), where P,(T) is the

space of polynomials of degrees less then or equal to 1 on T. On the other hand,
b || F® = 0| oy
defines a semi-norm on V(T')/P,(T). Therefore
1Ew0 = 0l ey S 1011127 (5.2.3)
A scaling argument on (5.2.3) yields
P50 = vllnaery S hilvlazer).
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The estimate (5.2.2) then follows. O

A similar estimate is valid for Ej.

Lemma 5.2 It holds that

lv = ExvllLy@) S l[ollay Vo € Vi (5.2.4)

Proof. Let v € Vj and T € 7, be arbitrary. We consider the Ly norm of the function
v—FEoonT.
By an argument similar to (3.1.8) we have
o~ Bl ~ it 3 Voalp) ~ VEw(p)P, (525)
pEN(T)

where vy is the function v restricted on T"and N (T') is the set of three nodes of T'. Let
p be one of such nodes and p is shared by triangles Ty (= T), T, - -+ ,T,, (cf. Figure
5.3). Then

Vour(p) = VEwu(p) = Vour, (p) — — Z Vour, (p (5.2.6)

For 57 > 2, we have

Vor, (p) = Vor, (0) = 3 [Vor,(p) = Vor,,, ()] (5.2.7)

1

Z VUT VUTi (ml)) + (VUTi+1 (ml) - VUT@'+1 (p))) :

For each i we have

[Vur,(p) = Vor, (mi)| S ol (5.2.8)
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=

Figure 5.3: A node p shared by triangles 11, T5, - | T),.

Combining (5.2.5)—(5.2.8) finishes the proof of the lemma. O
Lemmas 5.1 and 5.2 establish Assumption 1 of Chapter 4. Therefore the estimates
(4.1.10) and (4.1.15) are valid for the Morley functions.

Lemma 5.3 Assumption 4 of Chapter 4 holds. That is

1€ = ExTiC | a(0) + REIC — EaTliCl 2 () S Pt I¢] m2+a(a) (5.2.9)
for all ¢ € H**(Q) N HZ(Q).

Proof. Let V;* be the Morley space associated to 7 without boundary conditions
(i.e., the nodal values of the functions in V;* are not necessarily zero). The operator
0I5 : H*(Q)) — V¥ is the nodal interpolation operator. Note that H*|Hg(sz) = II,. Let
V; be the HCT space without boundary conditions and Ej : V;* — H?(Q) be the
analog of E; without boundary conditions.

Let T € Ty, and T = T'/hy. For each v € H?(Q) + Vj, define 4(&) = v(hyz) for
i€ T. Forve H*Q), if v = w, we define II}o = . For v € Vj, if Efv = w, we
define E0 = . From a triangle inequality and (5.1.9) we have

BTG ey S T8N sy S D 19lmagi)s (5.2.10)
Kes(T)
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where S (T ) consists of the triangle T and other triangles sharing at least one vertex
with 7.
Since the operator E;IT; : H?*(Q) — f/k* preserves quadratic polynomials, it

follows from (5.2.10) that
1€ = E{TLCllpyery = 1€ = p) = BRI = D)l 1y
N ||C~ —p||H2(S(T)) N ||§ —p||H2+a(5(f))

for all ¢ € H*T*(Q2) and p € P,. The Bramble-Hilbert Lemma implies that

1€ = EXTTC Loty S ICliavaqsiay) V¢ € HP(9Q). (5.2.11)
Similarly we have

= Ezﬁzam(f) S ’5’H2+G(S(T~)) V¢ € H*T(Q). (5.2.12)

From (5.2.11), (5.2.12) and a scaling argument we have
1€ = EXTIiCll o) + ARIC — BRI m2(0) S by [Clazee)  VC € HP(Q). (5.2.13)

Let ¢ € HF(Q) N H***(Q). Then E;II;¢ = E;IIi(. Since EfIl ¢ and ERI, differ

only by their first order derivatives at the vertices along 02, we have

| ExTi¢ — EplliC|7,0) = Z | ExTi¢ — EpliCl2,r)
7€T,:0TNONED

~ Iy Z V(B¢ — BILC) (p))? (5.2.14)

peEIN

= 1t S [V(EILG (p)

peEOf

From (5.2.13) we have

V(EILQ) ()] = V(B () = VEOI* S h* Y Clipraiy: (5215

TES,

where S, is the set of triangles in 7; sharing p as a vertex.

73



From (5.2.14) and (5.2.15) we have
IETIkC — ExIiCll7,00) S P2 IC Froraga)- (5.2.16)
An inverse inequality implies that
|ERIG — EilliClie ) S Rl ICIi2v0 0)- (5.2.17)

The lemma follows from (5.2.13), (5.2.16), (5.2.17) and triangle inequalities. [

By a similar argument we can establish the follow estimate.
1€ = BTl nate) S PalClms)  VC € HP () N HE(Q) (5.2.18)
Lemma 5.4 Let ( € HX(Q) N H*™(Q) and ¢ € Vj be related by (4.1.21). Then
lar(¢ — G v)| S RelClm2re@l|v)le, YV € Vi (5.2.19)
Proof. Suppose ¢ € H3(Q). From (4.1.21) and a duality argument we have

1kl S 1¢]H2(0)-
Therefore by a Cauchy-Schwarz inequality we have
ax(C = G, )| < ¢ = Cellay IClar S [Cla2@llvlla, Vo € Vi (5.2.20)
Suppose ¢ € HZ(Q2) N H3(Q). First we have

ax(C = Gy v) = ar (¢, v) — ar(Ck, v)

= ay(¢,v) — ag(C, Exv). (5.2.21)

By Green’s formula we have

0%C *v
ak( ’U) - Z /Tz:: Oz &rj . 83@1893] du

--> /TV(AC) Vodr + Z/(Gl(Ova]] + Go(O)[[va,]]) ds, (5.2.22)




where the second summation is taken over all the edges e of Ty, [[vs,]] and [[vg,]]

denote the jumps of dv/dz; and Qvdzxs crossing the edge e, and

0%C 0%C
G1(¢) = 0102, Ne1 + Mne,m
9? 0?
G2(Q) < + ¢

= n ———MNe 2,
833'281'1 el 81’2833'2 &2
where (ne1,ne2) is the unit vector perpendicular to the edge e.

