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2-d networks
Def 1 A 2-d network Q0 C R",n > 2 is a connected set defined by

where

1. P; s a stmply connected polygonal open subset of a plane 11;,
2. If i # j, then

P,NP; =0, or a common vertex or a whole common edge.

The set £ of edges of ) is the set of edges of all faces P; of ). The

edges are supposed to be open.

If n = 2, we say that the network is flat: a special case largely studied
in the literature.
On each P; we fix once and for all a Cartesian system of coordinates

(:z,{”, a:g)) = Define Differential operators and function spaces:

Def 2 Let Q) = UlePZ- be a 2-d network. For any k > 1 we intro-

duce the Sobolev space:
PH*(Q) = {u = (), : u; € H*(P)}.

Notation: For a function u defined on {2 we set u; = u|p,= the restric-

tion of u to P;.



The Laplace operator
For each ¢ fix a material constant p; > 0. Fix a partition of € = DUN:
On D: Dirichlet b.c. and on N: Neumann or transmission b.c.

For simplicity we assume that D # ().
The b.v.p.: Given f € L*(Q), find u solution of

—piAu; = f; in P;, Vi,
] = on OF; N OP; (continuity)
u; =0 on OF; N D (Dirichlet b.c.)
| D_opnes pig—zz =0 on e € N (Neumann or transmission b.c.)

If €2 is flat, then the above problem is a standard interface problem.
Questions: Existence, uniqueness and regularity of the solution.
References: [Kellogg 70|, [Carriero 74,76,79],[Ben M’Barek-Mérigot 75],
[Lemrabet 77], [Dobrowolski 81], [N. 88], [N.-Dauge 89|, [Leguillon-
Sanchez Palencia 91], [N.-Siandig 94]

Weak formulation : Introduce
V = {u€ PH Q) :u; =uj on OP,N OP;},
a(u,v) = ZPZ/ Vu; - Vv, Yu,v € V.
i Py

Lax-Milgram lemma =: d a unique solution u € V' of

(1) a(u,v) = fivi, Vv € V.
i P

DN = u is regular far from the corner, i.e., in PH?.



orner sin ularities
Standard ansatz: We look for a singular function associated with the

corner in the form
( )( ) )Z ( )7

where ( , ) are polar coordinates centred at , and satisfying

.

piA =0 in P,NV,Vi,

Uj = Uj on OP,NIOP,NV
< u; =0 on OP,NDNV
\ Zapim#@pig—%:() omee NNV.

We can see that this is equivalent to the Sturm-Liouville problem on a

ld-network  : Find defined on  and a real number solution of
(. ?2,=0 inl,Vie |,
i= at (9]Z N (9]]
$
i =0 at 0I; N D
Ouj __
. Zallﬂe;ﬁ@pla_nz_o ateEN.
Such a  will be called a singular exponant. Let = the set of positive

singular exponants.



in ular decomposition
If for all corner , N {1}=10. Then

(2) u=u ),
n( 1)

where the regqular part w € PH*(Q)) and € R.

f (Sketch) Using a diadic covering near each corner and a priori

estimates, we show that
u; € H*(P;),Y >0,
where H?(P;) is the weighted Sobolev space of Kondratiev’s type:
HXP)={v: 1'% wel?P)V 2}.
Then apply Mellin transformation as in [Kondratiev 67]. "
inimal reqularity If for all corner , N{1} =0. Then

() u € H' (P),Y >1— | €



I tensions
1. Plate equations [N. 9 94, [Mercier 98]: find u solution of

pil\*u; = f; in P, Vi,

some continuity and transmission conditions.
2. Lamé system [N.-Sandig 94,99], [Mercier 98]: find a (2d-vector) u
solution of
Liu; = f; in P, Vi,
some continuity and transmission conditions, where L; is the Lamé
system corresponding to the constitutive material of P;.

. Coupled systems [Maghnou i-N. 92|, [Mercier 98]: Laplace, plate
and or Lamé equations coupled by some continuity and transmission
conditions.

4. Multidimensional problem: n example [Lemrabet 85],[N. 92]
Take

Q=]-1,1*\ mR?* ={(z,00:0 =z 1},
QQ :]O, 2[ in R.

