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Korn’s inequalities for piecewise H! vector fields
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HY(Q) cC Ly(Q) (Rellich-Kondrachov)
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Proof of a Poincare-Friedrichs Inequality

oy < € (Julinio) + | [ wde]) Vue (@)
Q

Ju, € H'(Q2) such that ||u,| 1, = 1 and
1> n<|un|H1(Q) + ‘ / U, d:z:D
Q

lim |up|gr =0 and lim [ u,dz =0
n—aoeo n—aoeo O

In particular,

a contradiction

lullo@) =1, |ulm@) =0, /QUCL”E =0
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P Is a partition of ().

HY QL P) ={ueLl(Q): u, =u|, € H(D) VD e P}

S(P,§2) = the set of interior sides of P
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(' depends only on the shape regularity of the partition.
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reference domain
— )

A4S

aspectratio = diam D/diam B



Shape Regularity of a Partition

#® shape regularity of each subdomain
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Relative Positions of Neighboring Subdomains

o

This can be quantified by the ratios of the length of the
boundary of a subdomain to the lengths of the edges

on the boundary:

OD]/lo|
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#® shape regularity of each subdomain
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# relative positions of subdomains

reference domain = square

aspect ratio = v/2




Shape Regularity of a Partition

#® shape regularity of each subdomain
» reference domain and aspect ratio

# relative positions of subdomains

a uniform constant C' for such partitions
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This weak continuity condition is satisfied by many

classical nonconforming finite element functions
when P is a triangulation.
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Jullza@) < C(Julmom) + /ud:cD
Q

classical nonconforming finite element functions

HU/”L2(Q) S C(‘u|H1(97P) -+ /uds
r

Temam 1977, Thomas 1977,...
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HUHLQ(Q) S C(‘U‘Hl(gyp) -+ /UdS
r

)

Jullza@) < C(Julmom) + /QudazD

non-matching grids

discontinuity of mortar element

functions at the interface




Application to Mortar Methods

HU/”L2(Q) S C(‘u|H1(97P) -+ /uds
r
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Jullza@) < C(Julmom) + /QudazD

mortar condition on |u],

Implies
/[u]a ds =0

2D - Stefanica 1998, Gopalakrishnan 1999, 2000
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Arnold’s Proof
Let Q2 be a convex polygon, v € H'(Q2,7) and

—Ap=u onf€), ¢=0 on 0.

¢ € H*(Q)NHy(Q) and [|¢]me) < CallullLy@)

lullZ ) < [Z\ el Zage + D lelHlullZy e

ecgt ecgEb

+ ’uﬁ{l(ﬁj)}

#® The integrals on the whole 02 are penalized.

#® The proof involves elliptic regularity theory.
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Korn’s inequality
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Korn’s inequality

ulmi) < Collle(w)ll @ + lullo)

Korn’s first inequality

"U,’Hl < CQI‘(H ( )HLQ(Q) - Hﬂ_r,fu’H[&(F))

[CoQ, [I'l>0

T

ry = the orthogonal projection operator from

[Lo(1)]* onto [P, (T)]
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Korn’s second inequality

Q)

d=3 (curlofu)

8u3 GUQ 8u1 8u3 8u2 8u1>t

Voxu = ((%2 ({91’37 8£63 (93317 (9:13’1 8:)32
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Korn’s second inequality
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(9U2 8u1
(95131 8x2

V X u =



Discontinuous Korn’s Inequalities



Discontinuous Korn’s Inequalities

P Is a partition of ().

________




Discontinuous Korn’s Inequalities

P 1s a partition of ).