Since Exv € HZ(Q), it follows from (5.2.22) that

a(C Eyv) = — ) /v (AC) - VEvda. (5.2.23)

TET,

We claim that

Ollva ] + Go(Ol[va,]]) ds| S helClas@ vl Vo € Vi (5.2.24)

From (4.1.7), (5.2.21)—(5.2.24), Lemma 5.2, an inverse estimate and a Cauchy-
Schwarz inequality we have

ar(¢ = Ck,v) Z/VAC V(v — Exv)dx

TeTy

3 [@Ol + Go(Q) el ds
/S hk|C|H3(Q)HU — EkUHak + h;1|C|H3(Q)||UHL2(Q) (5225)

S hk|C|H3(Q)“UHak‘

The estimate (5.2.19) follows from (5.2.20), (5.2.25) and interpolation.

We also need to verify the claim (5.2.24).

Let T7 and T, be two triangles in 7 with common edge e. Using & = z/hy, we
transform the triangles into reference domain (cf. Figure 5.4).

Let {“ and v be the rescaling of ( and v on the reference domain. Let p € P, be a
quadratic polynomial. Then G(p) is a constant. But

a1l = 52

O,

& 8x1

5



D2

yan

Figure 5.4: Two neighboring reference triangles T; and Ty for 7j,

is linear and is 0 at the midpoint m of €, Then

/ Gr(p)[i]] ds = 0.

e

Therefore
/ G2 (0)[[62,]] ds = / G1(¢ — p){[6w]] ds

for all p € P,. By a Cauchy-Schwarz inequality we have

[ G (O)[Tn)]] ds

< nf (161 = P)llzate) | (9, - (5.2.26)

By a trace theorem (cf. [44]) and the Bramble-Hilbert Lemma we have

inf G2 = Dl S 0 1G1C = Dl S Ll (5227

On the other hand, since Vo, (m) = Vi,,(m), we have

~ 2 . a’lel 86T2 2
I e = |~ 5]
Oy, Oy, > 00, Oy, 2
~ |G - G|+ |G - G

<[Zoon- Zon] + [Zm-Tew] e

N a@Tl( )_@< )2+ v D,
8512'1 b2 al'l m m

~12 ~12
’S ’U H2(T) - ‘U‘H2(f2)'

From (5.2.26)—(5.2.28) we have

[ G1(O)[[6,,]) ds

S AC s (|1~)|H2(T1) + |77‘H2(T2)> :
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A scaling argument yields

5 hk‘C‘H3(T1) (|U’H2(T1) + ’U|H2(T2)) :

/ GA(O)[vx]) ds

e

In the case where e is a boundary edge of a triangle T, we can obtain in the same

way that

S helClas ey o] m2er).-

/ GA(O)[vs,]) ds

e

Summing up over all edges e’s in 7;, and using a Cauchy-Schwarz inequality give

3 / (G1(Q)[vs]) ds

A similar estimate holds for | 3", [ (G2(¢)[[va,]]] The claim (5.2.24) then follows.

S hilCls@llvllae Yo € Vi

U

Lemma 5.5 Let ¢ € H3(Q) N H*™(Q) and ¢ € Vj be related by (4.1.21). Then
|ak(C = G, T)| S MGl oo [Elmaraey V€ € HY(Q)NH*(Q).  (5.2.29)

Proof.  First we have by a Cauchy-Schwarz inequality, (5.1.9) and (5.2.20) that
|ar (¢ — G, TIe€) S ¢l 2 €l 2y V¢, € € HF(Q). (5.2.30)

Secondly, let ¢, & € HZ(2) N H3(Y). From (5.2.21) and Green’s formula we have
k(¢ — G, Ie€) = ar(C, i — ERlLkE)
=> / A AL S AL
= O0x;0x; O0x;0x;

=-> / V(AQ) - V(i€ — EpILi€) da (5.2.31)

By approximation theory we have
||Hkv — U||L2(Q) S |U|H3(Q) Yv € H3(Q) N Hg(Q) (5.2.32)

7



From (5.2.18), (5.2.32) and a triangle inequality we have

k€ — Eelli€| o) < M€ — &l o) + 1€ = Bl o) S hill€llme()-

Therefor from an inverse estimate we have

1/2
(Z | B T8 — kaﬁ{lm) S hilléll s o). (5.2.33)

TeT,

Then by (5.2.33) and a Cauchy-Schwarz inequality we have

> [ V(80 Vb - E1eg) da| £ 1l €l (5.2.34

TET,

By using an argument similar to the proof of (5.2.24) we have

>[GOS = Bl ]) + Ga a6 = BTl ) ds

S hdeHsm)Hka — BxIly|a, S hilCTaso) 1€l ms o) (5.2.35)
From (5.2.31), (5.2.34) and (5.2.35) we have
ai(C = Gy Tk€) S hglClis )€l s (o) (5.2.36)

The estimate (5.2.29) follows from (5.2.30), (5.2.36) and a bilinear interpolation.
U

The estimates (5.2.19) and (5.2.29) establish Assumption 5.

5.3 The Morley Interpolation Operators

We have known that the Morley interpolation operators satisfies (4.1.16) and (4.1.17).
In this section we discuss some further properties of the operators. We first extend
the operator IT; : H2(Q) — Vj to a larger space HZ(Q) + Vi1 + Vj.