The pb: Find u; defined in €2; and wuy in €2y solution of

( —Auy = fi n {y,
—Auy  [G]=fo in
UL = U on (continuity)
uy =0 on € \ (Dirichlet b.c.)
\ u2(0) = uz(2) =0 (Dirichlet b.c.)

12 2

Uy near (0,0) and ug near 0: Both are singular



Lower ounds or the el en alues

o the Laplace e uation
For an arbitrary 2d-network [Nicaise 87]:

For a corner with a Dirichlet edge e containing and p; = 1, then

122—7

where =5} , ; ;being the interior opening of P; at

For corner with all edge e containing in A and p; = 1, then

L > -

For interface problems [[Kuhn 92|, [CDN 99| [Petzoldt 00],[Mercier 01]:
2 domains, exterior case (D-D or N-N): | > 5~

2 domains, interior case: 1 >

= D=

domains, interior case: 1 >
domains, exterior case (D-D or N-N) or 4 domains, interior case: 1
as small as we want.
n-domains, exterior case (D-D) and the sequence py,-- -, p, admits
only one maximum (quasi-monotone sequence): 1 > 2
n-domains, interior case and a quasi-monotone assumption: ; > 1
n-domains, exterior case (D-D) and the sequence py, - - -, p,, is decreas-

ing: 1 > min(-, 2(—))
11 the above estimates are sharp

More lower bounds in [Mercier 01]



omotop ar ument
Goes back to [Kozlov-Maz'ya 88|
adapted to interface problem in [N. 88|, [N.-Sindig 94|, Knees 02|,

For Laplace: 1 > 3 under the following (geometrical) assumptions:

2 domains, exterior case (D-D or N-N) and 1, » 3

2 domains, exterior case (D-N), 3 3 9 and =
12

n domains, exterior case (D-D), the sequence -+, - - - , - is quasi-monotone

and some geometrical assumptions

For Lamé: 1 > £ under the following (geometrical) assumptions:

2 domains, exterior case (D-D or N-N) 1, o2 gzand ( o — 1)( 2—
1) >0

2 domains, exterior case (D-N), 1 3,3 9 o= 1 9
and ( g— 1)( 2— 1) >0
n domains, exterior case (D-D), the sequences -, -+, L and L, ... L

are quasi-monotone and some geometrical assumptions

More results in [Knees 02]

No lower bound are available for a pure interface problem for Lamé.



1 norini transmission pro lems

\
-

Fix and  two maximal monotone graphs of R* 0 € (0) and
0e (0).
For f € L*(Q), find u solution of

( pi(—Au;  u;) = fiin Q0 =1,2,
u; = us on
(4) 9 —(p1g% pQS%) € (u)on
—plg% € (up)on

u =0 on




Weak ormulation
Variational space: H! (Q) ={ve€ H(Q):v=00on }.
=0j and =907 :j andj lscfunctionsR |— | B
We associate two mappings 1.s.c. and defined respectively on
L*( )and L*( )by

j(u) ,ifj (welL( ),

(u) = .
and
w- W Umellt),
Find a solution u € V' of |
( a(u,v— ) (W )= (v )
(5) < (w )= (v )
\ > flv—u) z, Vv e H (Q).




ppro imated pro lems

( pi(=Au ; w ;)= fiinQi=1,2,
U 1=u 0n ,
ou ou .
(6) 9 —(p1W P25, ) = (w 1)in
ou .
—prg— = (u 1)in
v =01In
\
where > 0, 0 and (resp. ) is the osida approximation
of  (resp. ) given by = I - ) 1) and is a non-

decreasing function, uniformly Lipschitz continuous with a Lipschitz
constant equal to 1.

The weak formulation of (6) is:

a(u ,v) (u 1)vy

(7) _ I
(w 1)1 = fvx,Yve H (Q).

With standard arguments (|Brézis 72]); we show that (7) has a unique
solution u € H' (Q), which fulfils

(8) U f



e ularit o the appro imated solution
daptation of arguments of [Grisvard 76| in the smooth case to the

nonsmooth case.