[HY(Q,P)]? = {ue [Lo()) :u|,, € [H(D)? VD eP}

S (P, §2) = the set of interior sides of P
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Korn’s inequality
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Korn’s inequality

ulinop) < C(He ) + el ) +3)
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T, = the orthogonal projection operator from
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Korn’s inequality
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Korn’s inequality
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Discontinuous Korn’s Inequalities

Korn’s inequality

uffiap) < C(He W20 + 1l 0 +9)

(diam o) 7o [u]o ||,
Q)

oeS(P,Q)

These Korn’s inequalities can be simplified if

Tyqlt], =0
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Korn’s inequality

Korn'’s first inequality
ulmar) < C(lle @)y + 17wl m)

Korn’s second inequality

ulim o) < C(len(w) 1)+ Y [ 7 xude])

DepP

or equivalently

/[u](, Qds=0 YocSP.Q), Le[P(o)



Application to Nonconforming Finite Elements
Korn’s inequality

ulmar) < C(lep(®) ) + o)
Korn’s first inequality

uliop) < C(llep(@) o) + 17wl )

Korn’s second inequality

ulim o) < C(len(w) 1)+ Y [ 7 xude])

DepP

classical simplicial nonconforming finite elements of degree
greater than or equal to 2 (Fortin-Soulie elements)

2D - Falk 1991



Application to Nonconforming Finite Elements

Korn’s inequality

Korn'’s first inequality
ulmar) < C(lle @)y + 17wl m)

Korn’s second inequality

ulim o) < C(len(w) 1)+ Y [ 7 xude])

DepP

classical quadrilateral nonconforming finite elements such as
Wilson’s rectangle or brick (requires a slight modification of the

arguments)

M. Wang 1994, Z. Zhang 1997, X. Xu 2000



Application to Mortar Methods

Korn’s inequality

ulmar) < C(llep(®) @ + ]

Korn'’s first inequality
ulimar) < Ol W) @ + 1m0 )

Korn’s second inequality

ulgap) < C(||ep(u) L) + \Z /DV X Udf\)

DepP

These inequalities can also be applied to mortar element
functions (after a slight modification of the arguments).



Application to Discontinuous Galerkin Methods
Korn’s inequality
uinap < C(llep (W0 + Il + )
Korn's first inequality
uinaz < C(llep() By + Ime el +9)

Korn’s second inequality
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Application to Discontinuous Galerkin Methods
Korn’s inequality

uiap < C (eI + w0 +
Korn'’s first inequality

ufsap) < C (e (@) 13,0 + el +

(=

)

Korn’s second inequality

2~
b < C(le (@) 0 +Y [ Vxuds+9)
pep” P

(=

3= Y (damo) w2,

oeS(P,Q)

Duarte, Carmo and Rochinha 2000
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Strategy for Poincare-Friedrichs Inequalities

2
2 2
fulf o) < € (ulipiap + | [ wda] +7)
V' = the space of piecewise constant functions

For v € V/, since 7,,[v], = |v],, we expect

7= 3" (diamo) " moufvlsl, 0

oeS(P,Q)

because ? = 0 implies that v = c is a global constant, in

which case we have the trivial inequality

2
el o <] [ cdo



Strategy for Poincare-Friedrichs Inequalities

This heuristic argument shows that the correct form of the

discontinuous Poincareé-Friedrichs inequality is

2
Jull ) < C(Iufipy + | [ we

e Z dlama 1H7Tao[ ]OH%Q(O)>

oeS(P,Q)



Strategy for Poincare-Friedrichs Inequalities

This heuristic argument shows that the correct form of the

discontinuous Poincareé-Friedrichs inequality is

2
Jull ) < C(Iufipy + | [ we

e Z dlama 1H7Tao[ ]OH%Q(U)>

oeS(P,Q)

Step 2 Derive the inequality when P is a simplicial trian-

gulation 7.
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Let W c H'(Q) be the P, finite element space associated
with 7.
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Construction of E : V — H(Q)

Let W c H'(Q) be the P, finite element space associated

with 7.

Basic Discrete Estimate

Z‘U—EU Z Z|

peV(T o€S(7T,Q) peV(o
U

VAN

(diam o) v UHLQ(J)

oeS(7T,Q)
C Z (diama)l_dHWJ,O[U]UHZ(U)
oeS(7T,Q)



Construction of E : V — H(Q)

Let W c H'(Q) be the P, finite element space associated
with 7.