Let v € H2(Q) + Vi + Viy1. First of all, the value v(p) is well-defined for p € V.

Secondly, the integral fe g_:; ds is also well-defined for e € &. In particular, if v € Vi1,

ov ov ov
\/e%ds—/el%d$+L2%d8 (531)
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where e1,ey € 1 with e = ey U ey (cf. Figure 5.5). Therefore the linear operator
II;, is well-defined from the larger space HZ(Q2) + Vi + Viy1 into Vi. In particular,
O : HX(Q) + Vi, — Vi and I : HX(Q) + Vi, — Vi1 are both well-defined.

A
V4

Figure 5.5: An edge e € &,_1.

Lemma 5.6 It holds that

lv = vl o) + AillTkvlla, S Billvlla, Vv € HG () + Vi (5.3.2)

~Y

Proof. Let T € Ty, ¢ € H?*(T) and the quadratic polynomial II.¢ on T be the
Morley nodal interpolant of (, i.e.,

L) [
o ds = g 8nd8’ (5.3.3)

(I1:¢)(ps) = ¢(ps) and /

e;
for = 1, 2 and 3, where p;, po and ps are the vertices of T, a nd ey, e; and e3 are

the edges of T It is well known that (cf. [27] and [31]),
1€ = Tl ory + PRI TrC L2y S BRI a2 - (5.3.4)
Let v € HX(Q) + Vi and T € T;.. Then vy € H*(T) and IIzv = ;v on T. Therefore
v — Tkvl| o1y + hi|Hkv|H2(T) < hZ|v|H2(T). (5.3.5)
The estimate (5.3.2) holds because (5.3.5) is valid for all T' € 7. O
Lemma 5.7 It holds that

Hk,ll_lkv = Hk,ﬂ) Yv € Hg(Q) + Vk (536)
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Proof. Letwv e Hg(Q) + Vi be arbitrary. The functions I, _;II;v and II;_;v are both

in Vj,_1. Moreover, we have

(Mg Ilx0) (p) = (The—10) (p)

for all p € V.1, and

/8(Hk_1ﬂkv) dS:/ 8(Hkv) ds—l—/ 8(Hk1}) ds

on on on
ov ov
= ., % dS —|— . % dS

. ov . (9(Hk,1v)
= /e%ds = /67871 ds

for all e € &._1, where e, eo € & with e = e; U ey (cf. Figure 5.5). Therefore

kalﬂkv = Hk,ﬂ]. [
Lemma 5.8 Assumption 6 of Chapter 4 holds. That is

I — vl < B lloll, Vo € Vi

Proof. Let T € 7,1 be divided into 4 triangles T}, 7T5,T5 and T, in 7 and T =

T/hi_1. Then |T| ~ 1 (cf. Figure 5.6).

p3 P2

p1
Figure 5.6: A reference triangle T' divided into 4 triangles Ty, Ty, Ty and Ty
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For each v € Vj, define #(i) = v(hy_1&) for # € T. Note that & € T if and only if
hip_1x € T. If w = 1I;,_yv, then we define f[k_lfj to be .

Let V(T) be the Morley finite element space associated with Ty, Ty, Ty and Ty.
Note that V(T) is the space of functions & € Ly(T) such that ] is a quadratic
polynomial on T} for i = 1, 2, 3 and 4, ¢ is continuous at pi, p» and ps, and 9o /on

is continuous at my, mo and mg. We can see that V(T) is a finite dimensional linear

space and

4 1/2
S ~12
. = Z|U|H2@.)]

=1

defines a norm on the quotient space V(T')/Py(T), where Py(T) is the space of linear

functions on 7. On the other hand,
v — [[Te® = 0|,y 7
defines a semi-norm on V(T')/P;(T). Therefore
A 1/2
10 = 0l| 17y S [Z [0 ?JZ(TZ-)] : (5.3.7)
i=1
A scaling argument on (5.3.7) yields
4 1/2
MT-10 = vllLyr) < b [Z Ivﬁp(n)] : (5.3.8)
i=1
The lemma follows. O

Lemma 5.9 Assumption 7 of Chapter 4 holds. That is,

Me-1vlla, S Nvlle, Vv € Hy(Q) + Vi.

Proof.  From (5.3.2), (5.3.6), Assumption 6 and an inverse estimate we have that,
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for all v € HZ(Q) + Vj,

Tx—1v||ap = [[Tr—11Tx0 |4,
< M1 1w — golfa, + [0 a,
< b M1 v — o || o) + 100 ay

S Mxollag S l[ollay-

Lemma 5.10 Assumption 8 of Chapter 4 holds. That is,
=105 1 < L+ ) vll5, + CO R vl (5.3.9)
for allv e Vi, and 6 € (0,1).

Proof.  Let v € V. be arbitrary. It is easy to see from (5.1.3) that [|v][5, can be

expressed as follows:

Iolle =2 |5 5 3 o6+ 3 ( f —ds>], (5.310)

TeT;, peEVr ecly
where V), is the set of the vertices of the triangle T
Let w = II;_yv. Then

el =t |5 3 Ywors X ([ora) | Gan

TeT,_1 pEVT e€lk_1

By the definition (5.1.8) of II;_; and (5.3.1), we have w(p) = v(p) for all p € Vi_4

([0 ([ o [ )
([ ) (] 54
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for all e € &1, where €1, es € & with e = e; U ey (cf. Figure 5.5). Therefore

D D v+ Chiy (/g—vds> . (5.3.12)