( _pzAu’L — zanuZ — 1727
U; = ugon ,
9) (G- pis) = (w 1)on
—p1g- = (u 1)on
| u= Oon
. radial cut-off function ()eDR ) u= u
f
Foranyl> >1— 1 andanyi,j, k=12, one has
(10) (9j2-kui c L*().
Furthermore one has
i=12j k=12
f Since € L*Q), — (w 1) € HY?( ), — (u 1) €
HY (),
U=1u ()
n( 1)

where v € PH?(Q) is the regular part of u, € Rand () are the
singularities of the transmission problem (9).
The estimate (11) is obtained by using some tricky integration by parts

and using the monotonicity of and : .



e ularit o the solution
hikouche- ercier- . 2 Let u be the solution of
Then for any i,7,k = 1,2, one has
(12) iO5ui € L),
where
1= i 27 IR

1 1
;j 18 the distance to P; and1> ;>1— .

f Since ; €]0,1], the embedding of H* (€2;) into H*(£2;) is compact
(Grisvard, 85]. Hence the result follows from the uniform estimates on

v and a standard passage to the limit. "



d pro lems ed e sin ularities
Fix a three dimensional prismatic domain €2 = I, where I = (0,1)
and  is decomposed into two non-overlapping polygonal domains 1
and o with an interface
This partition induces a similar partition of {2 into two subdomains

Q; = , I, the interface being = I.




The pro lem

Fix two positive constants p;, ¢ = 1, 2. Consider the interface problem:
4

—piAu; = f;in 2,1 = 1,2,

U = ug on

(1) \

ou ou
Pig,- P2y, — Oon

u = 0 on 0.

Weak formulation: find u € H'(Q) solution of

pi  Vu;-Vu z=  f(2)v(z) z,Yve H(Q).

1=12 v

Corner singularity in = edge singularity in 2
See [Maz’ya-Plamenevskii 80|, [Grisvard 82], [Dauge 88|, [Heinrich 9 |,
[Heinrich-N.-Weber 97],[N.-Séndig 99], [CDN 99]



on tensorial sin ular decomposition

einrich- .- eber  Iff € L*(Q) and N{1} =0, then
the solution u € HY(Q)) of 1 admits the following decomposition

u=u ( )(,) D),

where the reqular part
u € PH*( Y={ve H( ):u; € H*( ,),i=1,2},

the stress intensity function € H* (I), and means

when () = gsin(k yand  =>._1 & k()

f We use Fourier series expansions:

u(z, , ) = ur(z, ) k()
k=1

f($7 ) ) — fk(xa ) k( )
k=1
and remark that each u;, belongs to H'( ) and is the unique solution

of the Helmoltz transmission problem
( . .
pi(—Dougs  Kugy) = friin 40 =1,2,
Ug1 = Ug2 O,

< ou ou
prg— DP2zg—=0on

ur, =0on 0



Since u; may be seen as the solution of
—pilaug; = fri — pikPur;in 5,0 =1,2,
and this right-hand side belongs to L?( ), by the 2d results

U = U k()<7)7

where the regular part u;, belongs to PH?*( )and ; € R with
Up 2 k fri —pikPurs
n( 1) i=12
where here and below is a positive constant independent of k. But

we may show that
k kol I V€ ﬂ(O,l).

The factor e * in front of ()( , ) is introduced to have the uniform

estimate
w2 ko Ji
We conclude by Fourier synthesis. "

pplications to a Fourier-refined FEM in [Heinrich-N.-Weber 00].



Tensorial sin ular decomposition
We don’t use the factor e ¥ =

renner- .-Sung 2 If f € L*(Q) and N{1} =0, then
the solution u € H'(Q)) of 1 admits the following decomposition

(14) u=1u () ()<7)a

where the regular part w € L*(I PH*( )) and € H' (I).

Drawback of the decomposition (14): w has not the optimal regularity
PH?*(Q).

Remedy: assume an additional edge regularity on f.

renner- .-Sung 2 Take the assumptions of Theorem

and furthermore f € H*(I L*( )) N HY(I L?*( )). Then the
decomposition 1  still holds but with v € PH*(Q) and €
H(I)n H\(I).

f Follows from the additional regularity of f and Parseval’s identity.

pplications to multigrid methods in [Brenner-N.-Sung 02].



pplications

1. d Signorini’s problem [Chikouche-Mercier-N. 02]: Regularity of the

solution in term of weighted spaces and optimal regularity in the edge

direction.

2. Maxwell interface problem with standard b.c. [CDN 99]: Consider

( H i = inQ
—1 H= 1inQ,
| ()= (m-omo
\ =0 and H -n =0 on 01,

where and are piecewise constant

Main singularities of this pro
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