Lo Estimate
9
lv — Bvl|l},q) < Z (diam &) {70 [V]a]| 1, )
S(T .0
H' Estimate

v — Evlipng < C Y (diamo) ™" ||ma,[v]
eS(7T,Q)

‘7||L2(0)



Strategy for Poincare-Friedrichs Inequalities

# First derive the inequality for functions in V' (i.e.,

piecewise constant functions).
s constructalinearmap £/ : V — H(Q)

» combine the classical Poincaré-Friedrichs inequality

for F)v with the estimates for v — £v to obtain

ol < € (| [ v
+ 3 (dam o) o [vlol2,0))

oeS(P,Q)
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Strategy for Poincare-Friedrichs Inequalities

# First derive the inequality for functions in V' (i.e.,

piecewise constant functions).
® Then derive the inequality for functions in H'(Q, 7).

s construct an operator IT : H}(Q,7) — V

), - L [ i

» derive the Poincaré-Friedrichs inequality for
H'(Q, T) by combining the inequality for V' and

standard interpolation estimates for u — 1lu



Strategy for Poincare-Friedrichs Inequalities

# First derive the inequality for functions in V' (i.e.,

piecewise constant functions).

® Then derive the inequality for functions in H'(Q, 7).

2
full o) < (1o +| [ uds

+ 3 (dam o) oo fulo 0 )

oeS(7T,Q2)

(' depends only on the shape reqgularity of 7.
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Strategy for Poincare-Friedrichs Inequalities

More precisely, we have

2
full o) < w(60) (julipory + | [ uda

+ 3 (damo) !l fulo 0 )

oeS(7T,2)

07 is the minimum angle of 7.

r : R, — IR, is a continuous function.
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Step 1l Use a heuristic argument to determine the

correct form of the inequality.

Step 2 Derive the inequality when P Is a simplicial

triangulation 7 .

Step 3 Derive the inequality for a partition P.
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From Triangulation to Partition (2D)

Tp =47 : T is atriangulation of {2 by triangles and
each member of S(P, (1) is also an edge of 7 }

Z (diam o)™ H%,o[u]aH%Q(a)

oeS(7,Q)
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From Triangulation to Partition (2D)

Tp =47 : T is atriangulation of {2 by triangles and
each member of S(P, (1) is also an edge of 7 }

2
2 . 2
full ) < [ing 5(67)] (Juipapy + | [ wtd

e Z (diam o) 1H7Tao[ ]UH%Q(U))

oeS(P,Q)



From Triangulation to Partition (2D)

2
full o) < C (ulipapy + | [ wtd]

+ Y (damo) ! [mofula)3, )

oeS(P,Q)

(' depends only on the shape regularity of P.



Strategy for Poincare-Friedrichs Inequalities

Step 1l Use a heuristic argument to determine the

correct form of the inequality.

Step 2 Derive the inequality when P Is a simplicial

triangulation 7 .

Step 3 Derive the inequality for a partition P.

This strategy also works for Korn'’s inequalities.
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Determine a piecewise polynomial space V' by setting the
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Step1 Find the correct form of the discontinuous Korn’s

iInequality
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Determine a piecewise polynomial space V' by setting the

dominant term on the right-hand side to be zero.
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Strategy for Korn’s Inequalities

Step1 Find the correct form of the discontinuous Korn’s

iInequality
uinap < C(llep (w0 + el @ +?)

Determine a piecewise polynomial space V' by setting the

dominant term on the right-hand side to be zero.