T€Ty—1 pEVT e€&y,

2
hkl

T 105 ey <
Let T' € 7;,_1 be divided into four triangles T}, 15, T3 and Ty in 7, whose vertices

are labeled as in Figure 5.7. Then we have

b1

q1 q3

15 T;
D2 D3
q2

Figure 5.7: A Triangle T' € 7;_; divided into four triangles in 7}

3

42 (p) :vaz +3Z qz (QZ))]

pEVT =1

w

<> w(p)+3 Z[a +0)0(q)? + 1+ 0 (v(p:) —v(g)? (5.3.13)

i=1 i=1
4 4
SA+6)) > v+ Jolin,
i=1 peVr, i=1

From (1.2.1) and (5.3.13) we have

o~

4
he oy > o < (L+0REY > w(p)> + COhE Y [vlin . (5.3.14)

pEVT i=1 peVr, i=1
Summing up over all T' € T,_; gives

hey > > wv(p)’ (5.3.15)

T€T,—1 pEVT

Shy (467> > o)’ +CO0h D> i

TeT;, peVr TeT;,
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Using a similar argument as we did for (3.3.7), we have

S ([oras) <03 b 5310

e€ly TeTy

Therefore from (2.1.32), Lemma 4.3, (5.3.10), (5.3.12), (5.3.15) and (5.3.16) we have

= I +Ch22( g—st)

D105y <

TE'T}C 1 pGVT eegk
h2 _
<L) DY v+ COHE Y el
TeTy, pEVr TeTy,

< X+ 0)vllg, + CORgllvil

< (L+)llgx + CO2 R vl

5.4 Intergrid Transfer Operators

In this section we prove the last three Assumptions in Chapter 4 about the intergrid

transfer operators.

Lemma 5.11 Assumption 9 of Chapter 4 holds. That is,
|15 v — V]| 2200) S hi|Vla,, YU € Vi1 (5.4.1)

Proof. Let v € V}, be arbitrary and T a strangle in 7. Let T} and 75 be two triangles
in 751 such that 7" C 77 and 75 neighbors T (cf. Figure 5.8).

Since I} ;v — v is a quadratic polynomial on T, it follows that

3
HIII:AU - UH%Q( h Z Ill: 1v(p)) (pj)]2 (5.4.2)
7j=1




pr m3 P2

Figure 5.8: Two neighboring triangles T} and T5 in 74

Since p; is a node in 7;_1, we have I} v(p;) — v(p;) = 0.
We consider the the jump w = v;, — vy, on the edge e. Since w is a quadratic
polynomial on e with w(p;) = w(p’) = 0, it is easy to see from the Mean-Value

Theorem that

w(z)| < !e|28tup w" ()] S Pi(|vr, |2y + Ve 5275))
ce

for all z on e. Therefore

1
1 s0(0) = 0] = 3l + 0] = s )
1
= [50Ps)| S hul[or w2y + [vra]m2))-

A similar estimate holds for |I}_v(p2) — v (p2)].

As for normal derivatives at m;, we first have
orf v vy

on (m1) on (m1) = 0.

Since the jump of normal derivatives z = 9IF ,v/On — Ov;/On on e vanishes at

the midpoint p; of e, we have
[2(@)] < [e] sup |2'(@)] < [or |2y + [vrs |12
€e

for all x on e. Therefore
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oIF v

(m2)

1 [dvy, . v, | Oup,
2| On on on

1
52(7”2)

S or w2y + s |52 (1)

A similar estimate holds for the jump of the normal derivatives at msg.

Putting everything together we have

iy = ollZyry S Y [oliea),
T'eS(Th)

where S(77) is the triangle 77 and other neighboring triangles in 7;_;. Summing up

over all T' € 7}, proves the lemma. 0
Lemma 5.12 Assumption 10 of Chapter 4 holds. That is,
1Rk 1C = TGl o) S Bt IClmeva(e) V¢ € Hg () N H?H(9). (5.4.3)

Proof. Let 1T} : H*™(Q2) — V;* be defined as in the proof of Assumption 4. We
also define ZF | : V* | — V}* to be the one similar to I} ; but without boundary
condition.

By using an argument similar to the proof for (5.2.13) we have
I1Z5_1 1021 C = Tl o) S AET ¢l vai)  VC € HPF(Q).
Let ¢ € HZ(Q)N H**(Q). Then Zy 1T ¢ — ;¢ = ZF 11 ¢ — I1¢. Therefore
[PAS  PRYGE § PR QNS N | /Y | PTG S\ § PR FANTI N 40 | PRIRTQE | PR FS
S H111§—1Hk—1c - I/f_lHHCHLz(m + h?“KIHw(m

for all ¢ € HZ(Q) N H*T*(Q).

Using an argument similar to (5.2.14)—(5.2.16), we have
13 TherC = Ty Tima o) S Bl mevoe) VC € Hi () N H(Q).

The lemma then follows. O
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Lemma 5.13 Assumption 11 of Chapter 4 holds. That 1s,
1251l < (L + 0 10ll5 -1 + CO2 R V12 s (5.4.4)
for allv € Vi—y and 0 € (0, 1).

Proof. Let v € V;_; be arbitrary and w = I} _,v. Then by (5.1.3) we have
ol = =2 | S nuer+ X ([2a) | Gas
k—1V10,k ; k on
PEVY ec&y

and

o3y =12 | 32 n@om?+ 3 ( g_nd) | (5.4.6)

PEVE—1 e€fk_1

where n(p) = |S,|/6 and S, is the set of triangles sharing p as a common vertex. Note
that n(p) is independent of k.

