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Density results I

e ...are necessary to get equivalence between weak and strong

formulations

® ...are necessary to make H'-conforming FE-approximations

converge to the exact solution

o
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/‘ Density results in the context of the classical Maxwell equations'

Perfect conducting boundary condition

e Functional space:

Ho(curl) = {U € L*(Q)° | curl U € L*(02)%; (U x mr =0}

e Density result: D(Q)3 is dense in Hq(curl).

Impedance boundary condition

e Functional space:

W={Ue L} | curl U e L*(@)% (U x n)r € L*(T)°}

koDensity result: D(Q)3 is dense in W [Ben Belgacem et. al., '97]. /
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Outline '

A regularized formulation of the Maxwell equations
|. Perfect conducting boundary — homogeneous body
Il. Perfect conducting boundary — composite material

lIl. Impedance boundary condition — homogeneous body

V. Impedance boundary condition — composite material

o
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‘ The regularized time-harmonic Maxwell equations I

‘ classical problem '

curl(y~ ' curl E) — w?cE=J in
div(¢E) =0 in

+ boundary conditions on I

‘ “regularized” problem '

curl(p~ ' curl E) — e grad div(eE) — w’cE=J
div(eE) =0

in €
on [’

+ same boundary conditions on I

~
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/ ‘ |. Perfect conducting boundary — homogeneous body' \

e Functional space:
H(curl,div) = {U € H(curl) | divU € L*(Q); (Ux n)p =0}
e Regular fields:
Hy(Q) ={Ue H(Q)?| (Uxn)p=0}
More regular fields (1 < s < 00):
Hy(Q) ={Ue H°(Q)?®| (Uxn)p=0}

e Density result (for € Lipschitz-polyhedron):

H2 () is dense in H (0)

. /

Iiniworkshop Singularities, Oberwolfach, November 2002




-~

o ) of class C'! or convex Lipschitz-domain:

HA () = Hyv(curl, div)

H o (curl, div) = Hp(Q) @ Hsing

= Lack of density (Hging 7 {0}).

@nDhia/Hazard/L., '99], [Costabel /Dauge, 2000]

~

e Decomposition theorem for €2 non-convex Lipschitz-polyhedron 2:

“see [Assous/Ciarlet/Sonnendriicker., '98], [Bjrman/Solomyak, '87], [Bonnet-

/
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‘ Existence of a regular vector potential I

Let E € Hy(curl,div). There is Egr € H'(Q)3 such that

curl Erp = curl E in Q

Erxn=0 onT

= E = Ep + grad p with

def

peDAP") = {pe Hy()| Ap e L* (D) }

= All elements of Hing derive from the singularities of the

scalar Laplacien with Dirichlet b. c.

. /
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4 A

Consequences: Nodal (H!-conforming) FE-approximations converge
to a field in H% (), but not to the physical solution.

= mesh refinement must fail

= Close the gap by adding explicitly singular fields that span Hging
(in 2D: dimHging = # reentrant corners) ?

= Use a weighted regularization term to overcome the lack of densityP®

*see |Assous et. al. 98|, [Hazard /L. ’02]

K bsee [Costabel el. al. 01] /
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/ ll. Perfect conducting boundary — composite material I

Propagation domain:
Q Cc R?, d = 2,3 (bounded) polygon or Lipschitz-polyhedron

Electromagnetic coefficients: ¢, i piecewise constant functions on {2

= Partition P = (Qj)}]:l with ©; polygons/polyhedra

e Set of exterior (resp. interior) faces: Feut, Fint

e Set of exterior (resp. interior) vertices: Seut, Sint

K. Set of exterior (resp. interior) edges (in 3D): Ecrt, Eint

~

/
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/o Functional space:

e Space of piecewise regular fields (1 < s < 00):

PH*(Q;P)={U:Q—=R*| Uy, € H(Q;)*;Q; € P}

e Density result*: (PH>(Q;P) N Hy(curl,dive)) is dense in
(PH'(Q;P) N H(curl, dive))

e Decomposition theorem?:

Hy(curl,dive) = (PHY(Q;P) N Hy(curl,dive)) @ Hing(€)

= Lack of density

K ®see [Costabel/Dauge/Nicaise, '99]

~

Hn (curl,dive) = {U € H(curl) ‘ div(eU) € L*(Q2); (Ux n)r =0}

/
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/ ‘ Existence of a regular vector potential I

Let E € Hy(curl,dive):
o Thereis Fgr € Hx(Q) such that

curl Fr = curl E in (2.
Thus E = Fi + grad p with
p € Hy (Q), but div(egradp) & L*(Q).
e Thereis Er € PH'(Q;P) N Hy(curl,dive) such that
curl Ep = curl E in ().