RM = {a+nz:acR”and n € so(d)}

-0 m ]
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Strategy for Korn’s Inequalities

ulim) < C(llep@) ) + 1l 0 +7)
V' = the space of piecewise rigid motions

For v € V/, since 7,,|v], = |v],, we expect

7= 3" (diamo) o [0, 0y

oeS(P,Q)

because 7 = 0 implies that v is a global rigid motion, in

which case we have the trivial inequality

V|50 < Cllvllz,q
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This heuristic argument shows that the correct form of the

discontinuous Korn’s inequality Is
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Strategy for Korn’s Inequalities

This heuristic argument shows that the correct form of the

discontinuous Korn’s inequality Is

ufiiap) < C(llex @10 + lulo

T Z d|am0 1H7T01 ]UHig(U))

ceS(P,Q)

Step 2 Derive the inequality when P is a simplicial trian-

gulation 7.
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Strategy for Korn’s Inequalities

® First derive the inequality for vector fields in V'

(I.e., piecewise rigid motions).
s constructalinearmap F : V — [H(Q)]¢

» combine the classical Korn’s inequality for /v with

the estimates for v — F'v to obtain
w3 < O @

T Z dlamO' 1H7T01 bHizW))

oeS(7T,Q)

forallv € V
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Strategy for Korn’s Inequalities

® First derive the inequality for vector fields in V'

(.e., piecewise rigid motions).

#® Then derive the inequality for vector fields In

HY(Q,T)]

s construct an operator IT : [H1(Q,7T)|? — V

’/(u—Hu)dw =0 VI'eT
T

‘/Vx(u—ﬂu)dm =0 VI'eT
T



Strategy for Korn’s Inequalities

® First derive the inequality for vector fields in V'

(.e., piecewise rigid motions).

#® Then derive the inequality for vector fields In

HY(Q,T)].
s construct an operator IT : [H1(Q,7T)|? — V

u — Hu|g ) < Crlle(w)||

where C'r depends only on the shape of T



Strategy for Korn’s Inequalities

® First derive the inequality for vector fields in V'
(I.e., piecewise rigid motions).

#® Then derive the inequality for vector fields In
(HY(Q,T))
s construct an operator IT : [H1(Q,7T)|? — V
s derive Korn's inequality for [H1(Q2,7)]¢ by

combining the inequality for V' and the estimates

for u — 1lu



Strategy for Korn’s Inequalities

® First derive the inequality for vector fields in V'

(.e., piecewise rigid motions).
#® Then derive the inequality for vector fields In

HY(Q,T)]

ufion < C(le @I + lulo

+ Z ( diam 0')_1H7TU,1[’U1]0H22(0)>

oeS(7T,Q)

(' depends only on the shape regularity of 7.



Strategy for Korn’s Inequalities

Step 1l Use a heuristic argument to determine the

correct form of the inequality.

Step 2 Derive the inequality when P Is a simplicial

triangulation 7 .

Step 3 Derive the inequality for a partition P.
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Summary

® There are discontinuous versions of classical

9

Inequalities that can be applied to classical
nonconforming finite element methods, mortar
methods and discontinuous Galerkin methods.

Derivations of these inequalities involve only
classical inequalities, discrete estimates and
standard interpolation estimates.

The “discontinuous versions” of these classical
Inequalities can be obtained systematically.
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A Discrete Sobolev Inequality

Vi={veL(Q):v|,e R(D)VDeT,} ifT,isa
simplicial triangulation.

Vi={vel(Q):v|,€eQuD)VDeT,} ifT,isa
quadrilateral triangulation.

[Vl @y < CA+ A (S ol

DeTy,

T Z (diam U)_lHWJ,O[U]o”%Q(g)) Vo eV,

O'ES(T}L,Q)

Discrete Sobolev and Poincaré inequalities for
piecewise polynomial functions

IMI Research Report 2003:12, Univ. South Carolina
to appear in ETNA
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A Poincaré-Friedrichs Inequality for
Piecewise H? Functions

‘U‘?{?(Q,P) = 2_pep ‘U‘?{?(D)

HUH%Q(Q) + ’Uﬁfl(g,@) < C(’U@fl(ﬂp) T Hﬂ-aQ,lUH%Q(aQ)

+ > ldiamo| 7 |mo, [Vl 17,00
oeS(P,Q)

+ 3 Jdiamo| o 00/0nl, 12,0

ceS(P,0)

Poincaré-Friedrichs inequalities for piecewise H? functions
B., Wang and Zhao
IMI Research Report 2003:23, Univ. South Carolina
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