If p € Vi_1, then the value v(p) is well defined, i.e., v+(p) = v|+(p) = v(p) for all
T € 75, sharing p as a common vertex. From (5.1.6) in the definition of I} | we
have w(p) = v(p). If p € Vi, \ Vk_1. Then p is the midpoint of some e € &4, which
is the common edge of two triangles T, 7" € 7;._; (cf. Figure 5.9). After subdivision,
p is always the common vertex of 6 triangles in 7 and therefore n(p) = 1. Hence we

can write

> nlpwp)?’ = Y npem?*+ Y. wp) (5.4.7)

PEVR PEVE_1 PEVE\Vi—1

Suppose p; and py are the endpoints of e (cf. Figure 5.9). We have

wlp? = | 30nlp) + o )| < G + 500 () (5.48)
Then from (2.2.2) we can write
(0r(P))? = 5 [0(pa) + (v (p) — v(p)]
< S+ (i) + C8[un(p) — v(p)]
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b1

D2 ¥ :

Figure 5.9: A vertex p € 7j, \ Tx—1
Note that the Mean-Value Theorem and a standard inverse estimate imply that
[vr(p) — v(p1)® < |p — p1*IVOlZ Ly < ClolFn -

Therefore we have

1 1 _
s ))” < 50+ 0)0mn)? + Ol (5.4.9)
and similarly
1 1
i(UTl (p))2 S 5(1 + 62)’0(]92)2 + 09_2|U|%{1(T/). (5410)
Thus from (5.4.8), (5.4.9), and (5.4.10) we have
1 _
w(p)® < 5(1 +6%)[v(p1)? + v(p2)?] + CO 2[|U|%11(T) + |U|12’{1(T’)]' (5.4.11)

Taking summation of (5.4.11) over p € Vi \ Vi_1 gives

S wll < G046 S IS+ 007 S ol

PEVE\Vi_1 PEVE_1 TeT,—1
= 3(1+06% Z n(p)v(p)? + CO~2 Z |v\§p(T).
PEVE—1 TeTr 1

Therefore it follows from (5.4.7) that

Y n@wp)? <41 +6%) Y npwp)?+ 007 Y |olie (5.4.12)

PEVE PEVE-1 TeT,_1
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By the definition of I¥ | (cf. (5.1.7)), we have

Z(/eg_wd5> <CZ(BT%1§ ) . (5.4.13)

ecy TeT,

From the Mean-Value Theorem and a standard inverse estimate we have

ov
(/aT o ds) = ’aT‘znvaQLw(T) = C’“‘%{lm (5.4.14)

for all T € 7;.. Therefore from (5.4.13) and (5.4.14) we have

Z(/g—wd8> <C > ol (5.4.15)

e€ly TeTk_1

By (1.2.1), (2.1.32), Corollary 4.3, (5.4.5), (5.4.6), (5.4.12) and (5.4.15), we have

1751 llE

<h [4(1460%) Y npo@)?+C07 > ol +C Y ol

PEVE_1 TeT,1 TeTr—1
<1+, > npw®)’+Co0%h > |olinm
pPEVE_1 TeT,1

< X+ O)ollG -y + CORElIVII -

< L+ )llg s + CO R vl s

O
Historical Remark All of the estimates in Section 5.2 and (5.4.3) were established
in [24]. The estimate (5.4.1) was obtained in [21]. The rest of the estimates in Sections

5.3 and 5.4 are new ones (cf. [54]).

5.5 Numerical Results

In this section we present the results of some numerical experiments to illustrate
Theorems 2.13 and 2.14 for the Morley method.

First let Q be the unit square (0,1) x (0,1) (cf. Figure 5.10(a)).
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(a) Square domain  (b) L-shaped domain
Figure 5.10: The triangulation 7, for k = 2.

Since the domain {2 is convex, we have full elliptic regularity, i.e., the index « in
(1.1.5) is 1. Let g be the contraction number of the kth level V-cycle iteration
with m pre-smoothing and m post-smoothing steps. According to Theorem 2.13,

there is a constant C, independent of £ and m, such that

mY Y mo < C. (5.5.1)

The numerical results in Table 5.1 are consistent with (5.5.1). In fact, they seem
to indicate that C' could be some number less than 10, and that (5.5.1) is valid for

m > 50.

S)—I

Ymko | M=20 | m=30 | m=40 | m=50 | m=60 | m=70 | m=80
1.1347 | 1.0005 | 0.9075 | 0.8251 | 0.7454 | 0.6683 | 0.5948
1.5547 | 2.2969 | 2.1645 | 2.0767 | 2.0067 | 1.9455 | 1.8904
3.9972 | 3.5275 | 3.3043 | 3.1722 | 3.0803 | 3.0009 | 2.9491
5.3075 | 4.5923 | 4.2589 | 4.0665 | 3.9393 | 3.8459 | 3.7726
6.4352 | 5.4653 | 5.0207 | 4.7645 | 4.5984 | 4.4800 | 4.3898
7.3727 | 6.1637 | 5.6143 | 5.2982 | 5.0953 | 4.9528 | 4.8459

I
oo | S| o | |

W‘/’T‘W‘W'W‘W

Table 5.1: Morley: V-cycle results on the unit square

Remark 5.14 Note that the condition number of the operator Ay, is of order h *(cf.
(5.1.4) and (3.1.4)) while the condition number for second order problems is of order
h; 2. Therefore the effect of m smoothing steps for fourth order problems is equivalent
to the effect of v/m smoothing steps for second order problems.

The key to the improvement of the performance of multigrid methods for fourth
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order problems is in the design of new smoothing operators. Besides [6], [14] and [26],
there are also some new composite relaxation schemes that may also apply (cf. [40]).

The design and analysis of more sophisticated smoothers would be one of the
interesting research topics in the future. In [30], some smoothers that involve a
multigrid solve for the Poisson problem have been obtained and turn out to be good

ones.

Let vrm,r be the contraction number of the kth level F-cycle iteration with m
pre-smoothing and m post-smoothing steps. According to Theorem 2.14, there is a

constant C', independent of £ and m, such that
My < C. (5.5.2)

The numerical results in Table 5.2 are consistent with (5.5.2) and seem to indicate

that C' =2 and (5.5.2) is valid as long as m > 15.