Thus E = Egr + grad p where

\ p € D(AP) ¥ {p e H(Q)| div(egradp) € L} (D) } .

~
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/ lIl. Impedance boundary condition — homogeneous body' \

= nx (Exn)=-X""(u"'curl Ex n)

e Functional space:
W = {U € H(curl) | div U € L*(Q); (Ux n)r € L*(T) }

e Space of regular fields: H'(Q)?

e Density theorem 2: H'(Q)? is dense in W for any Lipschitz domain

= No lack of density !

K *see [Ciarlet Jr./Hazard/L., '98], [Costabel /Dauge, '98| /
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/ ‘ Existence of a regular vector potential I

Let EC W. Thereis Er € H'(Q)3 such that

curl Ep = curl E in Q)
div ER =0in

Then E = Er + grad p where

pe HE {pe H'(Q)| Ap € L3();0,p € LX(T) }

spe HY(D) 2

K *see [Jerison/Kenig, '81]

~
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/ ‘ Density result for scalar potentials.

Two different techniques

Lipschitz boundary?:

and

K ?[Costabel /Dauge, "98]

~

e Via the regularity of the scalar potential for arbitrary domains with
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/ovm the identification of the orthogonal of H2(2) in H when (2 isa\
Lipschitz-polyhedron 2:
Norm for H/R:

(Il Ay 12

[l = 0.0+ [18nullg )

Characterization of f € HQ(Q)/RL:

(Af, Aw)q + (Onf, Onu)r = 0 Yu € H*(Q)

In particular, with g def Af:

(9, Au)o = 0 Vu € H*(Q) such that (Opu)r =0

= ¢ is a dual singularity of the Laplacian with Neumann b. c.

K *[Ciarlet Jr./Hazard /L., 98] /
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Thus

But

(anfa anu)F

and thus

o

Ag=0in ()
Ong = 0 weakly on T';

— _(97 AU)Q

= —(Ag,wa+ Y (< 0ng,u>r, — < g,0,u >r,)

Fj el’

gr; = —0OhJ € LQ(Fj)

= The elements of the orthogonal of H?(2) are dual singularities

with supplementary boundary regularity |

/
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In 2D near a corner with opening angle w >

g(r,0) = Ar~ ™% cos(78 /w) + gr.

On the boundary (6 = 0):

(9 — 9r)|{o=0y = Ar~™“ € L*(0, R)

= A=0

= g is the variational solution in H(Q)/R of the homogeneous

Neumann problem, i. e. g = 0.

C Density.

/
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/ ‘ IV. Impedance boundary condition — composite material I \

e Functional space:
W, = {U € H(curl) | div(eU) € L*(Q); (U x n)r € L*(T") }
e Space of regular fields:

PH'(Q;P) nW,

If € satisfies certain conditions = Density theorem,

otherwise = Decomposition theorem?

K *see [L./Nicaise, '00], [L./Nicaise, '02] /
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/ ‘Singularities of the scalar transmission operator (2D) I

Standard singularities of AP at vertex S € S,z U Sips:

Ssa(r,0) = 775(7“)7“>‘<I>>\(9), A E Agig,

solution &, = {@A,j}js of the problem
83(13)\’]' + )\2(I)>\,j = 0; 0 E]O'j_l,O'j[
(I)A,j(o) — q))\,j(O-Js) =01if § € Sext
(I)A,j(()) = (13)\,3'(27'(') and 61(133\’]-(0) = 8JS<I)/>\’J-(27T) if S € S;nt

+ transmission conditions at o;

In a similar way, define the set of singular exponents AN of the
Qansmission operator with Neumann b. c., ANev,

Set of singular exponents: \ € AEE if and only if there is a non-trivial

~

/
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/ ‘ Existence of a regular vector potential I \

Technical assumption: 1 ¢ Ag"‘fgu

Let E€ W,. There is Egr € H'(Q)? such that

curl Erp = curl E in ()

Er-n=0 onT

|ER||pH1:p) < cllEllw.
Thus E = Egr + grad p with

peH. € {ueH(Q)| A e L¥(Q); ur € H(T); l(ur) =0}

[ linear form on H'(T")

K L= ) ses.,, ¢(5) /
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Theorem 1 I

Proof: define a linear application ® : W, — H. by ®(E) = p with

gradp = E— Ep
l(p) =0

and show that ® is continous and onto.

o

~

PH'(Q;P)NW, densein W, < PH?*(Q;P)NH, densein H,
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/Norm for H.:

[ulm, = <|!Asu|

1/2
o Y uvTuua,F)

FEfext

Introduce
Ho={uec H'(Q)| Acu € L*(Q); wp € HY(F)VF € Feur }
= HO — Hs

Write

H.=PH2(Q;P)NH.® O

where O is the orthogonal complement of PH?(Q2;P) N Hy in Hy.

o

/
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‘ Dual singularities of the scalar transmission operator'

L3(@) = AP" (PHA(@;P) N D(AP)) & N pir
Characterization of N; pi;:
g € Nepir & (9,Acu)0,0 =0Vu € He g reg
For any A € Aggﬂ]o, 1], set

g5 (r,0) = ns(r)r @, (0) + hg(r,0).

Technical assumption: 1 & A2Y.
= U {gs,)\‘ )\EAQEH]O,l[} Is a basis of J\/'e,pir
SethSint

o

~

Iiniworkshop Singularities, Oberwolfach, November 2002

24



-~

‘ Proposition I

1. For any f € O there is a unique g € N; p;, such that

Acf=gin
Arf = —elpg in HY(F)VF € Fou

Sl <llgloa+ S lledngll-1r
FeFert

2. For any g € N pir such that
e0ng € HY(F) VF € Feyy

there is a unique f € O satisfying (1).

o
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Is 0,9 € H™(F) possible for g € N pir ?

Let g € Ne,Dir:

g = Z Z CS, IS\

S AeADN]0,1]

and

Ongsr =1 1@\ +h
Let S € Sext:

ebhg € H'(F) = cga=0 VA€AEN[3,1]

o

/
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/ Theorem 2 '

Two situations may occur:

o AD(N]0,3[=0VS €8 and ADEN]0,1[= 0 VS € Siny
= g=0
= PH?(Q;P)N H, is dense in H,

e The above condition is violated.

= H. = PH?*(Q;P)N H. ® Span B
where

B = {SS,A|S€Sewtand)\EAD{§ﬂ]O [}

{85 ‘ S € Sipu and A € ADEN0,1( ]

o

/
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/ A glance at the 3D case' \

e For a vertex S, introduce the set of positive singular exponents

A% = {3+ \y+1li>1y >0},

where (v;); are the eigenvalues of the Laplace-Beltrami operator acting

on functions defined on the intersection of {2 with the unit sphere.

e For an edge e, introduce the “cross-section” €. C R? such that the
dihedral cone
D, =0, xR

coincides with €2 for any z €] — h, h[. If S, is the vertex of €2,
corresponding to the edge e, set

Dir __ A Dir
As,e - As,Se°

. /
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Theorem 3 (density result)

Technical assumption: VS € S, 3 5 & ADIr and Veec &, 1€ AD"
The space PH?(Q;P) N H, is dense in H., if and only if

A2ENN0, 3[=0, VS € Sin
as well as
A2YN]0, 3[= VS € Eezr and AR N]0,1[= DVS € Eins

hold.

o

(3)
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e If there is an exterior edge e and A such that
A€ ADUN0, 3],
introduce the edge singularity

Sex = X(2)Ss.A

and show that

867)\ 7 PHz(Q;P) N H..
e If there is an interior vertex S and )\ such that

\ € Agigﬂ]o, 3l

o

the results of [Costabel /Dauge/Nicaise, '99] apply.
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/ ‘ Remarks '

e In the homogeneous case (¢ constant), condition (3) is always

fulfilled.

e In2D:if S € S.,; belongs to at least three sub-domains,

£,S

‘ Conclusion '

= Extension of density results for homogeneous body

K *see |Costabel /Dauge/Nicaise, 99|

coefficients £; may be found such that AP'tN]0, %[ IS not empty.?

= “Hybrid" situation depending on the electromagnetic coefficients

~

/
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