1 Q”Vm,k,f m=10 | m=11 | m=12 | m=13 | m=14 | m=15 | m=16
1.2132 | 1.1890 | 1.1706 | 1.1524 | 1.1364 | 1.1231 | 1.1071
1.4359 | 1.4037 | 1.3764 | 1.4097 | 1.3907 | 1.3838 | 1.4097
1.4310 | 1.3909 | 1.4163 | 1.4140 | 1.4030 | 1.4000 | 1.3933
1.4057 | 1.4041 | 1.3989 | 1.4017 | 1.3924 | 1.3908 | 1.3905
1.7918 | 1.3958 | 1.4035 | 1.3841 | 1.3756 | 1.3949 | 1.3759
5.4706 | 3.5578 | 2.4361 | 1.7541 | 1.3662 | 1.3775 | 1.3700

3

W‘WTW‘W‘W
QO | O O = W

Table 5.2: Morley: F-cycle results on the unit square

In the case of the L-shaped domain (cf. Figure 5.10(b)), the index of elliptic
regularity is o, = 0.5444837368. Numerical results for V-cycle and F-cycle algorithms

are reported in Table 3 and Table 4, which are also consistent with (5.5.1) and (5.5.2).

Remark 5.15 Even though the asymptotic convergence rate for both algorithms is
O(m~=%/?), the performance of the F-cycle algorithm is clearly superior, as demon-
strated by the numerical results in Table 5.5 and Table 5.6. Similar results also hold

for the L-shaped domain.
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3
£
DO

Vmkw | M=30

m=40

m=50

m=—60

m="70

m=80

m=90

0.2237

0.1404

0.0879

0.0546

0.0337

0.0208

0.0127

0.9099

0.7905

0.7137

0.6597

0.6173

0.6833

0.5561

1.5698

1.3924

1.2888

1.2124

1.1605

1.1192

1.0877

2.1111

1.8776

1.7316

1.6282

1.5592

1.5073

1.4635

2.5752

2.2753

2.0991

1.9814

1.8938

1.8276

1.7715

O || O =] W

2.9648

2.6232

2.4243

2.2913

2.1894

2.1138

2.0517

Table 5.3: Morley: V-cycle results on an L-shaped domain

3

'™ 27m,k,f m=11

m=12

m=13

m=14

m=15

m=16

m=17

0.5550

0.5266

0.5006

0.4762

0.4532

0.4313

0.4112

0.8529

0.8459

0.8126

0.8080

0.7965

0.7858

0.7743

0.8274

0.8092

0.7942

0.7701

0.7646

0.7303

0.7341

0.8134

0.7958

0.7830

0.7627

0.7515

0.7391

0.7192

0.8205

0.8038

0.7894

0.7759

0.7601

0.7381

0.7246

QO | O O = W

2.0406

1.4087

1.0198

0.7749

0.7449

0.7264

0.7140

Table 5.4: Morley: F-cycle results on an L-shaped domain

Vmkp | M=34 | m=35 | m=36 | m=37 | m=38 | m=39 | m=40 | m=41
k=3 ] 0.1648 | 0.1609 | 0.1571 | 0.1535 | 0.1500 | 0.1467 | 0.1435 | 0.1404
k=4 ] 0.3834 | 0.3756 | 0.3683 | 0.3613 | 0.3546 | 0.3483 | 0.3422 | 0.3365
k=5 1] 0.5869 | 0.5746 | 0.5630 | 0.5521 | 0.5417 | 0.5318 | 0.5225 | 0.5135
k=6 | 0.7605 | 0.7438 | 0.7281 | 0.7133 | 0.6993 | 0.6860 | 0.6734 | 0.6614
k=7 10.9014 | 0.8807 | 0.8613 | 0.8430 | 0.8257 | 0.8093 | 0.7935 | 0.7791
k=8 | 1.0128 | 0.9887 | 0.9667 | 0.9448 | 0.9247 | 0.9057 | 0.8877 | 0.8707

Table 5.5: Morley: Contraction numbers for V-cycle algorithms on the unit square

Compared with the W-cycle algorithm, the contraction numbers for F-cycle are
larger for small numbers of smoothing steps. In Table 5.7, the contraction numbers
of W-cycle algorithm are given for 3 < m < 8. In general F-cycle algorithms diverge
for these m’s. However, for larger m (say, for m > 13), the contraction numbers for
both algorithms are almost the same, and sometimes the F-cycle algorithm is even
better (cf. Table 5.6 and Table 5.8). Considering the fact that the cost for W-cycle

is higher, we could say that the F-cycle algorithm is even more efficient then the W-
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s |m=11 | m=12 | m=13 | m=14 | m=15 | m=16
0.3580 | 0.3379 | 0.3196 | 0.3037 | 0.2900 | 0.2768
0.4232 | 0.3973 | 0.3910 | 0.3717 | 0.3573 | 0.3524
0.4194 | 0.4089 | 0.3922 | 0.3750 | 0.3615 | 0.3483
0.4234 | 0.4038 | 0.3888 | 0.3721 | 0.3591 | 0.3476
0.4208 | 0.4051 | 0.3839 | 0.3677 | 0.3602 | 0.3440
1.0727 | 0.7032 | 0.4865 | 0.3651 | 0.3557 | 0.3425

Il |2

W‘W‘W‘W‘WW\%
Ol J| S| O = | W=

Table 5.6: Morley: Contraction numbers for F-cycle algorithms on the unit square

cycle algorithm for m between 11 and 16. It would be interesting to find a theoretical

explanation for the superior performance of the F-cycle algorithm (see also [49]).

w | m=3 |m=4 |m=5 |m=6 |k=7 m=_8

0.7260 | 0.6620 | 0.5922 | 0.5313 | 0.4883 | 0.4245
0.7628 | 0.7005 | 0.6294 | 0.5787 | 0.5323 | 0.4898
0.8499 | 0.7477 | 0.6505 | 0.5743 | 0.5348 | 0.4988
0.8926 | 0.7673 | 0.6660 | 0.5850 | 0.5445 | 0.4990
0.9349 | 0.8051 | 0.6544 | 0.5874 | 0.5384 | 0.5003
0.9334 | 0.8214 | 0.6747 | 0.5856 | 0.5362 | 0.5009

Il |2

WWWTWWQ
| | | O x| W=

Table 5.7: Morley: Contraction numbers for W-cycle algorithms on the unit square

w | m=11 | m=12 | m=13 | m=14 | m=15 | m=16
0.4250 | 0.4113 | 0.3943 | 0.3790 | 0.3660 | 0.3473
0.4288 | 0.4078 | 0.3958 | 0.3774 | 0.3670 | 0.3558
0.4296 | 0.4137 | 0.3957 | 0.3803 | 0.3642 | 0.3553
0.4285 | 0.4117 | 0.3954 | 0.3817 | 0.3667 | 0.3546

|2

WPTTWQ
| O O W= =

Table 5.8: Morley: Contraction numbers for W-cycle algorithms for large m’s.
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Chapter 6

Multigrid Methods Based on the
Incomplete Biquadratic Element

6.1 The Incomplete Biquadratic Element

The incomplete biquadratic element is defined on a rectangle. The set of shape
functions is

2 .2 2 2
Pr= (1,21, 02, 1132, 7, 13, T332, 1125 .

The nodal variables include the evaluations of the functions at the vertices of the

rectangles, and the normal derivatives at the midpoints of the edges (cf. Figure 6.1).

l

Figure 6.1: The incomplete biquadratic element

Let 77 be a triangulation of the domain €2 consisting of rectangles. For k > 1, we
obtain 7;,; by connecting the midpoints of the opposite edges of the rectangles in

7.
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The incomplete biquadratic element space Vj consists of all functions v € Ly(12)

satisfying the following conditions:

1. v, € Prforall T € 7;.
2. v is continuous at the vertices of 7, and vanishes at the vertices along 0f2.

3. The normal derivative dv/0On is continuous at the midpoints of interelement

boundaries and vanishes at the midpoints along 0f).

The incomplete biquadratic finite element method for the biharmonic problem is
as follows:

Find u; € V}, so that

ke (U, v /fvda: Yu € V.

A discrete inner product (-, -); on Vj is defined as follows:

= [Z i ([ 50) ([ 574))

pEV ec&

where V), is the set of internal vertices of 7y, & is the set of internal edges of 7; and
n(p) = $x (the number of quadrilaterals sharing the node p as a vertex).

The coarse-to-fine intergrid transfer operator [ ,’j_l : Vieqy — Vi 1s defined as
follows:

Let v € Vi_;. We define If v € V; by the following averaging technique :

1. If p is an internal vertex of 7, then

1
¢ v p) = vr(p),
( k—1 )( ) |Sp,k—1| Te%_l ( )

where S, 1 :={T € Tj_1 : p € T'}.

2. If e is an internal edge of 7, which means that e C 9Ty N 9T, for some T}, T €

oIi_yw) 1 vy, v,
/erS_i(  on d”/e o dS)-

T}, then




The fine-to-coarse operator [ ,’j’l : Vi — Vi_1 is the transpose of I¥ | with respect

to the discrete inner products.

6.2 Convergence Analysis

A conforming relative of the incomplete biquadratic element (for rectangular mesh)
is a generalized Bogner-Fox-Schmit Q4 element (cf. [29]) described as follows.

The set of the shape functions for the element is

Q4= {Z pj(x1)q;(z2) : p; and ¢; are polynomials of degree < 4}.
J

The nodal variables include the evaluations of the shape functions at the vertices
of the rectangle, at the center of the rectangle, and at the midpoints of the edges,
the gradients at the vertices, mixed second order derivatives at the vertices, and the

normal derivatives at the midpoints of the edges (cf. Figure 6.2).

.

Figure 6.2: A generalized Bogner-Fox-Schmit Q, element

The finite element space Vj is defined as follows: A function v belongs to Vj, if

and only if the following conditions are satisfied:
1. ve CH Q)N HEQ),

2. v|y € Qq for all T € 7y,

9%v
0x10x2

3. the mixed second order derivative is continuous at the vertices of 7.
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The operator Ej : Vi, — Vj, is defined by the averaging technique we used for
the Morley element and the HCT element. The definition of F : Vi, — Vj is
straightforward.

Each function v € V} has the following properties:
1. vl is a quadratic polynomial for all edge e € 7y,
2. Vo is continuous at the midpoints of the edges of 7.

These properties also hold for the Morley functions, and we can see from Chapter 5
that they are the key ingredients for the verifications of Assumptions 1-11 in Chapter
4. Therefore we can verify these assumptions for the incomplete biquadratic element

in the same way.

6.3 Numerical Results

Again, we test the algorithms on the unit square and an L-shaped domain. We first
look at the results on the unit square domain.

The contraction numbers for V-cycle, F-cycle and W-cycle algorithms are given

in Tables 6.1-6.3.

VYmko | M=2 | m=3 | m=4 | m=5 | m=6 | m=7 | m=8
k=3 |0.78 [0.70 | 0.65 | 0.59 | 0.55 | 0.51 | 0.46
k=4 | 1.18 [0.72 | 0.66 | 0.61 | 0.57 | 0.53 | 0.49
k=5 |143 [0.73 | 0.68 | 0.62 | 0.57 | 0.52 | 0.49
k=6 | 152 [0.74 | 0.68 | 0.63 | 0.58 | 0.53 | 0.51
k=7 | 152 [0.74 | 0.68 | 0.63 | 0.58 | 0.53 | 0.50
k=8 | 1.52 [0.74 | 0.68 | 0.66 | 0.58 | 0.53 | 0.50

Table 6.1: Incomplete Biquadratic: V-cycle contraction numbers on the unit square

We can see that V-cycle algorithm converges for m > 3, and F-cycle and W-

cycle algorithms converge for m > 2, which is much better than the algorithms using
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| m=1|m=2| m=3 | m=4 | m=5 | m=6 | m=7
0.87 1 0.78 |0.71 [ 0.65 | 0.59 | 0.55 | 0.51
2.56 | 0.81 |0.73 | 0.67 | 0.62 | 0.58 | 0.53
7.84 | 0.80 |0.74 | 0.68 |0.62 | 0.58 | 0.53
46.6 | 0.80 | 0.74 | 0.68 | 0.63 | 0.58 | 0.53
361 | 0.80 |0.74 | 0.68 | 0.63 | 0.58 | 0.53
3555 | 0.80 | 0.74 | 0.68 | 0.63 | 0.58 | 0.53

Il |2

WWWTWWQ
O | | O x| W=

Table 6.2: Incomplete Biquadratic: F-cycle contraction numbers on the unit square

w | Mm=1|m=2| m=3 | m=4 | m=5 | m=6 | m=7
0.86 [ 0.77 | 0.71 | 0.65 | 0.60 | 0.55 | 0.51
0.95 [ 0.79 | 0.72 | 0.66 | 0.61 | 0.57 | 0.53
1.05 |1 0.79 | 0.73 | 0.68 | 0.62 | 0.58 | 0.53
1.08 | 0.80 | 0.73 | 0.67 | 0.62 | 0.57 | 0.53
1.07 1 0.80 | 0.73 | 0.68 | 0.62 | 0.58 | 0.53
1.08 | 0.80 | 0.73 | 0.68 | 0.62 | 0.57 | 0.53

INE

WWW‘TW‘W‘Q
| | | O x| W

Table 6.3: Incomplete Biquadratic: W-cycle contraction numbers on the unit square

the Morley method. When convergent, they are even more efficient than the HCT

method.

=i

mY? % Yy | m=3 | m=4 | m=5 | m=6 | m=7 | m=8
1.22 | 1.29 | 132 |1.35 | 1.35 | 1.30
1.26 | 1.32 |1.37 | 139 | 140 | 1.39
1.26 | 1.35 [1.39 | 1.40 | 1.38 | 1.38
1.27 [ 1.35 | 1.40 | 141 | 1.41 | 1.42
128 | 1.36 [ 140 |1.42 |1.41 |1.41
1.28 | 1.36 |1.40 |1.41 |1.41 |1.40

|
co| | | | x| o

k
k
k
k
k
k

Table 6.4: Incomplete Biquadratic: V-cycle results on the unit square

From Tables 6.4 and 6.5 we can see that the numerical results are consistent with
Theorems 2.13 and 2.14.

The results on the L-shaped domain are given in Tables 6.6-6.8.
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mY? s« vy p | m=2 | m=3 | m=4 | m=5 | m=6 | m=7
k=3 1.10 [ 1.22 | 1.30 | 1.31 | 1.36 | 1.36
k=4 1.14 | 1.27 | 1.34 |1.40 | 141 | 1.39
k=5 1.13 | 1.28 [ 1.36 | 1.39 | 142 |1.41
k=6 1.14 | 1.28 | 1.36 | 140 |1.42 | 1.41
k=7 1.14 | 1.28 [ 1.36 |1.41 |142 |1.41
k=8 1.14 | 1.28 [ 1.36 |1.41 |142 |1.41

Table 6.5: Incomplete Biquadratic: F-cycle results on the unit square

m®/% %y, | m=3 | m=4 | m=5 | m=6 | m=7 | m=8
k=3 0.89 | 0.87 |0.84 |0.81 |0.79 |0.75
k=4 095 {093 | 090 | 0.87 |0.81 | 0.80
k=5 096 1094 (092 |0.87 |0.84 | 0.80
k=6 097 095 |1091 | 087 |0.84 | 0.81
k=7 097 095 | 091 | 087 |0.87 | 0.88
k=8 097 095 |0.89 | 0.87 |0.8 | 0.88

Table 6.6: Incomplete Biquadratic: V-cycle results on an L-shaped domain

me*/? Ymk,f | M=2 | m=3 | m=4 | m=5 | m=6 | m=7
k=3 0.89 | 0.88 [0.83 |0.85 |0.82 |0.79
k=4 0.94 1095 [0.92 |0.89 |0.86 | 0.83
k=5 0.95 | 095 [0.94 | 091 |0.86 | 0.82
k=6 0.95 1096 [0.95 |0.92 | 0.88 |0.84
k=7 0.95 1096 [0.95 |0.92 |0.88 |0.83
k=8 0.95 | 097 [0.95 |]0.92 | 0.88 | 0.83

Table 6.7: Incomplete Biquadratic: F-cycle results on an L-shaped domain

me*/? VYmkw | M=2 | m=3 | m=4 | m=5 | m=6 | m=7
k=3 0.88 | 0.87 | 0.84 |0.80 |0.71 |0.79
k=4 0.93 1093 093 |0.90 | 0.86 | 0.82
k=5 0.94 1096 092 |0.90 | 0.88 | 0.82
k=6 0.94 1096 |094 |0.91 |0.87 |0.83
k=7 0.95 1096 |094 |0.91 | 0.87 |0.82
k=8 0.95 1096 |094 |0.91 |0.87 |0.83

Table 6.8: Incomplete Biquadratic: W-cycle results on an L-shaped domain
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